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A POWER STABILIZER FOR FREQUENCY 
MODULATED MICROWAVE OSCILLATORS 


by H. A. DIJKERMAN, C. HUISZOON and A. DYMANUS 


Physical Laboratory, University of Utrecht, Netherlands 


Summary 


A description is presented of a microwave power stabilizer with short 
time-constant. By means of this stabilizer a frequency-modulated microwave 
signal of constant amplitude is obtained. Possible applications in measure- 
ments on microwave components and in the field of microwave spec- 
troscopy are mentioned. 


§ 1. Introduction. In many applications the microwave klystron 
oscillator is frequency-modulated by applying a modulating voltage 
to the repeller. With this type of frequency modulation the out- 
coming wave is, however, also amplitude-modulated on account of 
the curvature of the klystron mode. This amplitude-modulation 
can be eliminated by inserting a power stabilizer in the microwave 
line between the klystron and the load. To our present knowledge 
three power stabilizers have been described in the literature 1)?)3). 
All of them have a rather long time-constant (~ 0.1 s) and are thus 
useful only at low modulation frequencies. 

In this paper a power stabilizer is described with a short time- 
constant (~ 10-4s) which provides a frequency-modulated micro- 
wave signal of constant amplitude if the rate of frequency-modulation 
is less than 10 kHz. The essential feature of the stabilizer is the use 
of a Faraday modulator of special design. The present stabilizer has 
been developed especially for use in the 1.25 cm wavelength region, 
but it can readily be adapted for other wavelengths too. 


§ 2. Design considerations. A simplified diagram of the stabilizer 
is shown in fig. 1. A fraction R of the power Pg leaving the ferrite 
modulator is detected by a crystal rectifier. The resulting DC- 
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output voltage V- is compared with a reference voltage Vo in a 
mixing circuit. The voltage difference Vg = V- — Vo after ampli- 
fication in a broadband DC-amplifier controls the current 7 through 
the modulator coil and hence the power transmission of the modulator. 


Fig. 1. Simplified diagram of a power stabilizer. 


Kl = klystron oscillator; 

Mod = modulator, containing the ferrite rod; 

1B; = lezals 

X-tal = crystal detector; 

Mix = mixing circuit; 

DC = d.c. amplifier; 

P,, Pz = input- and output power of the modulator, respectively ; 
RP2z = fraction of the power P2 in the feedback loop. 
Ve = crystal output voltage; 

Vo = reference voltage; 

Va = voltage difference V, — Vo; 

4 = current through modulator coil. 


It can readily be shown that the power stabilization factor S, 
defined as 


S= lanl (1) 
AP." ° 
is given by 
ah tiguaslitatedl a tao ce 4+ mkARP» (2) 
Dt “AV ees ; 


In (1) and (2) AP9' and AP." are variations of the power Pe for a 
given variation AP; of the klystron power P, without and with 
stabilization, respectively; m= — (1/P2)(AP2/Ai) the control 
sensitivity of the modulator; k = (1/R)(AV,/AP2) the voltage 
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sensitivity of the crystal detector; and A = Ai/AVq the so-called 
“transconductance”’ of the amplifier. In the case that the last stage 
of the amplifier is a cathode follower with the modulator coil in the 
cathode lead, A is approximately equal to Ggm, where G is the gain 
of the amplifier and g,, the transconductance of the cathode 
follower tube. 

In order to obtain a high stabilization factor the product 
mkARP»: must be made as large as possible. The klystron output 
power P,; and hence the maximum value of P2 generally increase 
with increasing wavelength. Since the crystal sensitivity k is roughly 
independent of the power level, a higher stabilization factor can be 
obtained at longer wavelengths. The fraction R is determined by 
the desired useful output power. The control sensitivity of the 
modulator depends on composition and dimensions of the ferrite 
rod, on the diameter of the circular guide housing the latter, as well 
as on the number of turns of the modulator coil; it is proportional 
to the length of the rod and increases rapidly with increasing ratio 
of rod and guide diameters. However, to avoid ellipticity of the 
resulting wave 4) and conversion of the circular TE;; mode into 
modes which are not attenuated by the absorbing vanes (see § 3), 
this ratio should generally not exceed ~ 0.25. 

The choice of the coil providing the magnetizing field is de- 
termined by the desired response time of the stabilizer. For a given 
response time 7 the resonance frequency of the coil should be much 
higher than 7~!. Otherwise, unavoidable phase shifts in the neigh- 
bourhood of the resonance frequency cause regeneration of the 
stabilizer. Hence a rather low-turn coil should be used at the sacrifice 
of the m-value. 

For a short response time the amplifier should possess a large 
bandwidth, while for a large stabilization factor a high gain and a 
low output impedance are desired. The ultimate value of A is set 
by the stability requirements. 

In the 1.25cm band the following values seem a reasonable 
estimate: Pg = 10-3 W, R= 1/2, k = 500 V/W, m = 100/A, and 
A= 10A/V (G = 2000, gm = 5x 10-3 A/V). Thus at this wavelength 
a stabilization factor of about 250 seems feasible. 


§ 3. Description of the stabilizer. 
1. The modulator. A longitudinal cross-section of the ferrite 
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modulator is shown in fig. 2. The two transition sections TS; and 
TS» transform the rectangular TE; mode into the circular TE 1 
mode and vice versa, respectively. The midsection of the circular 
waveguide contains a ferrite rod kept in the axis by styrofoam. The 
absorbing vane V2 placed behind the ferrite rod absorbs tangential 
components of the rotated microwave electric field vector E. The 
vane Vj is inserted to eliminate multiple rotated waves within the 
modulator. The midsection of the circular guide was made of a 
perspex tube coated on the inside with aluminium foil about 7 wu 
thick in order to reduce losses due to eddy currents at high modulation 
frequencies. 


Styrofoam 
Co 


Aluminium: \ 
oil Perspex guide 


Fig. 2. Longitudinal cross-section of the modulator. 
RG, RGe = rectangular input and output guide; 


TS, TSe = transition sections; 
CG,, CGg = circular guide sections; 
Vi, Ve = absorbing vanes; 

ip de = joints: 


The length of the ferrite rod (Ferroxcube 4A, Philips) was about 
8 cm, the diameter about 0.8cm. The rod, the vanes, and the 
styrofoam supports were tapered at the ends to reduce reflections. 

The control sensitivity of the present modulator was about 90/A. 

2. The DC-amplifier. The DC-amplifier (gain ~ 4800), a 
symmetric two-stage difference amplifier, was of conventional 
design. The reference voltage Vo, and the crystal output voltage 
Ve were applied independently to the grids of the two tubes of 
the first difference stage. The last stage of the amplifier was 
a double cathode follower shown diagrammatically in fig. 3. The 
variable resistor Ry was used to adjust the transconductance of the’ 
amplifier, and hence the stabilization factor. Usually, the value of 
R was close to zero. An additional battery B provided a direct 
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current (~ 5 mA, adjustable with Rg) to adjust the working point 
in the transmission-current characteristics of the modulator. The 
resistor Rg was used to damp the resonance of the modulator coil 
and so to shorten the time constant of the stabilizer by reducing the 
total phase shift in the feed-back loop. 


Fig. 3. Last stage of d.c. amplifier. 
B = battery, C = modulator coil. 


§ 4. Performance. The performance of the stabilizer is illustrated 
in figs. 4a and 4), taken from an oscilloscope connected to a crystal 
detector terminating the useful power line. The well known mode 
of the klystron (2 K 33, Raytheon) obtained by applying a sawtooth 
voltage to the repeller and by switching off the stabilizer is repro- 
duced in fig. 4a. The repetition rate of the sawtooth voltage was 


Fig. 4a. Klystron mode. Fig. 4b. Stabilized klystron mode. 


about 100 Hz. In fig. 4b the same mode is shown with the stabilizer 
on. The power variation throughout the flat portion of the mode is 
less than 1 percent. The level of the transmitted power can be 
adjusted by varying the reference voltage. 
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If the repetition rate of the sawtooth voltage was increased to 
about 1 kHz, an overshoot appeared on the leading edge of the 
mode. At repetition rates far above | kHz this overshoot became 
quite strong and was followed by a damped oscillation which 
covered a considerable fraction of the flat portion. The main cause 
of these phenomena was the rather low (~ 20 kHz) resonance 
frequency of the modulator coil. This resonance frequency can 
easily be increased to, say, 100 kHz. In the present applications the 
repetition rates did not exceed 500 Hz. 

The time constant of the stabilizer was about 10-4s. The stabi- 
lization factor, about 250 at Pg = 10-3 W, was limited mainly by 
the resonance frequency of the coil and by the low gain of the 
DC-amplifier. The coil resonance also set a limit to the time constant. 


§5. Applications. The present stabilizer can be useful in appli- 
cations in which a frequency-modulated microwave signal of constant 
amplitude is desired, e.g. in dynamic measurements of the Q-factor 
of cavities, in broadband tuning of components and circuits and 
in investigations of the transmission properties of microwave 
systems. An example of the latter application is shown in fig. 5. 


Fig. 5. Stabilized mode behind a Stark-cel. 


Here the stabilized klystron mode detected behind an X-band 
Stark-waveguide cell used in microwave spectroscopy is reproduced. 
As a result of reflections in the cell the power transmitted by the 
cell is a function of frequency. If the mode is provided with a 
frequency scale (e.g. with the aid of frequency markers), the 
pattern of fig. 5 can be analyzed. It is thus possible to locate the 
reflecting points and to measure their reflection coefficients. 
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COMMENTS ON FAR FIELD SCATTERING 
FROM BODIES OF REVOLUTION 


by K. M. SIEGEL, R. F. GOODRICH and V. H. WESTON 


The Radiation Laboratory Department of Electrical Engineering The University of 
Michigan Ann Arbor, Michigan, U.S.A. 


Summary 


A previous paper 1) on the subject, although 35 pages in length, omitted 
a good many physical explanations and mathematical details. As a result 
this paper discusses Rayleigh and resonance scattering for a cone. Two 
minus sign errors are corrected in the cone’s cross section obtained by the 
local wedge field approximation. 


§ 1. Comments and answers on Rayleigh and resonant scattering 
vegion. The Rayleigh approximation presented for the nose-on 
axially symmetric radar cross-sections for perfectly conducting 
bodies of revolution depended only on the volume and length-to- 
width ratio. A question received was; “Does this imply that the 
author expects the nose-on and base-on cross sections in the Rayleigh 
region for a finite cone to be approximately equal?’’. The answer 
is ““Yes’’. It is expected that the base-on cross-section dominates 
the nose-on result in the optics region and this ratio approaches 
1 as resonance is approached from the small wavelength side. 
Experimental verification of the ratio tending towards | as resonance 
is approached has been obtained by Olte and Silver 2). Hiatt 
and Olte 3) have measured cones nose-on and base-on in the Ray- 
leigh region and the agreement is within 4$db. 

In 1) it was stated that for thin cones the resonance cross-section 
would agree with that of the ring of radius equal to the cone base 
radius. For fat cones no comment was made, it being realized that 
the limit of a fat cone is a disc, and the disc maximum then could 
be used to approximate the location of the maximum of the fat 
cone. The author then felt the location of the cone’s major maximum 
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would be between that of a ring and that of a disc of the same radii 
as the cone base, as the cone angle was increased. Keys and 
Primich 4), commenting on 1), present several experimental verifi- 
cations including the fact that the second and third maximum agree 
with those of a ring. They show that the first maximum even for 
8° cones still les much closer to the disc than the ring. The rapidity 
of the first maximum’s location shifting towards that of a disc 
was not known before results of experiments were presented by 
Keys and Primich 4). Ref.4) purported to exhibit that an 8° cone 
gave Rayleigh results significantly different from those predicted 
in 1). Analysis 5) showed that these measurements were not in the 
Rayleigh region for that cone and that experiments 5) in the 
Rayleigh region do agree with the predictions of 1). 


§ 2. Comments and answers on optical scattering region. In}), 
by the Kirchhoff approximation, equation (3-19) was obtained: 


i eT krt 2z9) 


He = —__— i, tan? a (2 + ikzy — 20), (3-19) 


where H® is the nose-on field at short wavelengths and scattered 
from a finite cone of half-angle « and of length zo. For thin cones 
kzo > 1 only the middle term in the bracket at the right was kept. 
However, analysis of equation (3-19) shows that for fat cones 
kzo <1 as the disc is approached (« — 42) all three terms must 
be kept. The tana times the expression in the bracket becomes inde- 
terminate. Evaluation of the indeterminate form yields the proper 
disc result. It was not made clear that the intended approximation 
to be used for the cone at small wavelengths was that obtained by 
the local wedge field analysis for thin cones and the results obtained 
from equation (3-19) for fat cones. The exact point of matching 
was not discussed by the author. 


§ 3. J. B. Keller has pointed out a minus sign error in the cone 
field derivation from wedge theory, namely that the p in equation 
(3-30) should be —f. To make the correction, however, we will 
interchange A and B. This causes many changes which are listed 
below. 

(3-30): interchange A and B 
(3-33): interchange A and B 
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(3-37): interchange *) 


m2 ) aa ( 220 ) oe ( m2 ) 
so psttbsaget | — cos {| ——+—— ]}. 
cos (= Hordes 2% — oe Zt — ¥ 


(3-38): replace 


( m0 ) ( 2x0 ) 
LCR is aig y cos Ipay 


(3-39): replace the right-hand side by 


wee 
sin? ( al 
Ana? 2a — y 


COS) et | fa COS eee 
25 — a 


Omit equations (3-40) and (3-41). 
(3-42): should be written 


° 

n 
aN 
IW) 
S] « 

| 
| Do 
— 

a 


73.2 3 ( An? ) 
= ——_———— cosec? 
(3n/2 + «)2 3a + 2x 
(3-43) :. should be written 


2 
sen (ated) 
oO An? 24 — y 


naz (2n — y)2 | ( m2 ( Qn? yy , 
(SOS | a Pa CO | eee 
2 2 Y 


(3-44): should be written 


2 
: Ml ae 
sin2 ( ) 
o An? m+ % 


maz (+ «)2 | ( a4 ) ( 2n2 iy , 
COS = Ni COS 
az+ea e+ a 


Substitute for line 2, page 317, the following: The wedge solution 
need be restricted to cases when the ring singularity is dominant. 
As an example, for the cone with ka > 1, this obtains for « such 
that kzo > 1. 

Substitute for fig. 3.10 the Heures below. 

Delete fig. 3.16. 

Substitute in line 4, page 318, (3-43) by (3-38). 


*) 0 = angle of incidence measured from the bisector of the exterior wedge angle. 
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The curves below (fig. 3.10) are quite deceptive and they need 
some discussion. First, the Y, curve is the important one. The 
purpose of the Y2 curve was to show how poor the Kirchhoff answer 
is for scattering from the base. The above curves are only valid for 
thin cones. For fat cones, as discussed above, the Kirchhoff treatment 
is quite good, going into the correct answer for the disc, remember- 
ing that all three terms in equation (3-19) must be used. One term, 


3.0 


@ = half cone angle 


pe ee 


15 30 45 60 75 90 
@ (in degrees) 


Fig. 3.10. Nose-on finite cross-sections as computed by physical optics and 
circular wedge approximations. 


namely, the base term alone, increased without limit. Thus, we 
know that tip scattering must play an important role at any fixed 
wavelength as the cone approaches a disc. This then suggests how 
we can correct the cone formula using wedge theory so that it can 
apply to both fat and thin cones. For those who, having used the 
results presented before the signs were corrected, might be overly 
disturbed by the different forms of the corrected results the following 
may be mentioned: The percentage error in using the old results for 
Y instead of the new ones is for half cone angles « = 0: 1.3 percent, 
a = 10°: 1.5 percent, « = 20°: 6.2 percent, and « = 30°: 16 percent. 
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The errors in the squares of Y are 2.6 percent, 3.0 percent, 12.8 
percent, and 34.6 percent. This points out why the error was never 
noticed by experimenters. Since the other terms in the asymptotic 
expansion are such as to lessen the increase in cross-section as the 
angle increases, the true discrepancy between the formulae is 
in fact less than the percentages given above which are maxima. 
The geometric theory of diffraction predicts that the corrected 
formula is the leading term of the asymptotic expansions at small 
wavelengths and for thin cones. 


Received 22nd April, 1959. 
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ACOUSTIC FORCES AND TORQUES 
ONTA So YoLEM Ole STRIPS 


by K. SA RMARK 


Physics Department, Technical University of Denmark, Copenhagen, Denmark 


Summary 


In continuation of an earlier paper, we report some calculations of the 
forces and torques on a system of strips. Numerical calculations are pre- 
sented for the case of two coplanar strips with the parameter-value kb = 1 
and an arbitrary angle of incidence. Further, simple and yet rather accurate 
expressions for the forces and torques are derived. These relate the forces 
and torques of the present problem to those acting on a single strip, present 
alone in an unlimited radiation field. 


§ 1. Introduction. In a recent paper 1), in the following quoted 
as I, we considered the two-dimensional scattering of an incoming, 
plane, monochromatic wave by a general system of strips, the 
boundary conditions being that the normal gradient of the wave 
function should be zero on the strips. By means of Babinet’s 
principle, numerical calculations of the transmission coefficient for 
a system of two parallel slits in an infinite, perfectly conducting, 
thin screen were performed. In these calculations the incoming 
wave was considered as an electromagnetic wave with the electric 
field vector polarised along the slit-axes. In the present paper we 
will regard the incoming plane wave as an acoustical wave and 
calculate the forces and torques on the system and its separate 
parts. We make the usual assumption that all effects of viscosity, 
vortex and turbulence formation etc. may be neglected. To what 
extent this is a valid assumption is, of course, an open question. 
We further assume that we may treat the strips as absolutely 
rigid so that the boundary conditions used in I may also be used 
here. For details of the notation we refer to I. 
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§ 2. Expressions for the scattered wave. In this paragraph we 
summarize the general expressions for the scattering problem. 
The velocity potential y; of the incoming, plane, monochromatic 
wave will be given by 


Wi = etk(cosv+ ysinv) (R = 2n/A), (1) 


the wave-vector k making an arbitrary angle v with the x-axis. 
In (1) and in the following equations we have omitted the time 
factor exp(— iwt). The scattered wave ys satisfies Sommerfeld’s 
radiation condition at infinity: 


elkr 


ps(r > co) = f(; v) i (2) 


and the total velocity potential 
p=YPit Ys (3) 
satisfies the boundary condition 
grad, y = 0 (4) 
on the strips. Finally y satisfies the wave-equation 
Ay + k?yp = 0. (5) 


The scattering object may in general be a system of a finite number 
of parallel, non-overlapping strips (I, § 2). However, in order to 
avoid a cumbersome notation, we will here restrict ourselves to 
the consideration of a system of only two parallel strips, A and B, 
of equal width 2) in a non-overlapping but otherwise arbitrary 
position. The geometry of the problem is as shown in fig. 1. Gener- 
alization to systems including more than two strips will be obvious. 

As in I, we assume that the scattered wave ys may be written 
in the form 


Ys = pa + YB, 
ya =.r/8% > Am'Som(s, «)Hom(s, 1), (6) 


ys = 1/82 ¥ Bn'Som(s, B)Hom/(s, p). 


Here the parameter s is defined by s = (kb)2, while (a, mw) and 
(6, p) are elliptical cylinder coordinates defined by means of the 
strips A and B respectively; i.e. the distance between the focal 
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points in each coordinate system is 2b, and the coordinate lines 
« = 0 and # = 0 coincide with the x- and x’-axis (see fig. 1). The 
functions Som(s, «) and Hoy(s, «) are, respectively, the periodic, 
odd Mathieu-functions and the associated, Hankel-like Mathieu- 
functions. Finally, A’ and By,’ are expansion coefficients to be 
determined by the equations given in I, i.e. I eqs (17). 


Fig. 1. The geometry of the scattering obstacle. 


§ 3. General expressions for the forces on A and B. In this parz- 
graph we want to derive an expression for the forces, per unit 
length of the axes, on the strips A and B. It is well-known 2-4) that 
the mean radiation force per unit length on a single strip, present 
alone in an unlimited radiation field, is related to the total scattering 
cross-section Q by the equation 


K = 420 sin v. (7) 


Here the bar indicates a mean value over a whole number of 
periods. The angle v is the angle between the wave vector and 
the plane of the strip. By means of the cross-section theorem ®) 
this expression may be written in the form 


K=—? ies sin v-Refe’”/4 f(v; v)] (8) 
k 
with f(v; v) defined by (2). 


In order to calculate the mean radiation force on a single strip, 
e.g. strip A, in the presence of a second strip, e.g. strip B, it is 
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necessary to evaluate the integral (cf. *)) 
Ka =f (4ply = — 0) — 4p(y = + 0)] de. (9) 


Here Ap is the mean pressure which, omitting the density of the 
surrounding medium, is 


Ap = 3[k*p*y — grad y*-grad y}. (10) 
From (3) and (6) the total velocity potential is 
y= pit Ya + YB. 


Here we may assume az to be expressed in terms of the coordinates 
x, y. The integrand in (9) may then be written in the form 


Aply = — 0) — Aply = +0) = 


= }Re [#2 yet6(pa) — wit yal] + 
+ 4Re [k2yp*d(wa) — sh ps* tae (11) 
: Ox Ox 
with 
d(ya) = valy = — 0) — paly = + 9). 


Introducing this expression into the integral (9), the force Ky 
will be given by a sum of two terms Ky’ and K4”. By using the 
fact that d(wa) is zero at the strip edges, the first of these may 
readily be shown to be 


ult ka un { 
fo a Re [sin? y | eitscon O(a) dx], (12) 
=b 
while the second term becomes 
+b 
ri ee j ‘ 0 ra) 
Ka" = 3Re | [22yp*6(pa) — — pa* — 6(pa)] de. (13) 
Ox OX 


ie 


The force K4’ may by means of Greens-function methods, analogous 
to those used by Levine 5) and Keller) in deriving (8), be 


ACOUSTIC FORCES AND TORQUES ON A SYSTEM OF STRIPS Ly, 


expressed as 


Ka' = — k? sinv Re his ere faye 0)| (14) 
k 
where /4(%; v) is defined by 
eikr 
pa(r — co) = fa(d; v) , 
a/¥ 


Here 7, # are polar coordinates with the origin at x = y = 0. 

The force K4” is more cumbersome, however. By a partial 
integration, again using the fact that 6(w4) is zero at the strip 
edges, (13) may be rewritten as 


K4" =4R 


‘p ~ yet] O(a) dx 


2 
aeeriip te | E vor | atv dx. (16) 


Further simplification of K4” seems impossible unless the distance 
l between the two strip axes is large enough to allow one to employ 
the asymptotic form of wg. However, one may readily see, e.g. 
from (13), that only that part of yg which is even in y will contribute 
to K,4”. This implies that K4" vanishes in the case that the two 
strips lie in the same plane because wg then will be an odd function 
of y. The mean radiation force Ky, will in this case accordingly be 
given by (14). 

For the radiation force Kg on strip B in the presence of strip 
A one may in the same way write Kg = Kp’ + Kp", with Kz’ and 
Kx” given by expressions analogous to (14) and (16). However, 
as the numerical calculations given in a later section will be 
restricted to the case of two coplanar strips, we quote only Kz 
corresponding to the values t = u = 0 of the angles ¢ and w shown 
ieee 1s 


Kp = Kp’ = — k2 sinv Re[e * | = es {a5 0) 14 (17) 


¢.= 4 = 0) 
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where /p( ; v) is defined by 


war’ > co) = fa(8’; v) aE ; (18) 
Here 7’, 0’ are polar coordinates with the origin at x’ = y’ = 0. 

It may be noted that Ky” and Kp” may be regarded as small 
corrections to K4’ and Kp’ for increasing values of /, especially 
if ¢ and ware ~ zero. After the radiation forces K4 and Kg have 
been calculated in the general case, one may of course find the 
radiation force acting on the total system by the usual rules of 
vector addition. 


§ 4. General expressions for the torques on A and B. The mean 
torques H4 and Hg acting on strips A and B, respectively, may 
analogously be expressed as a sum of two terms. By definition the 
torque H,4 with respect to the axis of strip A is given by 


= EDs rad 
Ha = [(dply = — 0) — Aply = + 0)] xdx. (19) 


Introducing (11) in (19), one gets from the first bracket in (11) 
the term 


Ve ee [ew / 28 (F pat0:9) aE 


=v 


Here we have again used a procedure similar to the one used by 
Levine 5) and Keller 3). The second term in (11) gives rise to 
the following term in Hy: 


“0 


; é é 

"— 1Re E *5(wa) — —yps* — ] 

a” = $Re | | 2ys*d(ya) — —— ys* —— dpa) | xdx. (21) 
=0 


" 


This expression for H,4” will, as was the case for K 4, vanish if 
the two strips are coplanar, but otherwise (21) is not readily 
simplified. Finally 

Ha = Ff 4' + is”. (22) 
For the torque Hz’ with respect to the axis of strip B one gets 
similar expressions. However, for the reasons mentioned earlier 
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we give only the expression valid in the case of coplanar strips, viz. 


Finge-al BeSRK Tem entitet 2m ginid eae ip (O's ») i; (23) 
k Ow w= 
Here the angles ¢ and w of fig. | are again both zero. 

After the torques H4 and Hg have been calculated in the general 
case, one may, by means of K4 and Kz together with the geometry 
of the scattering object, also find the torque on the total system 
with respect to an arbitrary axis. 


§ 5. Numerical calculations. Using the expressions derived in the 
preceding paragraphs, we have carried out some numerical calcu- 
lations for the same geometrical arrangement of the strips as in I, 
i.e. two parallel strips lying in the same plane. The distance / 
between the strip axes may assume the values / > 2b; the case 
1 = 2b corresponds to a single strip of total width 4b. The angles 
t and w shown in fig. 1 are now zero, while the x-y coordinate 
system will be placed with the origin midway between the two 
strip axes. The coefficients A’ and B »’ occurring in the expression 
(6) for wa and wg are accordingly to be replaced by Am = 
ES poe tloosr) AP and By =e Nee Beds eand By iare to “be 
determined by I, eqs (20). 

All quantities calculated in this paragraph are per unit length 
in the direction of the strip axes. 

a. The forces on A and B. As mentioned in § 3, the forces 
K,4 and Kp reduce to Ky’ and Kz’ when the strips lie in the same 
plane. Accordingly, we get by means of (6) and the expression for 
the asymptotic behaviour of Hom/(s, ~), see e.g. I, the following 
explicit formula for the amplitude f4(9; v): 


ja(O; 2) = ye ee (— a) "S0m(s, 9)Am otHe*, (24) 
It then follows from (14) that Ky is given by 

Ky,=—F*sinv a E Sonls v) Re [(— 2)™Am ef *0°8"]. (25) 
Analogously we find for Kz 

Kp = — k? sin ye > Som(s, v) Re [(— 2)™Bm e~ **""). (26) 


m=1 
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Here the coefficients A,» and Bm are, as mentioned before, to be 
determined by eqs (20) of I. 

We make the following change in notation. Hitherto we have 
used the expression (1) for the incoming, plane wave y;, whereas 
we now assume that y; has the amplitude wm/k; i.e. the amplitude 
of the particle velocity in the incoming, plane wave is #m. With 
the introduction of the mean density of the medium the factor 
in front of the summation signs in (25) and (26) then becomes 


Apo Um Brp9 Uo? 
Lil Se aa ni v, (27) 


where w2 is the mean square of the particle velocity in the incoming 
wave. 

The following numerical calculations have been carried out. For 
fixed values of the parameters s = (kb)? and ki, viz. s = 1 and 
kl = 3, we have calculated the dependence of the forces K4 and 
Kp on the angle v. The calculations have been based upon the 
expressions given above, breaking the series off, however, after 
the term m = 3. The coefficients Am and By were found by solving 
the corresponding system of equations given by I eqs (20). For all 
angles the term m = 3 yields a relative contribution of the order 
of 10-8. The results are shown in fig. 2, where we also have plotted 
the angular variation of the mean radiation force K on a single 
strip of width 20, corresponding to the limiting case / + oo. In 
accordance with the results given in I, the latter curve is approxi- 
mately equal to the mean value of the curves for Ky and Kg. 

One notes the large difference in the magnitudes of Ky, and Kp. 
Over most of the range Kg is almost equal to twice the value of 
K4. However, this picture will change radically for values of / 
immediately above 20, i.e. in the present case for values of ki 
just beyond 2. This may be seen from fig. 3a and 6 where for 
v = fv and s = 1 we have plotted Ky and Kz as functions of &i. 

The last-mentioned calculations have been carried out for the 
values kl = 2.1, 2.5, 3, 4, 5-and, as above, we have included the 
terms m < 3. However, in view of the accuracy of the approximate 
expression (see I, eq. (38) and I, fig. 5) for the transmission coef- 
ficient of the complementary electromagnetic diffraction problem, 
it may reasonably be expected that similar, rather accurate ex- 
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Fig. 2. The forces K4 and Kz, in units of 4pouo2b, as functions of the angle v. 
The values of the parameters are: kb = 1 and &/ = 3. Also shown is the 
limiting case / — oo corresponding to a single strip. 


pressions may be deduced for K4 and Kx. Proceeding as in I, we 
find here the following approximations for K4 and Kg. 
Kap = Kil — 04,3), 
«1 cos [R/(1 + cos v)] — xg sin [RI(1 + cos v)] (28) 
o4,B >= 3 , 
(Al) Ie 
the upper and lower sign in o4,g corresponding to A and B re- 
spectively. Here K;, is the first approximation to the force on a 
single strip, of total width 20, present alone in the radiation field, 
see e.g. 4), and «1, xg are given by I, eq. (39). 
In fig. 3a, 6 the broken curves show the result of using (28) 
in the calculation of K4 and Kg. Both quantities are measured 


in units of 4po uo2b. All of the above-mentioned, more accurately 
calculated values of K4 and Kg (except the ones for kl = 2.1) 
lie close to the broken curves. We consider it safe to regard the 
solid curves, also shown in fig. 3a and b, as an adequate repre- 
sentation of the forces K4 and Kg as functions of kl (for s = 1 
and v = 4). One notes that even for small values of /, although 
larger, of course, than 2), the force Kx does not become negative 
as one would perhaps expect. Further, it may be noticed that the 
oscillations of the curve for K4 are much more pronounced than 
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the oscillations of the curve for Kg. It follows from the occurrence 
of the argument Al(1 — cos v) in og in (28) that this difference in 
the behaviour of the two curves will become even more marked 
for still smaller values of the angle v. 


Fig. 3. The forces K,4 and Kz, in units of Apowo2d, as functions of Al, for 

v = ia and kb = 1. The points shown by circles have been calculated 

including the terms m <3 in (6), while the point at kJ = 3.5 has been 

calculated including the terms m < 2. The broken curves show the result 
of using (28) in the calculation of K4 and Kz. 


Finally we remark that the values which K4 and Kg assume in 
the limiting case / = 2b, where the strips touch each other, may 
be found by means of the expression for the wave scattered by a 
single strip of total width 4b. We have roughly estimated the values 
of the two forces in this case and shown these in fig. 3 a and b. 


b. The torques on Aand B. In the case of two coplanar strips 
the torques H4 and Hg reduce to H4’ and Hp’ as mentioned in 
§4. By means of (20) and (24) we therefore get the following 
expression for the torque H4 acting on strip A (note that the 
torques are calculated with respect to the corresponding strip axis) : 

= Brxpo Uo2 


Ha = — 5 ¥ Som'(s, ») Im{(— i)™4m eH]. (29) 
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In a similarly way, we find for the torque acting on strip B 


= 82, 0 Uo2 
Hye gue?’ 


ke X Som’ (s, v) Im[(— 7)™By eH #208"), (30) 


Here the coefficients 4», and Bm are again found as the solution of 
eqs. (20) of I. 


Fig. 4. The torques H4 and Hg, in units of mpouo2d?, as functions of the 
angle v. The values of the parameters are kb = 1 and k/ = 3. Also shown 
is the limiting case / + co corresponding to a single strip. 


Using these expressions, we have in fig. 4a and 0 plotted the 
dependence of the torques H4 and Ag, in units of zpo %2b?, on 
the angle v. The values of the other parameters in the calculations 
are s = (kb)? = 1 and Al = 3. All values are calculated as dis- 
cussed above with inclusion of the terms m < 3. Also shown in 
this figure is the angular variation of the torques corresponding 
to the limiting case / + oo. Apart from a change in the numerical 
magnitude, the curves are quite similar to each other. On the other 
hand, it will be seen from fig. 5a and 6 that this change in the 
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numerical magnitude may become very large for values of / im- 
mediately above 2b. One might, of course, by means of the ex- 
pression for the wave scattered by a single strip of width 4b. 
calculate the curves corresponding to the limiting case / = 2b. 
However, we have not attempted to do so since the calculations 
are very tedious. 

The rapid variation of H4 and Hg with &l is more clearly shown 
in fig-5a and b. Here we have plotted H, and Hg, in units of 
mpo uo2b2, as functions of kl, for s = 1 and v = 4a. The calculations 
have for kl = 2.1, 2.5, 3, 4, 5 again been based on the expressions 
(29) and (30) together with I, eq. (20) including the terms m < 3. 
This again represents a good approximation to H4 and Hz. 

It is possible to derive approximate expressions for the torques 
H4 and Hg in much the same way as for the forces K, and Kg. 
We proceed again as in I and find the following results: 


Hap = Ai[l + va,pl, 
1 «gcos[Al(1 + cosv)] + «1 sin[Al(1 + cosv)] (31) 


VA,B = ; 


fo,1 (Rl)! 


where the upper sign applies for v4 and the lower one for vg. The 
quantities «1, kg are defined in I eq. (39) while the definition of 
fo,1 may be found in I, §3. Finally Hj is the first approximation 
to the torque on a single strip of total width 2b, see e.g. 4). In 
fig. 5a and 6. the broken curves show the values of H4 and Hz 
(for s = 1 and v = 3a) calculated by means of (31). It will be 
seen that the expressions (31) do represent a rather good approxi- 
mation to H4 and Hg as soon as / is somewhat larger than 20. 
Further one notes that, as was also the case for the forces K4 and 
Kp, the curve giving Hp oscillates much less than the corresponding 
curve for Hy. 

As shown in fig. 4a and b, H4 and Hz are different from zero 
in the case of normal incidence of the plane wave. For a single 
strip, present alone in the radiation field, the torque will, by 
reasons of symmetry, vanish in this case. When the two strips are 
present together in the radiation field, however, the symmetry of 
the problem only requires that the torque on the total system with 
respect to the z-axis vanishes, ie. H4(v = $x) = — Hp(v = 4a). 
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Fig. 5. The torques H4 and Hg, in units of poug2b2, as functions of R/ for 

v = 4a and kb = 1. The points shown by circles have been calculated 

including the terms m < 3 in (6), while the point at k/ = 3.5 has been 

calculated including the terms m < 2. The broken curves show the result 
of using (31) in the calculation of H, and Hz. 


From (29) we get for normal incidence 


S 87p9 Up2 ‘ 
= p2 d (— 1)? Sogy’(s, 4) Im Agy, (82) 
p=1 


because So’ey+1(s, $7) = 0. One may thus, rather easily, calculate 
H,(v = 42) as function of k/. The results of such a calculation 
are given in fig. 6. It will be seen that only when the strips are 
very close together the torque will be appreciably different from 
zero. Further one notes that, as a consequence of the oscillatory 
approach to zero for increasing values of k/, the torque may become 
negative although of course of a small numerical magnitude. 
Finally, we have calculated the torque H4 as a function of kb 
for a fixed ratio of //b = 5 and v = ia. Here it suffices to use only 
the term m = 1 in (29) and I. eq. (20) in order to get a sufficiently 
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good approximation. The results are shown in fig. 7. Apart from 
minor deviations this curve essentially coincides with the corre- 
sponding one for a single strip. 
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Fig. 6. The torque H,4 for normal incidence of the plane wave as a function 


of kl for kb = 1. The unit used is mpouo2b?. 
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Fig. 7. The torque H4 for v = 4m and J/b = 5 as a function of kb. The unit 


used is Tpouo2b2, Also shown is the limiting case / + co corresponding to 
a single strip. 
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§ 6. Conclusion. We admit that the foregoing calculations may 
in no way be considered exhaustive. For instance, we have es- 
sentially used only one value for the ratio between half the strip 
width and the wavelength, i.e. kb = 1, although it would have 
been desirable to have extended the calculations to other values 
of kb. Analogously, it would have been of interest to perform 
more calculations for values of / immediately above the limiting 
value / = 2b. However, in view of the following considerations we 
have refrained from doing so. 

First of all, it is our opinion that the results of the present 
paper together with those of I give, for wavelengths in the region 
kb S 2, a rather clear picture of the diffraction of a plane wave 
by a system of two strips lying in the same plane. When the 
distance between the two innermost strip edges is very small, the 
interaction between the two strips will naturally be very strong. 
However, this interaction will diminish rapidly with increasing 
distance between the strips .This is reflected, for instance, in the 
very steep decay of the forces and torques on the strips as shown 
in figs 3a and 5; 5a and 6 and in fig. 6. If one considers the com- 
plementary electromagnetic diffraction problem, the same feature 
is shown by the transmission coefficient (see I). After the rapid 
decay the two strips behave essentially like two independent strips. 
This over-all behaviour is, furthermore, qualitatively independent 
of the angle of incidence of the plane wave. To round off the 
picture somewhat, we remark that in the region following the 
rapid decay that strip which is reached first by the wave-fronts 
of the incoming plane wave will, in a certain sense, be most strongly 
influenced by the presence of the other strip. We conclude this 
from the more pronounced oscillations of the force and torque on 
this strip, e.g. strip A, compared to those on the other strip, e.g. 
strip B. 

Secondly, and more important, if one is interested in the dif- 
fraction problem not just as a mathematical question of solving 
the wave equation (5) with due regard to the boundary conditions, 
but as a description of an actual physical process, one is forced to 
investigate whether the basic assumptions underlying the calcu- 
lations are valid. Thus it is necessary to investigate in detail 
whether it is allowable to neglect all effects of the viscosity of the 
medium surrounding the strips. This may eventually be allowable 
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when the strips are far apart from each other. When the strips are 
close together, however, the influence of viscosity, boundary-layer 
effects etc., is most likely very great. Thus, in the region where 
the present diffraction problem shows an interesting behaviour, 
the comparatively simple model represented by (4) and (5) is 
likely to be a bad approximation to the actual physical process. 
It is therefore hardly profitable to carry out more calculations of 
the type presented here. On the other hand, it may be pointed out 
that a comparison of experimental results with the calculations 
given here might give some information on the role played by 
viscosity in diffraction problems. 
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TRANSMISSION COEFFICIENT FOR A SYSTEM 
OF PARALLEL SLITS IN A THIN, PLANE SCREEN 


by K. SA2RMARK 


Physics Department, Technical University of Denmark, Copenhagen, Denmark 


Summary 

Some numerical results for the transmission coefficient of a system of 
parallel slits in a thin, plane and perfectly conducting screen are given. The 
electric field vector is polarised along the slit axes. 


§ 1. Introduction. In a previous paper 1) we considered the scatter- 
ing of an incoming plane wave y; by a system of two infinitely long, 
thin, parallel strips. The boundary condition, satisfied by the total 
wave function y = y; + ws, was that the normal gradient of yp 
should be zero on the surface of the two strips. Further, numerical 
calculations were performed for the special case of two coplanar 
strips. By means of Babinet’s principle, these calculations were 
utilised to find the transmission coefficient of the complementary 
diffraction problem, i.e. the diffraction of a plane, electromagnetic 
wave by a thin, plane, perfectly conducting screen containing two 
parallel slits congruent with the above mentioned strips. The electric 
field vector is polarised along the slit axes. 

In this note we give some additional numerical results obtained 
by including more than two strips in the calculations. The procedure 
followed will be the same as in1), and we refer to that paper for 
a more detailed explanation. 

The results obtained in this note are compared with calculations 
of the transmission coefficient for an infinite grating. This problem 
has been treated in several papers among which we may mention 
those of Miles?) and of Baldwin and Heins 8). In both of these 
papers the problem of an infinite plane grating is treated by means 
of integral equation methods applicable only for normal incidence of 
the plane wave. This is not the case for the method used in this note; 
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however, numerical calculations will be performed only for normal 
incidence. 


§ 2. General expressions. We consider 2N strips, situated in the 
x-z plane, symmetrically arranged with respect to x = 0 and with 
their axes parallel to the z-axis. The strips are of equal width 26 
and the distance between two consecutive strip axes 1s /. The wave 
vector k of the incoming plane wave lies in the x~y plane and may, 
in general, make an arbitrary angle v with the x-axis. As usual, the 
wave function is required to satisfy Helmholtz’s wave equation 
and Sommerfeld’s radiation condition at infinity. The boundary 
condition to be satisfied at the surface of the strips is 


grad,(yi + Ys) = 0. (1) 
As in 1), we now assume that the scattered wave ys may be written 
as a sum of scattered waves, one for each strip: 


2N 
ps = L (2) 
j=l 
and that each of the functions gy; may be expanded in the following 
way: 


gy = Vin > oe q 50q(S, %) Hog(s, fj). (3) 
OE 


Here oj, uj are elliptical cylinder coordinates defined by the j-th 
strip, while Sog(s, «j) and Hog(s, uj) are the periodic odd Mathieu- 
functions and the associated Hankel-like Mathieu-functions, re- 
spectively. The parameter s is defined by s = (kb)? and the ex- 
pansion coefficients Aj,q are to be determined so that the boundary 
condition (1) is satisfied, As shown in 4) it is possible, by means of 
an addition theorem for Mathieu-functions 4), together with the fact 
that the incoming plane wave y; may be expanded in terms of the 
various elliptical cylinder coordinates involved, to satisfy the boun- 
dary condition (1) by solving an infinite system of linear equations 
for the coefficients Aj;,g. This procedure will, of course, become 
extremely complicated for more than two strips. For small values of 
S(< 4-5), however, it is natural to attempt to simplify the equations 
by retaining only the first term in the expansion (3) ; the calculations 
of the scattering cross-section for two strips show, see 1), that this 
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is a good approximation as soon as the strip axes are separated 
by a distance / somewhat greater than 20. 
We therefore approximate qj; by 


= V8x Aj So1(s, a) Hoi(s, ;). (4) 


As mentioned earlier, numerical calculations will be performed only 
for normal incidence of the plane wave, i.e. 


yi = ot, (5) 


(In this and in the foregoing expressions we have suppressed the time 
factor exp (— tw#).) It then follows from the symmetry of the scatte- 
red wave around x = 0 and from the symmetry properties of the 
Mathieu-functions that the coefficients A; will be equal in pairs: 
A, = Aon; Ag = Agy-1; etc. Accordingly the number of coefficients 
to be determined is in this case reduced by a factor 2. 

With the approximations given above we may now write down 
N equations in the unknown coefficients Aj, .... Ay. Without 
giving the details of the derivation (cf.1)), we will give the equations 
obtained in the case of eight strips: 


Ax[] + y(ZAl)] + Aaly(Al) + y(6Rl)] + Asly(2kl) + y(Skl)) + 
+ Aaly(3kl) + y(4kl)] = —a, 
( 


Ax[y(Rl) + y(6kl)] + Aal 1+ y(Skl)] + Asly(Rl) + y(4k ay 
+ Aaly(2kl) + y(Shl)] = 


AyLy(2kl) + y(5hl)) + Aaly(Al) + p(4kl)] + Aall + y(3Ad)] + 
+ Aaly(Rl) + y(2hl)] = —a, 


Ax[y(3kl) + y(4kl)] + Acly(2kl) + y(S3kl)| + Aaly (Rl) + y(2kt)] + 
+ Aall + y(A)] = —a, 


where a = Ko (1 + 7fo,1)~1 and y(nkl) =y-1,-1(kl) are defined as 
in 1), eqs. (8) and (18). 

When this system of equations has been solved, one may, by 
means of (4) and (2), find the scattered wave ys. If v and # are the 
usual polar coordinates, one finds for large values of 7 the well- 
known expression for the asymptotic behavior of ps: 


etkr 


valr +00) = f(0) (7) 


The quantity which we want to calculate is the transmission 
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coefficient for the complementary problem, i.e. we now replace the 
strips by a congruent system of slits in a thin, infinite, perfectly 
conducting plane. Interpreting the incoming wave as an electro- 
magnetic wave with the electric field vector polarised along the slit 
axes, it follows from Babinet’s principle that the scattered wave 
ws’ for this problem may be found from the above mentioned ys 
by the relation 

Ys’ = —Ys, (8) 


valid in the region y > 0. The transmission coefficient may then be 
found by the definition 


1 : 1 / Qn | hy ( Ls )| 
eA FRING) Rel et #( y= 
Lon = ANB a) dd ANd i eye f\v 5 
0 


(see 1)). (9) 


Too (Miles) 


———s kb 
T T a 
Oly 02203 e OF eh05 P0607  “Osr = 098IPLO 


Fig. 1. The transmission coefficient T for systems of 1, 2, 4, 6 and 8 parallel 
slits in an infinite screen as function of kb. The distance between the slit axes 
is 1= 4b. The incoming plane wave has its electric field vector polarised 
along the slit axes and is normally incident on the screen. Also shown is the 
transmission coefficient for an infinite grating as calculated by Miles 2). 


§ 3. Numerical results. The formalism sketched in the preceding 
section has been applied to the following numerical calculations. 
For normal incidence and the fixed ratio //b = 4 the transmission 
coefficients Tz, and 74 have been calculated as functions of kb for 
wavelengths in the region kb < 2, while Tg and Ts have been 
calculated for wavelengths in the region kb < 1. The results of 
these calculations are shown in fig. 1 and fig. 2. Here we have also 
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plotted the transmission coefficient for a single slit and for the 
corresponding infinite grating as calculated by Miles 3). 

From the curves shown one notes the rather remarkable fact, 
and this is actually the reason for publishing this note, that for all 
wavelengths, except a small range around the resonance value 
A = 1, the transmission coefficient for a system of but four slits is 


——= kb 


SS SS Se ee ee ee 
CARO GOR 06 ls 1012s 1h bao I8n 200 22% 24. 26 


Fig. 2. The transmission coefficient for a system of 1, 2 and 4 parallel slits 

in an infinite screen as function of kb. The distance between the slit axes is 

1 = 4b. The incoming plane wave has its electric field vector polarised along 

the slit axes and is normally incident on the screen. Also shown is the 

transmission coefficient for an infinite grating as calculated by Miles 2). 

For kb = 2.0 also Tg and Tx have been calculated. The results are practically 
identical with T4. 


nearly identical with the transmission coefficient for an infinite 
grating. In fact, for kb < 1 even T2 is practically identical with T,,. 
This behaviour of the transmission coefficient for an increasing 
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number of slits is mot found if the incoming plane wave is polarized 
with the electric field vector perpendicular to the slit axes. E. B. 
Hansen 5) has treated the latter case by means of methods analo- 
gous to those used by Bouwkamp ®) in the wavelength-region 
kb S 0.6 and finds that the approach to an infinite grating in this 
case is much slower than the one found in the polarisation case 
treated in this note. 


Note added in proof. In ref.1) these is a misprint in eq. (A7). The 
factor in front of the summation sign should be 7°"—® and not 1(@-™), 
The related eq. (A4) of ref.+) is correct. 
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DIFFRACTION BY AN IMPERFECTLY CONDUCTING 
HALF-PLANE AT OBLIQUE INCIDENCE 


by T. B. A. SENIOR 


The University of Michigan, Ann Arbor, Michigan, U.S.A. 


Summary 


The exact solution is obtained for the problem of a plane wave incident at 
an oblique angle on a half-plane of large but finite conductivity. The usual 
approximate boundary conditions are applied and lead to coupled Wiener- 
Hopf integral equations from which to determine the currents excited on the 
surface of the sheet. The resulting expressions for the field components are 
found to be entirely different from those which would have been obtained by 
applying the technique used for the derivation of three-dimensional solutions 
in the case of perfectly conducting structures, and, indeed, not one component 
is given to the required accuracy by this technique. 


§ 1. Introduction. In this paper attention will be confined to 
diffracting structures which are two-dimensional in the sense of 
being composed of cylinders of arbitrary cross-section. whose 
generators are all parallel to the z-axis of some coordinate system. 

If a structure of this type is perfectly conducting, it is possible 
to deduce the solution for a three-dimensional incident field from 
the solution for a two-dimensional field, and, in particular, the 
solution for a plane wave at oblique incidence can be obtained from 
that in which the plane wave is normal to the z-axis. The method 
is based upon the fact that any solution of the two-dimensional 
wave equation gives rise to a solution of the three-dimensional 
equation on replacing the propagation constant k by k cos # and 
multiplying by exp(— 7kz sin f). If the particular solution considered 
represents the solution for the electromagnetic problem in which 
the incident field is a two-dimensional plane wave, and if it is 
modified in the above way and then taken to be the z-component 
of an electric or magnetic Hertz vector whose other components are 
zero, a solution of the three-dimensional problem is produced. The 
corresponding incident field has either Hz or Ez zero (depending 


ele 
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on whether the two-dimensional field was E or H polarized), and 
the two fundamental fields so generated can be combined to give 
the solution for any incident field. The method has been described 
in detail by Clemmow!) and was used by Senior?) to determine 
the field of a dipole in the presence of a half-plane. 

When the structure is not perfectly conducting, the method is 
no longer applicable and the question then is whether an analogous 
technique can be developed to treat such cases. To attempt an 
answer to this, an obvious approach is to tackle a particular problem 
in the hope that its solution may indicate a general transformation, 
and apart from the problem of a circular cylinder (for which the 
solution is almost trivial) one of the most simple is that of a plane 
wave incident at an oblique angle on a half-plane of large but finite 
conductivity. The present paper is devoted entirely to a considera- 
tion of this problem. 

The crux of the analysis is the determination of coupled integral 
equations for the electric and magnetic current distributions ex- 
cited on the surface of the half-plane. These are of the Wiener-Hopf 
type and can be solved to give expressions for the currents in terms 
of the “‘split’’ functions which characterized the solution for normal 
incidence 3). The field components are then given as integrals over 
the currents, and some ramifications of the results are examined. 


§ 2. The integral equations. Consider a thin semi-infinite sheet 
of large but finite conductivity occupying the half-plane y=0, x >0 
of a rectangular Cartesian coordinate system (x, y, z). A plane 
wave is incident in a direction making an angle « with the positive 
x axis and an angle 2/2 — f with the z axis; 6 = 0 then corresponds 
to incidence in the plane perpendicular to the diffracting edge. 

The actual form of the incident field matters little as regards the 
analysis, but in order to simplify the comparison of the results with 
those for a perfectly conducting sheet the field is taken to be a 
quasi three-dimensional plane wave which is E-polarized and whose 
components are given by 


E' = (— cosasin B cos 8, — sin«sin B cos £, 
cos® B) exp[—7k(x cos «cos B + ysinacos f+ zsinf)}, (1) 
H' — (— Ysinacos, Y cosacosf, 


0) exp[— 7k(x cos «cos B + ysin «cos B+ zsinB)], (2) 
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where Y = 1/Z is the intrinsic admittance of free space and a time 
factor e~*t is suppressed. The above field is that which is obtained 
by modifying a two-dimensional E-polarized plane wave in the 
manner described in the previous paragraph. 

If 7 is the reciprocal of the complex refractive index of the material 
comprising the sheet, the boundary conditions to be applied can 
be written as 

E —(n-E)n=7Zn X H, (3) 


where nis a unit vector normal, drawn outwards from the sheet. On 
the upper surface n is in the positive y direction, and (3) then gives 


Pe = nZHz, EK; —_— = 4ZH x. 
Similarly, on the lower surface 
En = — 4ZHz, E,= nZA x: 


As a consequence of these conditions, the tangential components 
of both the electric and the magnetic vectors will be discontinuous 
on crossing the sheet, and it is convenient to regard these discon- 
tinuities as due to the presence of electric and magnetic currents in 
the sheet. We therefore write 


y= +0 y= +0 


E,| = rele me H,,| — Ta(x’, 2); 
y= —0 y=—-0 
y=+0 y= +0 

E,| a tales 2’), E,| ul ale ,2.), 
y= —0 y= —0 


where Jz and J, are the electric currents and J; and [3 are the 
magnetic ones. 7; and J4 are perpendicular to the diffracting edge 
whilst Jz and /3 are parallel, and when the field is normally incident 
(8 = 0) Iz and J4 are identically zero. 

The electric field at a point (x, y, z) can be expressed as a surface 
integral in the form 
etkp 


ds, (4) 


E(%,.4,2).= + | [iezin xe) — (nx E)xV —(n-E)V} 


S 


p 


(see for example +) p. 467) where n is a unit vector normal drawn 
into the volume contained by the surface S. The differentiation is 
with respect to the coordinates of the observation point and p is the 
distance to a variable point (x’, y’, 2’) on S. 
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The surface S is made up of two sheets which envelop the diffrac- 
ting structure, together with a cylinder of infinitely large radius 
centered on the z-axis and meeting the two sheets at ¥ = oo. The 
integration over the cylindrical portion is easily shown to produce 
the incident field, and accordingly (4) can be written 


E(x, y, 2) = E*(x, y, 2) + 


1 nee eikp pa +0 
+7. | |likzinx B)— (nx B) x P—(n-E)7)— dx’ dz’. (5) 
4m pP ie —0 
0 —oco 
On the upper surface of the half-plane 
nx H— (Hz, O, — Hz), 
from which we obtain 
0 
nx H| =r (ta, U, —TIs) 
y= —0 
Similarly, 
E) ols pre (1 é 5 é : é é ) etkp 
nx E)x | =|l3 : 3 1 1 
( Deca beer! oy Ox 02 oy p 
and 
athe Wat 2 feels él4 8 @ = @ \-etke 
(n- E) V al ‘ties f ? , ) ~ 
pes EON, G2 Ox ox Oy oe 7p 


and if these are inserted into (5), the equation becomes 


E(x, y, 2) = Et(x, y, z) + 


l ra) re) ra) é 
+ | {[ mz 0, —I2) — (15 —, —I3 — —I, —, iar 
An oy Ox Oz oy 


Q —co 


, Zora Ol 4 7) 0 0 etkp 
—1 ; —— 2 ——s dz’ dz... ».{6) 
AI Naas Ox On Oy ~ te p 
At normal incidence the fields and currents are independent of 2’ 
(and hence z), and, in addition, there is no current J4; the terms in 
the third group of the above integrand then disappear. 


An assumption is now made concerning the dependence of the 
field upon the coordinate z. The diffracting structure itself is two- 
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dimensional, and since all the components of the incident field 
involve z only through a factor exp(— kz sin f), it seems reasonable 
to assume that this dependence will also apply, to the total field. 
A consequence of this is that 


lege jae ee Te) 


for p = 1, 2, 3, 4, which makes it a trivial matter to carry out the 
integration with respect to 2’ in equation (6). 
To evaluate the z’ integral it is sufficient to consider 


Pete etke dz’ = gcmeine | ete — Shans Gene dz’ 
p p 
where, of course, p = V(x’ — x)2 + y2 + (z’ — 2), and if we put 
— z= (Qsinhy with Q = V(x’ — x)2 + y2 the integral becomes 


en ikesin 8 / eikQ(eosh y—sinésinhy) qa — 

= e~ tkesinB fgikQcos poosh(y + tanh~'sin #) dy — 71 e7 tkesin B ai (RO cos B). 
The nature of this result shows that the assumption about the z- 
dependence is self-consistent and allows us to suppress the coordinate 
z throughout the subsequent analysis. Equation (6) can then be 
written as 


co 


E(x, y) = E‘(x, y) — 2 [| az 0, —I2) + 


0 


0 o ; - 
; San 2S foi ley Ii, 11 — 
+i(ts om A pwc 2 be ay a 


+5, (thsin pra + $4) (SS, —itsing) [2199 RQ e058) ae (7) 


The above integrand involves 0J4/éx’, and if I4 were zero at the 
edge of the half-plane, integration by parts would enable the deri- 
vative to be replaced by J4 (@/@x). It is known that in the case of 
an H-polarized plane wave at normal incidence the magnetic 
current perpendicular to the edge vanishes at the edge 3), and for 
simplicity it will be assumed that the same is true at oblique 
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incidence. If this behaviour is not postulated at the outset, the 
solution of the integral equations becomes more complicated, 
although the analysis can still be carried through. The details are 
given in the Appendix, and from these results it follows that I4(0) 
must be identically zero. 

Equation (7) now gives rise to three scalar equations for the 
currents: 


E,(*, y) — Ez(x, y) = — =len( - seaoriet 


+ 113 = + 71Z sin BI =| Ho) (kQ cos B) dx’, (8) 


lh, Va By (ey) = 


Pete land (759 
— 51a: JH (HQc058) ax", (2) 


1 
“flat +ksin Bl,—7Z sin Bla 


Ee, y) — E(x, y) = 


l ae pe oO 
Se [(xz cos? plz — tay +7Z sin BI4 =) Ho) (RQ cos B) dx’. (10) 
0 
Integral equations for Jz and J4 can be obtained from these by 
letting the field point approach the half-plane sucessively from 
above and from below. By taking the limits of equations (8) and 
(10) as y-> + 0 and using the fact that 


co 


(lim + lim) | I(x’) — oo (kO cos f) d 
y>+0 yo at oy 
0 
we have 


Ex(%, + 0) + Ex(x, — 0) — 2Ea#(x, ,0) = 
~~ affen(ies <2) + iZsin ate = | Ho (k |x’ —2| cos B) dx 
E,(x, ‘s 0) + E,(x, — 0) — 2E,4(x,0) = 


l é 
ie 5| (#2 cos? pre +72 sin BI4 _ Ho (k |x’ — x| cos B) dx 


0 
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and since 
E,(x, +0) + E,(x, —0) = ZI 4, 
E(x, +0) + E(x, —0) = — ZI, 
it follows that 


nla(x) + 2Y cos «sin 6 cos B exp[— ikx cos « cos B] = 


co 


| 1 @ 7: é 
=— AEA sea) +isin ple | H\)(R |x’ —x| cos B) dx’ (11) 


0 


nle(x) + 2Y cos? B exp[— ikx cos «cos fp] = 


co 


l sit ra) 
—- al ( cos? Bl2+7 sin pls) Ho)(k |x’ — x| cos B) dx’, (12) 
0 


which are coupled Wiener-Hopf equations for the determination of 
the electric currents J, and J4. 

To obtain the integral equations for J; and J3 either of two 
procedures can be followed. The first of these has its origin in the 
observation that the currents /2 and [4 whose equations have already 
been found are both electric currents, and the starting point for 
the derivation of (11) and (12) was the expression of the electric 
field at a point (x, y, z) in terms of a surface integral over the 
currents. Consequently, it is to be expected that if the magnetic 
field were written as a surface integral analogous to that in (4), the 
same analysis as the above would lead to equations for J; and 3. 

The second method is equivalent to this, but avoids the necessity 
of going back to the expression of the magnetic field as a surface 
integral over the field components. If (8) and (10) are differentiated 
with respect to y before the field point is allowed to approach the 
surface of the sheet, (9) can then be used to determine Hz and Hz. 

If this second method is adopted, the fact that 


14 ( 6Ey 5) 
Rk oz oy 


_Y ( 0Ez oe 
H, =i =-( ey wT? ax 


Az 4 


and 
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gives, by suitable differentiation of (8), (9) and (10), 


Sr aly 
FE [ral foige =) tay 


+ 12Y sin fl3 =| Ho (RQ cos B) dx’, (13) 
: l r Le 
H,(«, y) — Hf(%, y) = i (ay cos? pls — Bins — 
0 


é 
— iY sin Bly a Ho (kO cos f) dx’. (14) 
Xx 


Comparison with the equations for Ey, and Ez reveals the expected 
symmetry between the electric and magnetic fields and currents. 
Indeed, (13) and (14) correspond to (8) and (10) under the transfor- 
mation 


E> Hf ZH > —YE, 
i "Ve Zils —YTz3, 
I3—> To, 2 a —YJi, 


and this duality enables us to write down immediately the integral 
equations for J; and J3 by reference to the equations for Jz and J4. 
The results obtained in this manner are identical to those which 
would have been found if the first of the above methods had been 
employed, and are 


— I;(x) — 2 sin a cos B exp [—7kx cos a cos f] = 
_ | if 0 HW , - 
ots kl + jaa) +isinpls— | # 0 (k |x’ —x| cos B)dx’, (15) 


co 


0 

“1 Ee 

ee eae Roos? Blasi sin ida Hy" (k |x’ — x\|cos B) dx’ (16) 
; 


(c.f. (11) and (12)). To complete the duality between the electric and 
magnetic quantities, it will be observed that the additional trans- 
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formation 7-—> 1/n is required. The absence of the inhomogeneous 
term in (16) is caused by the fact that H,! is zero. 


§ 3. The solution of the equations. In view of the similarity 
between the equations for J;, I, Jz and J, it is sufficient to restrict 
the analysis to just one of the coupled pairs. Let us therefore 
consider (11) and (12) and attempt to cast them into forms suitable 
for solution by the Wiener-Hopf method. 

Take first equation (11). This holds only for x > 0, but if a 
function ¢4(*) is introduced such that d4(x) is zero for x > O and 
is equal to the right hand side of (11) for x < 0, the equation can 
be written as 


nla(x) + da(x) + 2Y cos asin Bcos py(x) = 
i nen ds 5g Salen Jape hone 
=—5| 4 + nna) +?s1n [ ay » (R |x’ —x| cos B)dx’, (17) 


where J: and J4 are defined to be zero for x < 0 and 


__ fexp [—ikx cos « cos f] for x. 0, 
Pye 0) LOL = Uy 


In this form the equation is valid for all x. 

The application of a Fourier transform to (17) can be justified by 
a study of the growth orders of the functions y(x), 2(¥), Z4(x) and 
déa(x) for large |x|. The Fourier transform of, for example, (x) is 


co 


BC) = es | em le ar, 


—oo 


and from the definition of p(x) it is immediately obvious that #(¢) 
is regular in a lower half-plane of the transform variable ¢. For the 
currents I(x), # = 1, 2,3, 4, the assumption that 


I(x) ~ exp[— tkx cos « cos B] 


as x —> co implies that the transforms I,(¢) are regular in the same 
region, and, finally, by using the asymptotic expansion for the 
Hankel function when x is large and negative we have that ¢p(¢) 
is regular in an upper half-plane. All these regions of regularity 
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overlap, and within the common strip it is permissible to apply a 
Fourier transform to (17). 

By inserting the Fourier integral representation of the Hankel 
function, the right hand side of equation (17) becomes 


ie (: ) sin Blo(x" el er ciel ti 
Fina EACONES paoaa) Paha til geal SRY ptiegeag coun 
—co (6: 


which can be written alternatively as 


a 


— = [(G ce — Le — tin lay) 5 


dé, 


Cc 


where I” = Vk2 cos2f — 2 and C is a straight line path from — co 
to co lying within the strip of regularity of the integrand. Application 
of a Fourier transform now gives 


ie 22 Y cos «sin B cos B 
Pall) = V Digeae pepw areas) 


pieas CBN rsinB - 
+ (n+ ==") 1 - SLO 089) 


and similarly, from (12), 


ey Hee 2 Y cos? 6 € sin B : 


a i(£ + kos a cos f) Tat 


Rk 2 ad 
+ (n+ =F) tae (19) 


These are sufficient to specify Z(£) and L4(¢). 

_ The obvious way in which to attempt the solution is to eliminate 
I2(é) and J4(£) in turn and thereby to obtain equations for each 
current separately. Unfortunately, however, the resulting equations 
are not capable of being treated by the Wiener-Hopf technique. 
An essential feature of the technique is the separation of the terms 
into two groups having overlapping regions of regularity, and in the 
process of eliminating a current it is necessary to multiply one or 
other of the functions $(¢) or da(¢) by a quantity which destroys 
its regularity in the upper half-plane. A consequence of this is that 
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coupled equations of the above type are, in general, not capable of 
being solved, and it is only by virtue of a particular symmetry 
existing between (18) and (19) that J2(¢) and J4(¢) can be determined. 
The clue to the method of solution came from an attempt to 
guess a relationship between the currents. If it is assumed that 


I(C) = f(<) La(6), 
then /(¢) must be such as to reduce (18) and (19) to essentially the 
same equation. Since both J9(£) and J4(£) are regular in a lower 
half-plane, f(¢) must also be regular in this region, and from the 


way in which 7 enters into the factors multiplying the currents it 
is clear that /(¢) must be chosen to satisfy 


(k2 — C7) f — RC sin B = (k2 cos? B — R¢f sin f)f. 
The resulting values of /(£) are 
G k sin B 


ksinB C 


, 


but neither of these is sufficient to bring into agreement the re- 
maining terms in (18) and (19). 

The failure of the method is not very surprising since it pre- 
supposes an extremely close connection between the currents. On 
the other hand, the method does reveal a simple relation between 
the coefficients of Io(£) and J4(£) in (18)and (19), and suggests that 
a profitable approach would be to use the values for /(¢) to derive 
equations for certain linear combinations of the currents. 

If (18) and (19) are multiplied by # sin B and ¢ respectively and 
then subtracted, we obtain 


7 7 k 
(tle(e) — & sin Als(O) (1 +) + 


es ee Cee Re 
ih /- € + kcos «cos f) Fe EMAC 


and since the Bees has not affected the regions of regularity, 
this is an equation for ¢[2(¢) — sin b14(¢) which can be solved by 
the Wiener-Hopf technique. For this purpose, let 
k cos B Tee) 
00S p a = Kil . 
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where K(£) and K_(¢) are regular in the upper and lower half- 
planes respectively. Bearing in mind the definition of /’, it is apparent 
that K+(¢) and K_(¢) differ from the “split” functions given by 
Senior 3) only in having k replaced by k cos f, and accordingly 
their analytical expressions can be obtained from that paper. 

If (20) is multiplied through by cos BK+(¢), it can be written as 


K(— k cos « cos £) 
a(€ + kcos «cos f) 


Pe Pee kcosasin2$) K+(f) + kcos«K +(— cos «cos f) 
=> Ycos 
a(¢ + k cos « cos f) 


+ [k sin Bba(f) — S¢2(€)] cos B K+(2). 


The left hand side is regular in a lower half-plane, whilst the right 
hand side is regular in an upper half-plane, and, moreover, these 
two regions have a common strip. It follows that each side must 
be equal to a function which is regular throughout the whole ¢ plane, 
and its growth order as j¢|-> oo then shows it to be at most a 
constant. Hence 


CIo(¢) — ksin Bl4(C) = 


[Lo(¢) — ksin Bl4(C)] 2 Yk cos « cos2B 


K4(—R cos « cos £) i 
(6 + hcos a cos B) K(0) " KO’ 


where A’ is independent of ¢. 

To determine [9(£) and /4(¢) individually, another linear combina- 
tion is considered which introduces the second value of /(£). Multi- 
plying (18) by ¢, (19) by & sin 6 and then adding, we have 


we 
=-il/* Yk cos « cos? B (21) 
IC 


" 7 1 
fesin Bla(¢) + eZa(e)(n + =) + 


kcosb + € cosa 


Z Lays = 5 
+ |Z vsin Boss eek cas cose gh ~~ Fal) — Asin Ba), (22) 


which is an equation of the Wiener-Hopf type for k sin BI a(¢) + 
ara | a(¢). The factor multiplying these currents can be written 
nT" ee B m k cos B ) So La 
k cos B n fe ve COS 8 ENG) 
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where L+(¢) and L_(¢) are regular in an upper and a lower half-plane 

respectively, and since L.(f) and L_(¢) differ from K4(¢) and K-(6) 

only in having 7 cos 6 replaced by (cos ) /n, their expressions can 

also be deduced from the formulae given by Senior 3) 
If (22) is multiplied through by 


k cos p d(C) 
WOO heos Pe oe 


its terms can be rearranged to give 


[A sin Bl2(¢) + CLa(f)] Vk cos B — C L(t) + 
y2 Rk? sin? «sin 6 cos? 6B L4(— k cos « cos f) 
oe er 3 
Tt n (f+ kcosacos B) Wk cos B(1 — cos a) 


ie /2 _k sin B cos? B ae LQ) 
Y | x . n 1(€ + kcos «cos f) | eos + ce I Aas So 
: Li(— k cos « cos f) 
—ksin2« 
ae eye 
* he k cos p L+(¢) 
_ C ry] - (28 
[Cpa(C) + & sin Bo2(C)] ey a (23) 


and by the same argument as before each side of this equation must 
be equal to a function regular throughout the whole ¢-plane. Using 
the fact that for large |¢|, L+(¢) and L_(¢) are O(1), the right hand 
side of (23) then shows that the analytic function is at most a 
constant and hence 


.|/2 ,, #2 sin? «sin B cos 38 L(— k cos « cos f) i 
Bs xz  £+kcosacosf kos B (1—cosa)(kcos B— C)L_(C 
B’ 
, (24) 


i Metres iG tae (C) 


where B’ is independent of ¢. 
Expressions for /2(£) and J4(¢) can be obtained from (21) and (24) 
by eliminating each current in turn. The resulting formulae can be 
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simplified to some extent by defining new constants A and B such 
that 


A’ =i|/=Y¥ cos 4 + K,(— kcos «cos £)], 
A 


k cos 
= 1/2 ~ sintasin post p|/ BORE E Be 


1 — cosa 


and this leads to the equations 
(2 + k2 sin? B) [2(¢) = 


ee CK4(— k cos «cos B) + A(é + k cos « cos f) 
Wilomoen (© + cos « cos p)K_(6) 


Die 
a i V2 v~ sin? a sin? p cos? p : 
wt 4 


\ k cos B kL+4(—kcosacosf)+B(¢€+cos «cos 8) (25) 
( 


1—cosa) (kcosB—C) (¢ + kcos «cos f) L_(¢) 
(C2 + k2 sin? B) I4(6) = 
€K+1(—kcosacos B)+ A (E+ cos «cos f) 
(¢ + kcos «cos Bp) K_(€) 


om 
= — il/2 vs sin f cos B 
ww 


2 
-- iV y= sin? a sin B cos? p P 
Tt 1] 


/ kcosp kL(—kcosacosf) +B (+ kcosacosf) 
( 


1—cos«)(kcosB—C) (¢ + kcos «cos B) L_(¢) sce 


As they stand, the above equations do not have the required 
regularity in that the expressions for /2(¢) and J4(¢) have poles at 
the points ¢ = + ik sin f which lie in the region where the trans- 
forms must be free of singularities. If the poles are eliminated, 
however, two conditions are obtained, and these serve to specify 
A and B uniquely. 

The equations for J9(£) and J4(f) each give rise to the same 
conditions for A and B, and it is therefore sufficient to consider 
only (26). For I4(¢) to be regular at ¢ = 7k sin f, the right hand side 
of (26) must be zero at this point in order to balance the correspond- 
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ing factor on the left, and the condition for this is 


: Wigale & 
A =i et —sin2 asin Bcosf . 
U 


/ cosB K_(ik sin ) .,. ,K4(— k cos « cos B) 
. —_— B— isin B —— 
1—cose L_(tk sin B) cos a cos 6 + 7 sin B 


wr 4 'P ; 
+ ie? — sin? asin B cos B . 
| 


) cosB Li(— kcos «cos B) K_(tk sin B) a3 
1—cosa cosacosB+isinf L_(iksin fp) ¢ ce: 
Similar analysis applied to the point € = —7k sin B gives 
ee oes ie : 
A= —ite sin? «sin B cos . 
| 


/ cosp”’ Kil ik sin b) 2 4 asin pt—Ae0s acosp) ore 
1— cosa L_(— zksin f) cos «cos 6 —7sin B 


cts Lae 
—ie *’_ sin? «sin B cos P . 
7] 


/ cosB Li(—kcosacosf) K_(— iksin B) (28) 
“I 1 —cos« cosacosB —isinB L_(— iksin B) ’ 
and from (27) and (28) it is a simple matter to determine A and B. 
The values obtained are 
sin 6 
(cos? « cos? 6 + sin? B) P(f) — 
: {i cos « cos BQ(8) — sin BP(f)] K1(— k cos « cos B) + 


+ 2 sin? « sin B cos B eae L.(— k cos « cos f) GN 
J Wins 9 ye 


1 
(cos? « cos? 6 + sin? 8) P(B) ~ 
. 4{¢ sin BQ(B) — cos « cos B P(f)] L4(— cos « cos By) + 


COS a f 1.—! cose 
a. Ka(— 2 C0S @ cos > 30 
Bier sin? a cos B +( 7 p) oe 


Appl. sci. Res. B 8 
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yp K-(Rsin B) | yp K-(— 2h in P) 
P(B), Q(B) = @ oa a eae L(x ikem 6) (31) 


If the expressions for J2(¢) and J4(é) are now examined, several 
facts are immediately apparent. Since all the split functions are O(1) 
for large |¢|, 7 4 0, it follows that 


I(t) =O). L0 = OUT 3h 
and hence 
I2(x) ~ constant, I4(x) ~ xt 


as x > 0. This shows that the electric current perpendicular to the 
edge is zero for x = O (in accordance with our previous assumption), 
whilst the electric current parallel to the edge is finite there. The 
same behaviour is found *) in the case of normal incidence (f = 0), 
and it will be noted that a consequence of the finite conductivity 
is the removal of the current singularity at the edge. 

When f = 0, equation (29) gives A = 0, and (25) and (26) then 
reduce to 


ji Vey K4(— k cos a) 
xz  (¢€+kcosa) K_(C) 
and 
I,(¢) = 0, 


which agree with the known solution for normal incidence. The only 
other case of interest is that in which 7 = 0, but this is most 
conveniently considered in the next section. 

It is now time to turn our attention to the magnetic currents 
1,(6) and I3(¢). These have to be determined from the integral 
equations (15) and (16), which are similar to the equations (11) and 
(12) already discussed. Altough the correspondence is not complete 
because of the lack of symmetry in the incident electric and magnetic 
fields, it is sufficiently close for us to omit the details of the solution. 
By the same method as was used for equations (11) and (12) it is 


*) In §) it is incorrectly stated that K4(f), etc. are O(|f|-4) for large |C|. This does not 
affect the derivation of the solution given therein, but does invalidate the statements 
about the behaviour of the currents for small x. 
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found that 


(¢2 + k2 sin? B) (6) = 
ee iT (es - 

a —i|/? asinasin®pcosep kcosacosf)+C(é+kcos «cos f) 
Tt 


(¢ + kcos acos B) L_(¢) 


a lee ng sin a cos f |/ ay 
m (1 — cos a)(k cos B — £) ° 
CK+(— Rk cos «cos fp) + D(E + k cos « cos £) 
(€ + kcos « cos B) K_(£) 


(¢2 + 2 sin? 8) I3(0) = 
= ij? €sin asin B cos? B aoe oe eee ee 
(¢ + k cos « cos B) L_(Z) 


— i/= nb sin « sin p cos B)/ oe 
(1 — cos «)(k cos B — €) © 
€Ki(— k cos «cos Bp) + Br + Rk cos « cos f) 
(¢ + k cos « cos B) K_(C) : 
(c.f. (25) and (26)), where the constants C and D have the values 
1 
~ (cos? « cos? B + sin? f) P’() ” 


; [7 sin BQ’(B) — cos « cos BP’(f)] L4(— k cos « cos B) + 


(32) 


(33) 


1 — cos « 


+ 2n cos « eat Ki(— k cos « cos al ; (34) 


sin B V (cos B/1 — cos «) 
(cos? « cos? 6 + sin? B) P’(B) ~ 
: [2 cos « cos BQ’(f) — sin BP’(B)] K+(— k cos a cos B) + 


+ 2sin f cos B y/ a ala =e RiCOS chs a (35) 
cos fp 
K_(ik sin £) ., K-(— tk sin p) 
’ 1B) == e— He vB . 
SA ee SF Gh sin fp) La(= ah sin f) 
The remarks made about the electric currents I2(¢) and I4(€) apply 
also to the magnetic currents /3(¢) and 11(¢). 


(36) 
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§ 4. The field components. Since the electric and magnetic fields 
can be written in terms of the transforms Jp(¢) alone, explicit 
determination of the currents J(x) is unnecessary. From (8), (9) 
and (10) we have, by inserting the Fourier representation of the 
Hankel function and restoring the z-dependence, 


peat alle 


x Bie Pen ES 
apse #dt, (37) 


Ey = alge It Ia(c eee Egos 


a ase + le] 7} eat, (9) 


l eal k cos? B - €sin B - 
—— 4 a —— 2 = 
eee ayes 2 Ia{t) = ZT) + 
C 


+ ho | pac (39) 
with @ = exp(icx + 2 |y| I’ — tkz sin f) 
and if these are expressed in the form 
: 1 E(é) cos fp 
[ey ee iF 
i Qni J C24 k2 sin? B f+ kos a cos B pe Soa) 


the components of E(C) are 


i 
Ez(¢) -—+ sin « sin B cos 8 Vk cos B(1 + cos a)(k cos B + €). 
| kL4(— k cos « cos 6) + B(E + k cos « cos B) 


L_(¢) 
— e on tees k cos « cos B)-+ A(€+k cos « cos f) 
VR ont —E eat 
ane sin « sin B cos ne L.(—k cos « cos B)+C(E+: cos « cos f) 
bl L-(0) 


+1 ksin B. 


kcos B (1+cos a) CK +(—k cos « cos B)+D(¢-+-R cos « cos p) 
kcosB —¢ K_(¢) 


, (41) 
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in C2+ k2sin2 Bp. 1 
E,(¢) Wipe « sin 6 cos Pre" 


. {kL4(— k cos «cos B) + C(f + k cos « cos ) 
1 y pe B(1 + cos a)(k cos B + €) 


n IYI k 
[RK+(— k cos « cos B) + B(f + k cos « cos £)}}, (42) 
] 
E,(¢) = — Aas « sin? B cos B Vk cos B(1 + cos a) (& cos B — €). 
kLi(— k cos « cos B) + B(é + kos «cos f) 
L-() 
io ke CK4(— k cos «cos B) + A(f + k cos « cos f) 
Vk? cos? B — £2 K_(¢) 
Fe uae bicanag chs eee k cos « cos B) + C(Eé + k cos « cos f) 
ly! L_(¢) 
i eee k cos B(1 + cos a) 
Iy| kceosB—€ 
CK.1(— kcos «cos B) + D(g + kcos « cos f) (43) 
K_(¢) 


The corresponding equations for the magnetic field can be deduced 
from (37), (38) and (39) by using the duality referred to in § 2, and 
if we similarly write 


— Hi H(¢) cos fp iy 
—— fo lpr eaieatr ¢ + kcos «cos B ee 
Cc 


(c.f. (40)), it can be shown that 


Hell} = n= Vi cos B(1 + cosa)(kcosB-+ ¢) . 


¢K4(— k cos «cos f) + D(g + k cos « cos p) mn 
; a(t) 


sin «sin? B cos . 


2 
a WV k2 cos2 B — C2 
kL(— k cos x cos B) + C(¢ + k cos « cos f) 
L_(é) 
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y : CK4(— k cos «cos B) + A(é + & cos « cos f) 4% 


\y| K_(¢) 
Te Fry Assisi 
ee oe Faces 6 EE . 
. kL4(— R cos « cos a a + k cos « cos f) , (45) 


C2 + k2 sin? B 1] 
Re cos? B — (2 K_(é) 


| Ral— hos 2608 + A(E+ kcos «cos p) — 


y y/ces B(1 + cos «)(k cos B + €) 
a k . 


. [(CK4(— Rk cos « cos B) + D(Eé + k cos « cos AN (46) 


H,(¢) = — nsin B Vk cos B(1 + cos «)(R cos B + 6). 
CK4(— k cos « cos f) + D(€ + k cos « cos f) 
; K_(¢) 


Re 
Vk? cos? B — 02 


sin asin Bcosf. 


kL.(— k cos « cos B) + C(E + k cos « cos f) 


aah) r 
= = wi smn €K+(— R cos aicos B) Ee A(é + k cos « cos f) i 
\y| ae 
= Fsonenp oes] ES, 
kL4(— k cos « cos B) + B(é + kcos « cos B) (47) 
: [2-@ ; 


An exact evaluation of the integrals in (40) and (44) would 
appear to be impossible, but for most purposes approximate values 
are sufficient, and these can be obtained by the method of steepest 
descents. The present paper, however, is more concerned with the 
formulae themselves; and of particular interest is the extent to 
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which they differ from the ones predicted by the technique described 
in § 1. If the technique were valid for imperfect conductivity, the 
field components would be given by 


EE ( tsinB oU 1sinB 0U 


: , U cos? ir 
k Ox k oy PB 


aY oU = =6aUu 
nH? ( U U ma 
k x 


where U is the modified two-dimensional solution, and hence 


; l R cos fp 
= Ei — df, (48 
wads a | VS are seo 
C 
, l S cos B 
229: dt, (49 
iia at | VSS Galena a cae 
Cc 
with 
Ki(—k a« COS 
R=(¢ sin f, a sin fp, k cos2 8) 4 ie ast) : 
[ y (1 poral? GsB-t 2) 
Ty] k cos B ; 
y K.(— k cos « cos £) 
Shinra 4 ) 
Bree KO 
y ye iO a) aged Hath 
“te i Lay k cosp af 


It is immediately obvious that this differs from the true field, and 
with many of the components the discrepancy is at least O(y). On 
the other hand, the boundary conditions themselves only reproduce 
the physical conditions to O(n), and if this accuracy were achieved by 
even two of the components found by the above technique, they 
might be sufficient to describe that portion of the true solution to 
which a physical interpretation can be attached. To determine 
whether such components exist, it is necessary to expand E(¢) and 
H(C¢) as series in ¢. 
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Using the expressions for the split functions 3), we have 


Ki(¢) = ResB TE] 7 vincot =O 
Fie, ictal = a ere Oln21 ] 50 
(4 - sint 4 2 int + O(72In7) |, (60) 


140) =) id 1 — ae . 
‘ cos f a V k2 cos? B — C2 


, (= i ae k a 7) ar ou) | (61) 


where the expansions have been carried out under the assumption 
that ¢ is finite. Substitution into the equations for A, B, C and D 
gives 


Bas pu tele 
A pee res B [ Vim cosa (in SSE _ 1) 


a cos fp 


& VI cosa (wo) + O(n in |, 


B= — : 
cos B (1 + cos «) cos B 


E +— (oS = ) — 2 (a) FOE + O(ptiny) |, 


cos B 2 sin «cos B 


ered! n [ im 2SSP _ 1 — (@— a) cot x + Olin) |, 
a ' cos B 2 


By ecg EO Sea 


% sin a Vcos B 


and it is now a simple matter to compare the two sets of field 
components. 

From a study of (40) and (44) it is seen that because of the factor 
(¢2 + k? sin? B) in the integrands, the components Hz and Ey are 
the only ones for which the technique is likely to succeed. The former 


is identically zero according to (49), but from (44) the true field has 
a component 
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¢ sin « ly 


Wk? cos? B — £2 + a a 


H, = 7 sin B(C2 + 2 sin? A 


1 — cos « 7 cos B 
le [(¢ + Boos 200s p) (in ” Bint s 1)= 


Msracleare. sw wee 1 mre 
1 — cosa 
AEC ( C eles | 
hes -1 
+0(S4sin o—) kcosB+¢ +0tInn), 


which is of order 7 In 7. For the component Ey a similar analysis 
shows that the value predicted by the technique is again in error 
by terms O(7 In 7) and, in fact, this is the same with all the field 
components. In consequence, the technique which is so useful for 
treating perfectly conducting bodies fails completely when the 
surfaces are imperfectly conducting. 

The above discussion is based upon a comparison of the expansions 
for E(¢) and H(£) with those for 


C2 + k2 sin2 B i C2 + k2 sin? B 
an 
V/ k2 cos2 B — C2 Vk? cos? B — C2 


, 


and the implication is that discrepancies are automatically reflected 
in the corresponding expansions for the fields. Since the proof is 
not quite straightforward, a few words of explanation are in order. 

The expansions for the split functions were derived under the 
assumption that ¢ is finite, and this restriction applies to all the 
subsequent formulae. In (40) and (44), however, the variable of 
integration ¢ takes values from — oo to oo, and if the expansions 
for E(¢) and H(¢) are merely integrated term by term, the expressions 
which are obtained are incorrect. 

The difficulty can be overcome by using the method of steepest 
descents to approximate the integrals in (40) and (44). Almost the 
entire non-exponential portions of the integrands can then be 
removed at the saddle point £ = Co, and included in this are the 
functions E(¢) and H(¢). Since €o is, of course, finite, E(¢) and H(¢) 
can now be expanded as before, and the individual terms generate 
corresponding terms in the expansions for E and H. A direct con- 
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sequence of this is that all the field components contain terms in 
yn 7 in addition to those involving powers of 7 alone. 


§ 5. Conclusions. In this paper the solution has been obtained 
for the problem of a plane wave incident at an oblique angle on a 
metallic half-plane. The analysis requires the solution of coupled 
Wiener-Hopf integral equations for the Fourier transforms of the 
four current distributions, and the resulting expressions for the 
fields are exact, subject only to the (physical) approximation implied 
by the impedance-type boundary conditions. The solution has 
applications to the coastal refraction of radio waves, but this topic 
is reserved for future consideration. 

It has been shown that the technique commonly employed to 
determine oblique incidence solutions for perfectly conducting 
bodies cannot be used when the conductivity is finite, and, indeed, 
all the field components produced in this way are in error by terms 
O(y In y). It would be extremely valuable if a technique could be 
developed for treating finite conductivity, but unfortunately the 
analysis has not suggested one. From the solution given in this 
paper it is clear that such a method would have to call upon the 
normal incidence results for both polarizations, with 7 replaced by 
7 cos B in one case and by 7 sec f in the other. However, the presence 
of the factor ¢2 + k@sin? 6 in the expressions for all but two 
components and, in addition, the occurrence of the complicated 
constants A, B, C and D, make the existence of a technique very 
unlikely. 
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APPENDIX 
Proof that I4(0) = 0. If it is not assumed at the outset that [4(0) 


is zero, the equations from which to determine J 2(¢) and I 4(¢) are 


os dyes /2 Y cos « sin f cos B 10 ONT 4(0} 
ANC WT aE Ik coe eos th) yarn 


a 


k2 — (2\ _ 1 i 
#(9¢ SS) ng = ne, an 
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= 2(6) it /2 wf cos? p @ 


z 1(¢ + kcos «cos f) 


asin B I4(0) _ osinB . ( bee) 2 r 
EAE pal) ba a) Fale), (A.2) 


which differ from (18) and (19) only by the single terms involving 
I4(0). 

As in § 3, the first step is to derive new integral equations for 
those linear combinations of J2(¢) and J4(¢) which are suggested by 
the functions /(¢). If (A 1) and (A 2) are multiplied by & sin 6 and 
¢ respectively and then subtracted, a Wiener-Hopf integral equation 
for CI 2(¢) — ksin Bp I 4(¢) is obtained. What is more, this process has 
also served to eliminate J4(0), and consequently the solution is 
identical to that given in equation (21). 

The second equation for a linear combination of /2(¢) and Ja(¢) 
is found by multiplying (A 1) by ¢ and (A 2) by & sin f. On adding 
the resulting equations, we have 


iI4(0) C2 + R2 sin? B 


- at > 7" 
[Rk sin Ble(¢) + CL4(2)] (; a 4 ) es 


ky/2n r 
page 0s Bot L 008i ewe sie 
fs ) 7% yee eh i(f + k cos « cos f) Rineeealt) — Fein he2(t), 


which can be written alternatively as 


[& sin BI2(2) + CL4(C)] (& cos B + ¢) — 
iI4(0) €2 + k* sin? B a 
Se ee: Vk cos B —  L-(2) + 
iI4(0) ]/kcosB C2 + k? sin? B 
/ 2a Z kcosB—€ 


“oO 2 
A) y—~ (ecosp +6) 
ci ay 


L.(k cos p) + 


sin? « sin B cos? B L4(— k cos « cos P) 
i(¢ + kcos «cos B) Vk cos B(1 — cos «) 


on oe sin B cos? B 
=e |= ¥ = (eos 8 + s) i(€ + k cos «cos p) © 
Ext a re a 
; | (ecosB + S008) gs ksin ee eT Rehan) 
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__ 1L4(0) yet pe + k2 sin? B L(k cos B) eco): i 


/ 2 k cos B — € ae /2k cos B 


A (,() eR SpE aot Vio B +E Li(C). 


This is now in the form required for a Wiener-Hopf split. The left 
hand side is regular in a lower half-plane, whilst the right hand 
side is regular in an upper half-plane, and since the two regions 
overlap, each side must be equal to a function regular throughout 
the whole ¢ plane. The growth orders of the two sides as |¢| > co 
then specify the function as B”+C” ¢, where B” and C” are in- 
dependent of ¢, and hence 


k sin Bl2(¢) + CLa(C) = 
beh: IY ye sin? « sin 6 cos? B L.(— k cos « cos ) 
n € + kcos «cos B Wk cos B(1—cos «)(k cos B—£) L_(£) 
__ 414(0) ¢2 + #2 sin? B VS koosB L.(k cos = 
/2n Re? tos 2(kcos b—C) renlndt —1] 5 
BY’+c"e 
- ——————— f 
(A cos B + £) Vk cos B — ¢ L_(é) 


(A 3) 


From (21) and (A 3), Z2(¢) can be eliminated to give an expression 
for I4(¢) alone. The equation obtained in this manner is 


(C2 + k% sin? B) I4(c) = 
K.(— k cos « cos f) 
(¢ + k cos « cos B) K_(€) 


eS 
+ 14 |/ — Y —sin? «sin f cos? B. 
¥ Ui 


Rigas 
=it ye Yk? cos « sin B cos? B 
7 


\/ k cos B Li(— k cos « cos ) 
(1 — cos «)(R cos B — £) (€ + Rcos «cos B) L(t) 


2 a14(0) . 2+ k2 sin? B ; k cos cosB L.(k cos B) 
/2n 2 cost B — C2. 2(kcosB—€)  L_() -1| 
Me (BY +- C*Z):e i A’k sin B 
(k cos B + ¢) WR cos B — € L_(C) Fei (5) ft 


DIFFRACTION BY AN IMPERFECTLY CONDUCTING HALF-PLANE 61 


from which it is seen that J4(£) = O(|\¢|~*/2). The Fourier transform 
relationship now gives 


T4(x) ~ x? as x > 0, 


and accordingly the electric current perpendicular to the edge is 
zero there. 


Received 27th February, 1959 
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THE METHOD OF IMAGES AND THE SOLUTION OF 
CERTAIN PARTIAL DIFFERENTIAL EQUATIONS 


by G. ROWLANDS *) 


Atomic Energy Research Establishment, Harwell, England 


Summary 


A series solution of certain partial differential equations is obtained by a 
generalisation of a method well known in the field of electrostatics, the so- 
called method of images. Over certain ranges of the variables these series 
solutions are more rapidly convergent than the usual solution in terms of 
orthogonal functions. In general these two types of solutions are to be taken 
as complementary. 


§ 1. Introduction. In many distinct fields of physics, the solution 
of certain problems reduces to that of finding solutions of certain 
well known differential equations subject to appropriate initial and 
boundary conditions. (The present investigation arose out of a 
mathematical study of certain problems associated with hetero- 
geneous reactor calculations). The solutions appropriate to simple 
shaped boundaries can usually be obtained in the form of an infinite 
series of orthogonal functions, but the convergence of such series 
is usually very slow except over rather special ranges of the variables. 
However, much more rapidly convergent series may sometimes be 
obtained by a method which is essentially a generalisation of a 
method which is well known in the field of electrostatics, the 
so-called method of images. In certain cases it is found that by 
considering the first few terms only, or what is equivalent, the 
nearest images, solutions correct to of order 1% can be obtained. 

The nature of the method of images is to replace the boundary 
conditions by a set of fictitious source terms so that the solution 
of the original equation satisfying the appropriate boundary 
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conditions reduces to that of finding solutions of the equation 
appropriate to a set of sources but with no boundary conditions. 
In the case of linear differential equations, the process of obtaining 
the final solution divides into three distinct steps. 

1) Solving the differential equation appropriate to a point source 
in an infinite medium, but with no boundary conditions except that 
of good behaviour at infinity, 

2) Finding the set of image source, and 

3) Summing the solution of 1) over the set of images obtained by 
step 2). 

For certain rather simple geometric shapes, the set of images may 
be obtained by inspection, but in general some more powerful 
method is necessary and an analytic method is developed below. 
The main advantage of the method proposed here is that the 
solution of step 1) is usually relatively simple, and since the final 
solution may be obtained with sufficient accuracy as the sum of a 
small number of such solutions, the final solution is also relatively 
simple. 


§ 2. General method. In this section we shall consider solutions 
of the following equation 


(V2 + B?) g(r) = S(r), (2.1) 


subject to the condition ¢(r) = 0 on some specified boundary. S(r) 
is the real source distribution and is assumed zero outside the 
specified boundary. 5? is a constant. 

The quantities ¢(r) and S(r) are defined inside the boundary over 
which ¢(r) = 0. We now define a function ¢,,(r) which inside this 
region coincides with ¢(r) and, similarly, a function S,(r) which 
coincides with S(r) inside this region. Further we assume that 


(V2 + B?) bo(F) = Salt), (2.2) 


so that inside the specified region (2.1) is automatically satisfied. 
We do not impose any boundary condition on ¢,,(r), but S,.(r) must 
be such as to make ¢,,(r) = O on the specified boundary. In this 
way we have replaced the boundary condition by a set of fictitious 
sources S,,(r). For certain rather simple geometries the form of 
S..(r) may be obtained by inspection and then (2.2) may be solved. 
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However in general this is not so and we now proceed to the general 
case. 

The functions ¢,,(r) and S,,(r) are defined over all space, although 
they may be discontinuous, and we may solve (2.2) by taking a 
complex Fourier transform of (2.2) to obtain 


Goo((w) = S(w)/(B? — w?), (2.3) 
where 
~ ance . 
go(W) = f(r) ee '" dr, (2.4) 
and likewise for S,,(w). Inverting the transform we find 
+00 
1 f So(w) e=""* dw 
= - Zao 
ball) = On | iF pao mcg 2 


where » is the number of components of the vectors r and w. 
We now consider the set of functions Y%»(r) which satisfy 


(V2 + Wm?) Pm(r) = 0 (2.6) 


and are also zero over the specified boundary. These functions we 
assume are orthogonal and hence satisfy 


[nt(r) Url) dr = dn, (2.7) 
J 


where the integral is over the volume enclosed by the specified 
boundary, 6n,m is the Kronecker delta function and the superfix + 
denotes the adjoint function. We expand the function Y,(r) in a 


Fourier series, and since these functions obey (2.6), we have 
+ co 
] ‘ 
Fn(t) =o | Al) 2 — wt) em Taw, (2.8) 


where 6 is the Dirac delta function. Further, since the Y,(r) form 
a complete orthogonal set, we may write 


Sry SS CrP ir). (2.9) 


Combining (2.5), (2.8) and (2.9) we obtain 


+0c0o +0o +06 
ta 2 (A(w’) d(w’2 — wm?) 
telD Sa (nan Cn | | B — w? 


ahi(—w"- TOW sewer) dr’dw‘dw, (2.10) 
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and using the result 


+ °o 
fei" dr = d(w) (2x) (2.11) 
we find 
+ co 
1] A(w’) 6(w’2 — wy2 34: 
Poo(K) — (an) >) Gia ( mad i m ) eat it Cut 
Cm ¥(r) (2.12) 


m Br— Wm? 


We have from (2.7) and (2.9) that 


Gx = f Pmt (r) S,(r) dr, (2813) 
and hence 
(f Pmi(r’) S..(r’) dr’) Yn(r) 
¢o(r) =X — (2.14) | 


Now the function ¢,,(r) as defined by (2.14) is zero on the required 
boundary, satisfies an equation of the form (2.1) inside this bounda- 
ry, and hence for values of r which denote points inside this region 
we may replace ¢,(r) by ¢(r). Further, the volume integral in 
(2.14) is over the volume enclosed by the specified boundary and 
by definition S,,(r) equals S(r) in this region. Thus we may write 
finally as the general solution of (2.1): 


[f Pmi(r’) S(r’) dr’) Pn(r) 
alk) ae Ss eae (2.15) 


™m 
This result could have been obtained directly from the well- 
known properties of the Green’s functions, since these functions 
are defined such that they satisfy 


(V2 + B2) GQ, r’) = d(r — r’) (2.16) 


and are zero over the specified boundary, in which case we may 
write 
d(r) = / G(r, r’) S(r’) dr’. (2.17) 
v 


However, the above analysis has been carried out since we mag 
now obtain an explicit form for the system of images. Combininy 
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(2.9) and (2.13) and remembering that over the volume of integration 
itn (2. 13) .S.5 (7) =e Wh) wes iad. 
SET) = PPS) Pal a ar (2.18) 
m wv 


Thus knowing the real source distribution S(r) and the set of 
orthogonal functions Ym(r) we can obtain an expression for S,,(r). 
Further, as seen from (2.17), if we can obtain the system of images 
for a delta-function source, that is a solution of (2.16), then in 
virtue of (2.17) we may obtain the general solution of (2.1). The 
image source appropriate to such a source is readily obtainable 
from (2.18) and is given by 

Soo,3(F; To) = YY Pmt (ro) Ym(r). (2:19) 


Having obtained the general form for S,,(r) we may now return 
to the general solution as given by (2.5). Using the convolution 
theorem this may be written in the form 


o(T) by eked G(r — r’) dr’, (2.20) 
where a 
fie ta oy 


Further, if we restrict r to be inside the specified region, we have 
¢(r) = /S,(r’) G(r — r’) dr’, (2.22) 
+co 


and this automatically satisfies (2.1) and the boundary conditions, 
the latter because of the form of S,(r). The above equation is 
exact, but the nature of the method of image approximation is to 
consider the contribution from the nearest images only. It is usually 
found, due to rapid fall of of G(r) with r, that only a few images 
need be considered. ~ 

In the case of Laplace’s equation, V24(r)=0, the results obtained 
above with B2 = 0 are appropriate. However, it will be noted that 
B? does not enter the expression for S,,(r) (cf. (2.18)), and hence the 
set of images appropriate to (2.1) is the same as for the equivalent 
electrostatic problem. 

The form of solution given by (2.16) is that obtained by the well- 
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known method of expansion in terms of orthogonal functions, and 
for certain ranges of the variables is rapidly convergent. However, 
it is usually found that this range does not include values of the 
variables of practical interest (see for example Jain 1)). On the 
other hand, the solution as given by (2.23) usually converges in the 
region of practical interest. In general these two different types of 
solutions should be taken as complementary. 

Other boundary conditions. We have imposed on the 
solution ¢(r) of (2.1) that it be zero over the specified boundary, 
but equally we could demand a condition of the form g rad ¢(r) = 0 
over this boundary. This condition can be taken account of in the 
above method by simply defining the function ¥(r) to be a solution 
of (2.6), but now being such that grad Y»(r) = 0 on the boundary. 
In a similar manner we may impose the condition grad ¢(r)/¢(r) = 
constant over the boundary. The only restriction on the type of 
boundary condition that may be considered is that the functions 
YWm(r), which satisfy equations (2.6) and (2.7) and also satisfy the 
imposed boundary condition, must exist. 


§ 3. Other differential equations. In § 2 we have shown how an 
equation of the form given by (2.1) can be solved by the method of 
images. In this section we consider a few examples of other differ- 
ential equations which can be transformed into the form (2.1) and 
solutions obtained as above. The first which we shall consider is the 
well known diffusion equation or age equation which may be written 
in the form 

V2d(r, t) — SAU = 0: (3.1) 
at 
with ¢(r, t) = 0 on a specified boundary and ¢(r, 0) some known 
function Subjecting the above to a Laplace Transform we find 


V2d(r, n) — 9 O(r, 7) = 4(r, 9), (3.2) 
where 
d(r, n) =f d(r, t) e~™ de. (3.3) 


0 


This is now of the form (2.1) with B2 = —y and S(r) = 4(r, 0). 
From (2.20) and (2.21) we may write the general solution 
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+oo +00 
g(r, n) = — : | BolT 2 O) iw ter) dela, (3.4) 
(27)” we + 9 


Inverting the transform (3.3) we find 
+00 +00 
l ; 
‘) = ——_—_ ST 4 O)Gn” ln oo een ucla Umar 
si.) =| | bole’ Oe (5) 


This is of the form (2.22) with 
-+ co 


few evr dw. 


—oco 


CURT ha 


Thus a knowledge of the system of images appropriate to the 
boundary conditions and ¢(r, 0) will enable a solution ot (3.1) to be 
obtained. 
A further equation which is of some importance is given by 
op(r, t 

V2d(r, t) — —— == Gir), (3.6) 
where C(r) is some external source, assumed constant in time. The 
transformed equation is given by 


(V2 — ») O(r, n) = C(r)/n. (3.7) 


This is still of the form given by (2.1), and a solution may be ob- 
tained by the methods given in § 2. We find 


+co +00 
l acl ti arb 
et aa } Gane pe eM dw dr’, (3.8) 
which is also of the form (2.22) with 
+00 a 
‘ 1 ] ee eu 
G(r) = Gal, ) = = | era, (3.9) 


Consider the equation of the form 


(2 — a) g(r, ) <P 


re (3.10) 
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with the usual boundary conditions. A solution of the form (2.22) is 
readily obtained by the method outlined above with 


+0o 
G(r) = G3(r, 7) = — = aio (d_ £3) avs (3.11 
(r) 3(r, t) aan e dw (3.11) 
= e” Gi(r, 2). (3.12) 


This last result is also readily obtainable direct from the differential 
equation. 


§ 4. Example. In this section we illustrate the general method as 
given above by considering a problem treated by Jain1). He 
considers the solution of an equation of the form (3.1) appropriate 
to slab geometry and shows that for the case of practical interest the 
solution is approximately equal to the superposition of solutions 
appropriate to semi-infinite media. We show below that the 
approximate solution obtained by Jain is equivalent to considering 
the nearest images only. 

In plane geometry, (3.1) takes the form 


62 (x,t) 0b (x,t) 


ae oe ae 0. (4.1) 
and the general solution (3.5) the form 
+co +co 
l one eres ; 
NOL Blige im i | De Ore 2 ee da na 42) 
7 


The first case we consider is that of an semi-infinite medium with 
¢(x, 0) equal to a constant C; in the medium and zero outside. The 
quantity ¢(x, ¢) is zero on the surface of the medium, namely at 
x = O, and the image system can be obtained by inspection: 


dbao(%, 0) = + Cx, O< % <0, 


but we will give an analytic derivation to illustrate the general 
procedure. A109: 
We first must obtain the functions Y%,(%, t) which in this case 
satisfy 
O21 (x, t) 


ee + wn ?P n(x, t) = 0 (4.4) 
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and ¥%,(0, 4) = O for all ¢, and we find 


Ce) | lim ie sin ( = )| e(t), ines 


satisfy (4.4) and are orthogonal if we suitably define the integration 

procedure at infinity, the limiting process being carried out after the 

integration over ~. g(t) is any function of time and m = 1, 2, 3 ete. 
From (2.18) we obtain 


+090 
Ci 
dsGoneet i St Neate (4.6) 
1 w 
We immediately see that ¢,.(%, 0) = — ¢,(— *, 0) and, for positive 


% i Da X,.0) == Ce. 

This form for the image system then agrees with that obtained 
by inspection and given by (4.3) above. The general solution (4.2) 
may now be written in the form 


+ co co 0 
C3 : : : 
See Bee dw } [ entwte-= ) dv'— | enmens ) av’ |, (4.7) 
TU « 
—oo 0 —oo 
== Cj erf(«/V/ 4), 


where 
zx 


2 
erf(x) = ler dy. 
0 


Jain defines the fractional loss in concentration v, in our notation, 
by the equation 


v= 1— (x, t)/C, 
which from the above gives 
v = erfc(x/+/4t), (4.8) 


which agrees with Jain’s equation (4). 
We now consider the finite slab in which case 4(x, 0) = C; for 
0 <x <L and zero elsewhere. The appropriate solutions of (4.4) 


are 
P(r, t) = |/ si = 
m , = fp nN 


a 49) 
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with 
and m = 1, 2, 3, etc. 
The system of images is obtained from (2.18) and we find 
2C; (1 — cos ma) sin(max/L) 


$oo(¥, 0) = —_ aL ; (4.11) 


Again the analytic expression for the system of images is easily 
shown to be the same as that obtained by inspection. Using this 
result, the final expression for ¢(x, ¢) may be written in the form 


t 
OOD = exile’) + erf(t — x!) — erfll + ¥) + 
: ml+ x’ 
IRE SS . 
= ey (—1)m fen dy, (4.12) 
Vt m=2 
mil — x’ 


where x = x|V 4t and 1 = L/V 4t, each term corresponding to the 
contribution from the various image sources. Introducing the 
quantity v as defined by (4.8) we have 


mi+ x’ 
De ek : 
v=erfc(x’) +erfc(J—x’) —erfc(/+-x’) — ae x (— 1m] en dy. (4.13) 
uw m=2 
ml — x’ 


Denoting with a suffix s the value for a semi-infinite medium we 
see that for / + x’ sufficiently large, such that erfc (/ + x’) > 0, 
we may write 


vw U3(x’) + us(l — x’). (4.13) 
This is the result obtained by Jain and is equivalent to considering 
the nearest image only. By symmetry v(x’) = v(/ — x’), and hence 
we need only consider the above for x’ <//2, and a rough criterion 
for the applicability of (4.13) is that 


v > erfc(3//2). (4.14) 
To this same approximation 
h(x, t) = bs(x’, t) + ps(l — x’, t) — 1. (4.15) 


The higher approximations to ¢(x, ¢) and v are easily obtained from 
the exact expressions (4.12) and (4.13), but in most cases of practical 
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interest, as shown by Jain, the approximatiions (4.13) and (4.15) 
are sufficient. 

Although in the above we have only considered the special case 
of slab geometry, other geometries can be considered by use of the 
general method given in § 3. 


Received 27th April, 1959. 
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THE DIFFRACTION OF A PLANE WAVE THROUGH 
TWO OR MORE SLITS IN A PLANE SCREEN 


ERIK B. HANSEN 


Institute of Electromagnetic Theory of the Royal Technical University of Denmark 
Copenhagen, Denmark *) 


Summary 

The diffraction of a plane acoustic wave through two or more parallel 
slits in a plane screen is investigated by means of integral equation technique. 
Numerical calculations of the transmission coefficient are carried out in 
some simple cases. 


§ 1. Introduction. Among the mathematical methods which have 
been used in the theoretical study of diffraction phenomena those 
founded on the formulation of integral equations seem to be very 
promising. As an example of problems which have been treated 
in this way the transmission of a plane wave through an infinite 
plane grating may be mentioned. This problem has been considered 
among others by Miles!) who calculated the transmission coef- 
ficient of an infinite grating as a function of the width of the slits 
and the separation between them. The diffraction of a plane wave 
through a single slit in an infinite screen of vanishing thickness 
forms another example which has been treated by means of the 
integral equation technique. Incidentally, this problem is one of 
those relatively few which are manageable by the separation 
method in its usual form; indeed, this approach has been used by 
Strutt 2), by Morse and Rubenstein 3) and by Skavlem 4), 
while integral equation methods have been applied by Sommer- 
feld 5), by Groschwitz and Hénl §) and by Bouwkamp ‘). 

The geometrical arrangements mentioned above may be con- 
sidered as limiting cases of a finite grating, i.e. a finite number of 
parallel slits in an infinite screen of vanishing thickness. As the 
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method used by Miles is profoundly connected with the spatial 
periodicity of the field which results when a plane wave falls 
perpendicularly on an infinite regular grating, this method is not 
applicable when finite gratings are considered. On the other hand, 
the method applied by Bouwkamp is easily generalized to the 
case of several slits. Unfortunately, the labour involved in the 
solution of the integral equation increases seriously when the number 
of slits is increased. Therefore, in the present note only the case of 
two slits of equal width is treated in some detail while the case of 
more than two slits is considered more briefly. As in most of the 
papers mentioned above (the only exception being the one by 
Morse and Rubenstein) only perpendicular incidence is con- 
sidered. However, the present method may also be applied in the 
case of oblique incidence, but with a further increase of labour. 


Fig. 1. A system of slits in an infinite screen. 


§ 2. Formulation of the integral equation. In what follows a 
system of N slits cut in a perfectly rigid screen of vanishing thickness 
is. considered. The screen is thought to be hit by a plane sound wave 
propagated in the positive direction of the y-axis of the coordinate 
system shown in fig. 1. The velocity potential of the incoming wave 
is taken to be 


g 


i(r) = et, (1) 


In (1) and throughout the time factor exp(—ia#) is omitted. If 
denotes the velocity potential of the total field surrounding the 
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screen, the boundary condition on the perfectly rigid screen is 
duldy = 0. (2) 
Application of Green’s theorem to the two half-spaces $= 0) 
together with the fulfillment of the requirement of a continuous fit 
of the velocity potential through the apertures leads to the follow- 
ing integral equation for the y-component vy(r) = éu/éy of the 
particle velocity in the apertures: 
2t = f Ho (Rk |x — x’|) vy(x’, 0, 0) dx’, (3) 
all slits 
where Ho!) (z) is the Hankel function of first kind, order zero. This 
equation should be satisfied for every x lying in one of the apertures. 
When the system of slits is symmetrical about the z-axis, the 
same will be true for the total field as long as only perpendicular 
incidence is considered. Thus, when the number of slits N = 2N’ 
for the sake of definiteness is taken to be even and all of equal width 
2b and with a constant distance 2a between neighbouring slits, (3) 
may be written 
n=wN’ (2n-—1)a+b 
=D f [Hoh |x + x'|) + Ho (k |x—x'|)] vy(x’, 0, 0) dx’. (4) 
n=1 (2n—l)a—b 
Obviously, it is sufficient to consider only values of x lying in one 
of the intervals of integration. By means of the substitutions 


x = (2m — 1) a — bcosg, x’ = (2n — 1)a — bcos’ (S) 


(4) is rewritten in the following form, which is suitable for the 
subsequent solution of the equation: 


n=N’ a 
2i= > S Kn my, ¢’) fale’) dg’, \em<N'; O< pKa, 
n=10 
Kn,m(@, ¢') = 
Ho [k(2(m+-n—1) a—b(cos p + cos y’))|+ Ho [R |2(m — n) a 
— B(cos g — cos ¢’)|], (6) 


fn(p’) = vy(x’, 0, 0) sin gy’; (2n —1)a—b< x’ < (2n—1)a+b. 
§ 3. Solution of the integral equation in the case of two shits. For 
2N’ = 2 equation (6) is expressed by 
21 = f {Ho[2ka — kb(cos y + cos y’)] + Ho (Rb | cos ¢ — 
: , / 
— cos 9|)} f(y’) dg’. (7) 
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In order to solve this equation the same method is used as that 
applied by Bouwkamp ”) for the case of a single slit; thus the 
kernel of (7) as well as the unknown function /(p’) are expanded in 
series of a complete system of functions. This procedure leads to an 
infinite system of linear equations, from which the expansion 
coefficients of f(g’) may be found. 

The first term of the kernel is most conveniently expanded by 
means of the addition theorem for Hankel functions. When the 
Bessel functions occurring in this expansion in turn are expanded 
about kb = 0, a power series in cos and cos q’, which eventually 
is transformed into a Fourier series, results. Similarly the second 
term is expanded in a Fourier series by means of the expansion 
about the origin of the Hankel functions together with the formula 

In (2 |cos p — cos g’|) =—2 > a (8) 
p=1 

As is well known, the particle velocity near an edge of a rigid 
screen of vanishing thickness behaves like d-}, d being the distance 
from the edge; therefore the function /f(’) is finite in the closed 
interval 0 < w’ <a and may thus be expanded in a Fourier series 
too. In this way the following infinite system of linear equations is 
derived: 

41 a 
— 00,r = >> (1 =e 60,5) Fy,s Cs, (9) 
TT s=0 
where y = 0, 1, 2..., Fy,; and Cs are the coefficients in the Fourier 
expansion of the kernel in (7) and of the function /(p’) respectively 
and 6,5 is Kronecker’s delta. 

The explicit expressions for the Fourier coefficients F;,; are rather 
complicated and shall not be given here. They turn out to depend on 
ka through Ho)(2ka), H,9)(2ka) and (ka)-"(n > 0), while the 
dependence on kd is through (kb)” (x > 0) and In kd; the coefficients 
Cs depend on ka and kd in a similar way. A closer examination of the 
Fourier coefficients shows that when &d tends to zero, the coefficient 
F,,; decreases faster than (kb)"*S when 7 + s is odd, while Fris 
decreases faster then (kb)”~*! when 7 +s is even. Application of 
well-known theorems concerning systems of linear equations leads 
to the conclusion that the coefficients C; may be written 
kb i + 2p 


th Taare Sau 4, (> ay 
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where C;“**”) tends to zero together with kb. Therefore all those 
coefficients Cs*?”) for which s + 2p <M —1 may be found by 
substitution of (9) by the first M equations of this system. 

The procedure described above has been carried out for M@ — ree 
and the following expressions for Co, Co'2) and Co were found: 


l 


ano ee 
0 i 
l (7H1}) 

G, a= | 
eee: E 2 ? 

l 1 3 
Co(4) = ogee 
o(*) Feary ee + (xH;) B| 


l Big desl 3 : 1 3(H)2 
Fa te oe) ao ae 
+sar| [ 2 s+(= ints) | + Aegite 


| PoP anit ty feet 
+ intH 9 | (xt )2 = |j 48 | B + 4 ; (11) 
where 
kb J ; 
A = |In—+y— noe (1 + Ho (2ka)) ; 
4 2 
7 l 
rege ae = Hy) (2ka)— Ho(2ka) | 
DAL) 


Hy = Hy )(2ka), Hp = Ho) (2ka), y = 0.57722 ... (Eulers 
constant). 

These expressions may be checked by letting a tend to infinity in 
which case they become consistent with the corresponding ex- 
pressions derived by Bouwkamp ”) for a single slit. 


§ 4. Calculation of the transmission coefficient. The transmission 
coefficient defined as the power transmitted through the aperture 
measured in units of its value for vanishing wavelength turns out 


to be 


a+b 
] IU 
LisiaE m fry Maia Mage StH? 2} 
a—b 


When the two first terms of the series (10) for Co are inserted in 
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(12), this expression becomes 


a AT | Bi ae oT 
ies thists:hil eee et 
: 2kb oo. e are 


2 A;(B; + Di) + Ar(Br + Dr) | ( kb ) 13) 


|A|? 2 


where Apr, Az, Br and B; denote the real and the imaginary parts 
respectively of the two quantities A and B given in (11) while Dr 
and D; are the real and imaginary parts respectively of D = 
4, Hy) (2ka)]?.When a tends to infinity, (13) tends to Bouwkamp’s’) 
expression for the single slit 


m2 1 + (4R0)2 


t —— | 
1 "4kb (In deb + y)? + (4a)? 


(14) 


as it should do. The same expression with 25 substituted for 0 
should result when a = b, that is when the two slits join together 
forming a single slit of double width. However, when a is set equal 
to 6 in (13), and the Hankel functions occurring in this expression 
are substituted by the first terms of their expansions near zero, 
the following expression is found: 


2 1 
ale > SAE BRM Laan) SOS 2 
J 3 (In $kb + y)(In 2 — 3) | 
l +I 2 (ny + y+ al Oa aa) 


Comparison between (15) and the formula derived from (14) shows 
a small discrepancy in the second term. As the series expression for 
Co is not a power series, it might be expected that this discrepancy 
could be removed or deferred to a later term in the series if more 
terms were taken into account. In order to investigate this possibility 
the limiting expression for _ Im Co‘ for a tending towards b was 
derived; it turned out that when Co‘4) is taken into account, the 
factor to the second term in the square bracket in (15) is numerically 
reduced from (3/2)(In 2 — 3/4) = —0.085279 to —0.008578. This 
result makes one apt to conclude that the discrepancy might be 
further reduced if more terms were taken into account. However, the 
serious increase in labour connected with the calculation of further 
terms has prevented the author from investigating this point. 
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§ 5. Connection with the variational method. It is interesting to 
note that application of a variational procedure may lead to a 
system of linear equations essentially identical with (9). This fact 
is by no means surprising as /(~) in the two cases is expanded in 
the same complete system of functions. As is easily seen by reference 
to (7) and (12), the following stationary expression for fg is valid: 


tg = Re : (16) 


where K(q, 9’) is the kernel of (7). Insertion of the Fourier series for 
f(y) and K(q, g’) in (16) and application of the stationary property 
of this expression yields a system of linear equations identical with 
(9) except for the fact that the number of unknown coefficients C; 
exceeds the number of equations derived in this way by one; this 
difference is caused by the fact that (16) is homogeneous to the 
zero th order in f(y) so that tg may be found from (16) for f(g) 
being uncertain by an arbitrary factor. 


§ 6. Calculation of the transmission coefficient in the case of more 
than two slits. As already mentioned the labour involved in the 
calculation of the field quantities increases considerably when the 
number of slits is increased. Therefore, in the case of more than two 
slits the investigation has been limited to the determination of the 
zero-order coefficients of the expansions corresponding to (10), i.e. 
vy in the apertures has been approximated by the functions 


Dn 
V by? — (% — Xn)? 


Vy —~ ) (17) 


where D, is a constant, x» is the abscissa of the centre of the n’th 
slit and b, is the half-width of the slit. 

For systems consisting of 2N’ slits of equal width 26 and equally 
spaced with the distance 2a between the centre lines of neighbouring 
slits, functions of the type (17) may be inserted in (6) where Kn,m, 
in harmony with the approximation introduced by (17), is replaced 
by the first term of the expansion near kb = 0. In this way a system 
of N’ equations determining the N’ constants D,, results. From these 
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equations the first term of the transmission coefficient 


N’ 


IU 
Sp at Peake D 18 
INR 8 ie 


ton’ 
may be found. 

This procedure has been carried out for systems of four or six slits. 
The resulting expressions are rather complicated and will not be 
given_here . It should only be mentioned that, when checked by 
letting a become equal to 6 and with the same approximations as 
described in § 4, they take om the same form as (14) with kb replaced 
by 4 kb and 6 kb respectively, but with the slight discrepancy that 
y is increased from a value equal to Eulers constant (0.57722...) by 
an amount of 0.0133.. in the case of four slits and 0.0144.. in the 
case of six slits. 


(0) 


fo) 0.2 0.4 0.6 0.8 4.0 kb 


Fig. 2. The transmission coefficient ft for two slits of equal width as a 
function of kb = 2zxb/A. Width of the slits: 2b; distance between the centre 
lines of the slits: 2a. 


§ 7. Numerical results and discussion. The transmission coefficient 
tg for two slits of equal width 2b separated by the distance 2a has 
been calculated from (12) for the four ratios a/b = 1.5, 2.5, 5, and 
10 as a function of kb and for kb = 0.1, 0.2, and 0.5 as a function 
of ka. In all cases Co in (12) was approximated by Co + Co(2)(4kb)2, 
where Co and Co'?) are given by (11). 


DIFFRACTION OF A PLANE WAVE THROUGH SLITS 81 


The results are shown in fig. 2 and fig. 3. The most. striking 
feature of fg as seen from these curves is probably that tg for a/b 4 1 
and co by no means can be said to have some “intermediate” value 
between its values in these two limiting cases. The discrepancy in 
fig. 3 for a = b is discussed in § 4. 

In fig. 4 the transmission coefficients for systems of one, two, 
four, or six slits and for an infinite grating are shown as a function 
of kb when a/b = 2.5. The transmission coefficient for an infinite 


: = 


° 
° 2 4 6 8 10ka 


Fig. 3. The transmission coefficient fg for two slits of equal width as a 

function of ka = 2za/A. The notation is the same as in fig. 2. The horizontal 

lines to the left and to the right of the curves.denote the limiting values of fz 
for a = b and for a — oo respectively. 


grating is calculated from formula (86) of the aforementioned paper 
by Miles). This formula reads in our notation 


gory. a hides 
7 b 1+ K2(kb)2 ” 
tor pe pM x [(1 — (4b/2y)?) + — peat A __ ab 
K= Fyn sine) Taping ©? 20° 


As expected, the transmission coefficient for a finite grating tends 
mainly to that of an infinite grating when the number of slits is 
increased. However, for very small values of kd this is not the case, 
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as ty (N finite) tends to infinity when kb tends to zero. It may be 
seen directly from the integral equation that this behaviour will 
occur when the wave length becomes large compared with the 
horizontal extension of the system of slits. This explains the fact 
that the discrepancy of ty from ¢,, occurs for still smaller values 
of kb when N is increased. One is thus led to the conclusion that high 
values of the transmission coefficient will occur whenever finite 
gratings are considered and that they only fail to occur in the case 
of the fictitious infinite grating. 


t 


; | 
ie) 0.2 0.4 0.5 0.8 4.0 kb 


Fig. 4. The transmission coefficient ty for a system of N slits of equal width 
2b and with a constant distance 2a between the centre lines of neighbouring 
slits as a function of kb = 2zb/A. 
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EXTREMUM METHODS FOR CERTAIN ELECTRICAL 
PROBLEMS INVOLVING HOMOGENEOUS 
ANISOTROPIC MATERIAL 


by G. POWER 


Department of Mathematics, The University, Nottingham, England. 


Summary 


Methods are suggested for quickly estimating the value of an important 
unknown occurring in certain types of electrical problems which involve 
homogeneous anisotropic material, by bracketing it between upper and 
lower bounds. These bounds can be obtained by using arbitrarily-chosen 
admissible functions, or they can be made to depend, in an elementary 
manner, on the geometry of the system concerned. 


§ 1. Introduction. Electrical and magnetic problems frequently 
arise in which a full analysis would be out of the question or uneco- 
nomical in time and labour. In such cases an approximate value of 
an important unknown quantity can be quickly obtained by bracket- 
ing it between upper and lower bounds. One way is to make these 
bounds correspond to arbitrarily-chosen admissible functions, 
and in this manner the error can be held to within pre-assigned 
limits. Often a close approximation to the actual value can be 
obtained from comparatively simple admissible functions. This 
method has already been exploited with considerable success in 
many branches of applied science and a great deal of literature is 
available 1). Other bounds can be made to depend in an elementary 
way on the geometry of the system concerned, and these can give 
quite respectable results under certain circumstances. It seems 
therefore to be worthwhile obtaining some bounds that can be used 
in an electrical or magnetic context, even though they may be 
mentioned elsewhere. Some of the approaches used here were 
developed from lectures given by Dr. E. E. Jones at the University 
of Nottingham. 


eS 
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The group of problems we will be mainly concerned with are 
those that involve homogeneous anisotropic dielectric material 
and in which we bound a generalized dirichlet integral. For con- 
venience we will restrict our attention to certain simple capacitance 
and resistance considerations (more complicated problems can be 
treated in a somewhat similar way), and the bounds that are 
obtained will be quite easy to manipulate, at least in the first 
instance in order to find a rough estimate. However, it may be 
rather tedious in some cases to find close bounds. 

Consider a condenser formed by two conducting surfaces S;, So, 
with S; lying entirely inside So, the volume V between the surfaces 
being filled with homogeneous anisotropic dielectric. Rectangular 
axes Ox, Oy, Oz are taken to coincide with the electrical axes of the 
dielectric. We also assume that there is no volume distribution of 
charge in V and no singularities, so that the potential ¢ satisfies the 
differential equation 


12h = 0, (1 
where 
llc any tagalog ny Huts onwrps 2 (2) 
p= ty ih is a 2 by 3 


with the usual notation, 1, ke, k3 being known positive constants. 
If 4;, do are the potentials of S;, So respectively, then the capaci- 
tance of the condenser is given by 


ad 
Saree Esra 4 


Si 


where 


lk : k : + nk : 
—= Mm n ? 
ony ax bake oy 9 ez 


(l, m, n) being direction -cosines of the surface normal. Since 


se des | abr? 


we 
and 
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we obtain immediately from (3) 
C = 1()/4x(pi — $0)”, (4) 


where J(¢) is a generalized form of the dirichlet integral given by 


0 
I(¢) =|¢ te dS =| 714)? dv. (5) 
ony 
Sit So V 

For a single conductor in an infinite medium we set ¢9 = 0 and 
let So tend to infinity. 

Again, if S;isan internal electrode and current flows from S; to So, 
an external electrode, through homogeneous anisotropic conducting 
material, then the resistance R is easily shown to be of the form 


1/R = I(4)/($i — $0), (6) 


where fj, ke, kg are now conductivities. 

In the next section we will find simple bounds for /(¢) and hence 
bracket C and R between two values. By taking the mean of the 
two bounds an approximation can immediately be made. The 
maximum possible error of this approximation is easily calculated. 


§ 2. Bounds for I(¢). Upper bound. Introduce any arbitrary 
function ¢*. Schwarz’s inequality shows at once that 


J (Vid)? dy | Mai) Ce, Trae) ne ena (7) 


It is evident that 
Jf 19) -(Vid") dv — tied dv a Vip Vi(p* — d) dv = 
= s(t —$) 
NY 


Sit So 


dS 


since Vi;26 = Oin V. 

This surface integral vanishes provided ¢* is chosen so that it 
takes the value ¢; on S; and 4p on So. We immediately see from (7) 
that for this choice of 4* 


I(p*) > I(¢), (8) 


and this gives a simple and well-known upper bound for J(¢). 
Lower bound. Now introduce any q* such that V,-q* = 0 
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throughout the volume V. It is easy to see that 


fq" Vid dv = fVi-¢q* dv = f dq*n, dS = 
I i Sit So 
= bf Fn, dS + bo Tn, dS = (¢; — 0) f On, cs. 
where 
In, = lV/Rigx + my/kogy + nv/ksqe- 


Schwarz’s inequality in the form 
of Bu { Vad)® dv. > Cf.d° Vad. dv)?, 
: a ! 
immediately shows that 


L(g) > (Pi — $0)? (f 9" n, AS)/ fq"? do, (9) 
Si V 
giving a lower bound for /(¢) in terms of 4;, do and q* defined 
above. If qg* = V1¢**, then V;26** = 0 in V, and the inequality (9) 
becomes 


Lh 2 ** 
I(¢) > (di — $0)? ( - as) | Jer Sas. (10) 


Si Si+So 


It is of interest to note that if electrodes form only parts T;, To 
of the surfaces S;, So, the remaining parts being U;, Uo, then for 
the inequality (8) to hold we should have to impose the condition 
that ¢* takes the value ¢; on T; and ¢o on TJ 9. In the inequalities 
(9) (10) the surface integrals need only be taken over 74, To, 
provided qn, has the extra restriction g*n, = 0 over Ui, Uo. 

When determining qg*, the volume may be divided into sections 
and a different q* may be chosen for each section, provided it is 
continuous across internal surfaces. 

Other bounds. Let X; be any surface internal to S; and Xo 
be any surface external to So. Let J.,4.(¢) be the value of the di- 
richlet integral for ¢ which satisfies V1?¢ = 0 in the volume enclosed 
by X;, Xo, and takes the value ¢; on X; and ¢o on Xo. 

Now choose ¢* such thar V;2é* = 0 in the volume V between 
Si, So, 6* = ¢i in the volume enclosed by S;, X; and ~* = ¢o in the 
volume enclosed by So, Xo. From (8) 


Text.(#) <1(¢") = 1(¢). 
The same argument shows that 


I(p) < Tint. (¢) 
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where I,,, (6) is the corresponding dirichlet integral when we 
introduce boundaries Y;, Yo, respectively external to S; and in- 
ternal to Sp. We thus have another set of bounds: 


Text.(6) <1($) < Lint.(9)- (11) 


Further bounds have recently been given, but these depend on 
the boundaries being star-shaped 3). 


§ 3. Poisson’s equation. Convenient bounds can be found for 
I(¢) when ¢ satisfies the differential equation V1?6 = «, « being a 
function of position, and such that ¢ = 0 on both S;, So. The steady 
flow of viscous liquid through a straight channel of general annular 
cross-section would be a special case of this, with ky = ko = k3 and 
« constant. 

Let ¢* be any solution of V12é = «, then by a method similar 
to that used in obtaining (8) we can show that 


I(p") 2 I(¢), (12) 
yielding an upper bound as before. Now choose any ¢** vanishing 
on S;, So, then immediately we see from Schwarz’s inequality, 


I(p) & (fap™ dv)?/1(p™). (13) 


3 
We thus have again bracketed J(¢) between arbitrarily-chosen 
admissible functions. 

A lower bound can at times also be obtained by using the same 
¢* as used in (12) for an upper bound. Assume « is positive every- 
where in V, and choose ¢* as above so that it is positive or zero 
everywhere on S;, So. It can be then shown that 


I(¢) > ark ok dv, (14) 


and the same result will hold when « is everywhere negative in V 
provided ¢* is chosen to be negative or zero on Sj, So. 
The inequalities (11) still hold. 


§ 4. Two-dimensional bounds. For two-dimensional problems, the 
surfaces S;, T;, Uj, etc. become cylinders of unit length whose 
cross-sectional boundaries are the curves sj, t;, u;, etc. If we set 


oy oy 
dx Vea Wy = i shares 
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then 
V1 gq" =0,Vi= iv/hy 00x +jV Re d/ ey, and Tn, = V (hike) o/ds, 


s being arc length of boundary. The inequality (9) 
immediately becomes 


I(¢) > ($i — $0)*hika(y): “al { Vip)? d (15) 


and any function y which is constant on wj, 2% will yield a lower 
bound. 

Again, if we make the substitution « = X1/ki, y = YV/ke, b 
satisfies V26 = 0, V2 = 62/0X2 + 62/dY2, and 


I($) = V (Rik) S (V4)? dS, 


Si 

where S; is the area in the X, Y plane corresponding to that 
enclosed by the boundaries in the x, y plane. This integral is in- 
variant under the conformal transformation ¢ = f(Z),Z = X +7Y. 
Let this transform the boundaries in the Z-plane into concentric 
circles of radu a and b (a > b), with S; corresponding to the region 
between them. If these circular boundaries are conductors, then 
¢ = In {¢| is the solution to the problem in the ¢-plane and 


arcana (7$)? dS = 2n/in =) 
Si 


It can be shown that if Ao, A; are the areas enclosed by the con- 
ducting boundaries in the xy plane, then (Ao/Ai) > (a/6)?, so that 


I(p) > 4rV (hike) (bi — $0)?/In (2) ; (16) 


and this yields another lower bound. 


§ 5. Applications. (a) Consider the two-dimensional capacitance 
problem in which there are two. rectangular conductors given by 


ete, y= + Be, 
= 0,436, 
%4=+d,y=+ fd, B 
the region between the conductors being filled with homogeneous 


anisotropic dielectric. 
To obtain an upper bound, divide the space between the con- 


ductors into four regions, each region lying between y = fx, 
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y = — Bx as follows: region 1, x > 0; region 2, y > 0; region 3, 
x <0; region 4, y <0. In regions 1, 3 take ¢* = In *?, and in 
regions 2, 4 take ¢* = In (y2/62), so that dj = 2Inc, do = 21nd. 
Also 


d pa Bd y/B 
‘ 2\2 2\2 
T(¢*) = 2| fa i) dy dx + 2| [as (=) ax dy = 
e —Bx Be —y/B F 
= 16 (BRi + e/B) In (Sh 


Thus from (4), (8) 
C < (Bki + ko/B)/x In (d/c). (17) 
For a lower bound, take ¢* = In {x2/ky + y2/ke}#, so that 


{2 osf—a[ f(t) fle), a] 


Si — fe 
= An®hkyko. 


Also 
tan-18 dsecé 


20 neh Nat 
acer shee 2| [A(t Chae ) dr 9 
hy Ro 


V —tan-!8 csecé 


a—tan-18 Sdcosecé@ 


29 29 \-1 
4°9 | | i ( cos | sin ) apap 
ky ko 


tan-!8 Becosec 0 
= 2nV (kiko) In (d/c). 
Thus from (10) 
C > V (kik2)/2 In (d/c). (18) 
From (17), (18) 
(Bk1 + he/B)/7In (dic) > C > V (ky Ro)/2 In (d/c). (19) 


These are useful bounds and may be improved by taking extra 
terms in ¢*, but it may prove difficult to get them really close. It 
is interesting to note that (16) yields the same lower bound as (19). 
Bounds can also easily be obtained by taking internal and external 
circular boundaries and using (11). 
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(b) Suppose a steady current enters a uniform rectangular metal 
sheet, sides a, b (b >a), through a small central internal circular 
electrode of radius c and flows out through an electrode which 
coincides with the rectangular boundary. 

A close upper bound can be found simply by using (16), provided 
c is small compared with a, 6. Here ky = ko = o the conductivity, 
and (6), (16) show that 


2aoR <4} In (ab/xc?). (20) 


It is of interest to compare the upper bound with the accurate 
results given by Daymond 2). For example, if b = a, a = 225c, 
the upper bound (20) takes the value 4.84 as compared with 4.80. 
Admittedly this is a very favourable case, but the bound is within 
1% of the correct result. 

A central square electrode of side 2c lies outside a circle of radius c 
and inside a circle of radius cy/2. Interpolating Daymond’s results 
for the same ratios of a, b and c as above, we see that in this case 


4.38 <2a0R < 4.80, 


and the mean value of 4.59 will be quite accurate. 

(c) Often we can obtain quite reasonable bounds by the use 
of the inequality (11) alone. For example, consider the capacitance 
of a conducting solid formed by revolving an ellipse whose major 
axis is 2a and eccentricity e about the tangent at the end of the 
major axis; the solid may be regarded as a form of closed torus. 

The exact solution is not known to the author. The body can 
contain a circular disk of radius 2a, and can be contained within an 
oblate spheroid whose generating ellipse has a major axis of length 
4a, eccentricity E, and a radius of curvature at the ends of the major 
axes equal to a(1 — e?). This requires E? — $(e2 + 1). Now the 
capacitance of a disk and oblate spheroid are well known. Using these 
results and (11) the capacitance C satisfies the inequality 

2aE 4a 
amin <9 Sa 
For example if e2 = 0.8, E? = 0.9, and we see that this inequality 


yields 
1.2/4.<—C-< 1.02a, 


and the mean value of 1.40a will give a fair estimate. 
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(d) As an elementary example of the use of (15), consider the 
two-dimensional problem in which a rectangular block of ani- 
sotropic,: dielectric, bounded by 70) w= 7, 1yi—= 00y =7ohas 
conducting plates in the edges parallel to the y-axis. 

We thus have a simple condenser, and we can take py = y?, 
where # is yet to be determined. We see that 


(y)?x, = 09”, { (Vip)? dS = ke dip" p2j2p — 1), 
S 


so that from (4), (15) 
kyl 2p = 
celle Neo) 
And p? 
This has its maximum value when # = 1, and hence C > kjl/4xd. 
With this value of #, the potential ¢ satisfies Vi2¢ = 0, and the 


boundary conditions are satisfied, so that the equality sign holds, 
as is well known. 
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ON THE INFLUENCE OF SHAPE AND VARIATIONS 
IN CONDUCTIVITY OF THE SAMPLE ON 
FOUR-POINT MEASUREMENTS 


by ERIK B. HANSEN 


The Haldor Topsoe Research Laboratory, Hellerup, Denmark 


Summary 

The influence of the finite size of the sample and of variations in con- 
ductivity through the sample on the voltage-current ratio found by four- 
point measurements is investigated. Expressions for this ratio are found for 
samples of infinite length and with rectangular or semi-circular cross-section. 
In the first case the influence of a finite length and of an exponential vari- 
ation of the conductivity along the axis of the sample is examined. A chart 
showing the correction factor for a bar of rectangular cross-section is pre- 
sented. 


§ 1. Introduction. When four-point measurements are made on 
samples of semiconducting material the size of which is not very 
large, due care must be taken of the influence of the finite extension 
of the sample on the current-voltage ratio J/V. Usually the four 
probes are arranged on a straight line with the spacing s, the two 
outer probes being used as current contacts. The conductivity o 
may then be expressed as 

) a 
ciiecacauan e 
where F, in the following referred to as the correction factor, 
depends on the shape of the sample. For a semi-infinite sample F 
is equal to 1. Thus for finite samples F is clearly greater than 1. 

The problem of finding F has been considered by several authors. 
Valdes?) has calculated F for different positions of the four probes 
on a sample with plane boundaries by using the method of images. 
When the sample is small, this method leads to slowly converging 
series. The problem of improving the convergence was solved 


ee A 
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successfully by Uhlir2), who calculated some auxiliary functions 
encountered in problems of this kind, while Laplume3) gave 
approximate closed form expressions for the series. 

One of the purposes of the present note is to direct attention to the 
fact that the well-known method of solving Laplace’s equation 
by separating the variable may be advantageous as a different way 
of treating problems of this kind *). In the present case this approach 
leads-to the problem of finding the eigenfunction expansion of 

Green’s function for the sample geometry in question. The series 
' which is the result of calculations along these lines shows rapid 
convergence when the linear dimensions of the sample are not too 
large in comparison with s, i.e. the region of the sample sizes in 
which the series resulting directly from the mirror method is less 
practical. The present method has the additional advantage of 
applying also to some of those cases in which the sample is not 
box-shaped; further the method still applies when the conductivity 
is not assumed to be constant throughout the sample, but varies 
as a power function or an exponential function along some di- 
rection through the sample, such as in the case of drawn crystals 
or a zone-refined bar. 

Examples of the application of the method to some of the above 
mentioned cases are demonstrated below. Only samples surrounded 
by insulating material are considered, although the method works 
equally well when the sample is in contact with conducting material. 


§ 2. The correction factor for box-shaped samples. Consider a box- 
shaped sample a x / X 2/1 as shown in fig. 1. The four probes are 
taken to be placed symmetrically about the xy-plane of the coordi- 
nate system shown in the figure on a line parallel to the z-axis 
through the point (4 + $a, h, 0). The current field which is produced 
by the current ++ I through the outer probes satisfies the equation 


V-J = 21[6(r — rs) — o(r — r_)] (2) 


all over the sample, 6(r — r,) and 6(r — r_) being the Dirac delta- 
functions for the source in r+ = (4 + 4a, h, — 3s) and the sink in 


*) After the work described in the present note was finished, the author became aware 
that formulae for the two-dimensional case derived by Ollendorff in a similar way as 
the one used here have been applied by F. M. Smits for the case of diffused surface 
layers 4). 
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r_ = (A + 3a,h, 3s) respectively. The boundary condition for J 
is expressed by the requirement that the normal component of 
J should vanish at every point of the boundary except at the source 
and the sink points. By means of the relation J = — oV@, where 
is the electric potential, (2) may be replaced by a differential 
equation in @. In this and the following section o is taken to be a 
constant; thus the equation in » becomes 


Py = — > [alr — 14) — ofr — F)) 3) 


At the same time the boundary condition becomes ép/én = 0 all 
over the boundary except at the source and the sink points. In 
order to obtain a region on the surface to which the boundary 


Fig. 1. Location of the probes on a box-shaped sample. 


condition applies in every point, the region under consideration 
is extended to be the one which is bounded by the planes x = 0, 
x= a,y =0,y = 2h and z= +1. Because of the symmetry about 
the plane y = hf, the current field in the upper half of this region 
will develop as a mirror image of the current field in the lower half 
of the region and hence the boundary condition ép/én = O should 
be satisfied all over the boundary of the extended region. 

A solution of the homogeneous equation derived from (3) satisfy- 
ing the boundary condition on the four planes parallel to the z-axis 
is given by 


co 


=Ed 4400s (ers) cos (™) [exp(az) +B, exp(—az)], (4) 
m=0 n=0 a 2h 

where « = (x/a)[m? + (na/2h)?]$. This solution applies in each of 

the three subregions characterized by —/ < z< — js, —38 << 2< 


8s, and 3s <z</J, but with different expressions for the 
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coefficients A, and B,. Because of the antisymmetry about the 
«y-plane the six constants for each « are reduced to three, of which 
the one is determined by the boundary condition at z= + 2 
while the second is expressed in terms of the third by the require- 
ment of a continuous fit at z = -+ 3s. In order to find the resulting 
single constant the delta function behaviour of Vp must be taken 
into account. This is simply done by calculating V2 from (4) and 
equating this expression with the Fourier expansion in x and y of 
the right side of (3); when the resulting equation is integrated along 
z over a small interval around z = — 8s, the last coefficient is 
found. A calculation along these lines leads to the following ex- 
pression for the potential which is valid in the region |z| < 3s: 


Tz 


oah 


9% ¥, 2) = — 


4— &S& & cos mm(A/a + 4) cos(nz/2) cosh «(J — 3s/2) 
oah m=0 n=0 (1 + 60,m)(1 + 60,n) « cosh od 


(m,n)4(0,0) 
max nay \ , 
cos Serie sinh az. (5) 


Here « is the parameter introduced in connection with (4) and 6,,s is 
Kronecker’s delta. Insertion of the voltage between the inner 
probes found from (5) in (1) gives the following expression for the 
correction factor: 


Fe 2ns? léas = S cosh B(l — 3s/2) sinh(fs/2) 
ah h m=0 mm 
a a (ma neo. (1 + d0,m)(1 + 60,n) 6 cosh fl 
" 16s s s (—1)™~1sin?(maJA/a) cosh y(J—3s/2) sinh (ys/2) 
ah m=1 n=0 (1 + 60,n) y cosh yl ‘ 
where 


B = (2x/a)[m? + (na/2h)?]* and y = (x/a)[m?2 + (na/h)?}#. 


The general character of (6) may be checked by the following 
comparison with simple physical considerations. As mentioned 
above this formula becomes still more suitable for numerical calcu- 
lations as a/s and h/s decrease; indeed, if a/s and h/s tend to zero, 
the two series expressions vanish, so that only the first term in (6) 
remains. This term is most directly interpreted physically from (5), 
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showing ¢ to behave like the potential along a filament with rectan- 
gular cross-section, in which the current is distributed homogene- 
ously. When / increases, every term in both series in (6) decreases, 
so the same is true for the total correction factor F, as it should be 
when the size of the sample is increased. The numerical values of the 
terms in the second series in (6) are (of course) essentially decreasing 
for increasing y, so the sum of the series is positive. Further this 
sum varies like A? when A is small. This is to be expected as F must 
have a minimum for the centre of gravity of the contacts being 
located at the central point of the upper surface of the sample. A 
calculation of the change in F caused by a deviation along the z-axis 
from the central position affirms that the same dependence on the 
deviation is true in this case. However, for reasons which are given 
below, this calculation has been omitted here. When a/s tends to 
infinity, the second series in (6) vanishes as this series refers to the 
influence of an unsymmetrical position of the probes. Formally 
this occurs because of the fact that the difference between the 
numerical values of one term and the subsequent one tends to zero 
as a/s tends to infinity, while the sign of the terms remains alter- 
nating throughout the series. Of course the series vanishes too when 
the probes are placed exactly on the centreline of the sample. 

A particularly attractive feature of (6) is that the influence of a 
sideways displacement of the probes is separated from the main 
body of the formula. Also it is desirable to alter the formula so that 
the influence of the finite length of the sample occurs in a similar 
way. This may be done by expanding the denominator in a power 
series in exp(—2(l), and this in turn makes it possible to rearrange 
the terms in a way which improves the convergence somewhat, as 
will be shown below. The first series in (6) may be written as 


Sas S <= exp(—fs) — exp(—2fs) xp Uae Oo) 
Soe aa as as. apiid ewtniieen 


B (= 1yrexp(— 278). (7) 


Now the coefficients f may be arranged in an infinite number of 
sequences Bg, 2Bq,..-, Bg, «+» G=1, 2, «+s where fi < f2 <... are those 
6’s +O for which m and have no common divisor. If a/2h > 1, 
By = 2n/a and poe = a/h; if a/2h < 1, Bi and fe are interchanged. 
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Thus (7) may be rewritten in the following form: 


87s 


© exp(— pgs) — exp(— 2pBys) 14 3s — 2I))] 
Zs, (1 + 61,9)(1 + 62,9)PBo paper : 


3 (— 1)r exp(— 2rpBe). (8) 


r=0 


= 


dea 


This series may be split into four series of the form 


S exp(— PBqu) 


; bBo fi 2 EDIE pBqv) dv 


= cg if — exp(— Pqu)], (9) 
Bq 


so that the correction factor for A = 0 becomes 


Toy So 82s S° Infl + exp(— fygs)] 


Hid Dice S55 PY aap yg TEA IY nS AS Fey 
Rie (= 1)" 


ah q=1 2 (1 — 61,9) (1 — 62,q)Pq 
{1 — exp[— Bq(2rl + 2s)] 1 — exp[— fq(2rl — 2s)] | 
(1 = expl— Bg(2 + s)] 1 — exp[— ,(2rl — s)] J 


where By = (22/a)(m2 + (na/2h)?)*? is the g’th element of the se- 
quence of those f’§ ~ 0 for which m and ” have no common divisor. 

The general case covered by (6) was not considered by Uhlir 2) 
and seems — at least as far as the A-dependence is concerned — not 
directly manageable by means of the functions calculated by this 
author. On the other hand, when A = 0 and / ~ oo, a numerical 
comparison with Uhlir’s formulae may be carried out. For 4 = 
= a = 3s the same value F = 3.150 is found from formula (37) 
of reference ?) and from (10) when a minor misprint in 2) which was 
pointed out later by Uhlir is taken into account 5). When a tends 
to infinity so that the bar degenerates into an infinite slice of 
thickness h, the comparison with Uhlir’s formula becomes especially 
simple. In this case F is expressed by 


F'(a—>00, loo) = eu = ~ [l—exp(—As)] exp(—As) 


(ico ah m=0 n=0 (1 + 50,m) (1 + 60,n) B 


(m,n)+(0,0) 


In 


; (10) 


ee(H) 
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This limiting value may be found by the following argument. 
For every value of m the difference between two terms in (11) 
denoted by (n,m) = (n’,m’) and (n,m) = (n',m' + 1) itends*to 
zero when a tends to infinity. So the approximation which consists 
of replacing the summation over m by an integration becomes still 
better as @ increases and eventually gives exactly the correct result 
when a becomes infinite. Thus (11) may be written as 

2s = [1— exp(—2ams/a)| exp(—2ms/a) 


F(a—co,l—+oo)= lim 


a—>co m=1 MW 


co 


81s & [1 — exp(—s)] exp(— ps) 
z he = i} Ba 


By means of (9) the limiting value of the first series in (12) is shown 
to be (2s/h) In 2, while the integrals in the second series by means 
of the substitution m = (na/2h) sinh wu are found to be equal to 
Ko(nas/h) — Ko(2nas/h); here Ko(z) is the modified Bessel function 
of the second kind of order zero. Thus the correction factor for an 
infinite slice of thickness 4 becomes 


dm. (12) 
n=1 
0 


Fla >c0,1 +00) = 5 {in2 425 Ko | 4 2 (13) 


2 

h n=0 h 
This expression is identical with the corresponding expression 
derived by Uhlir (equation (13) of reference ?)). By a similar 
argument it may be verified that (13) tends to unity when / tends 
to infinity. 

From (10) the correction factor was computed for an infinite bar 
as a function of a/s, with a/h as a parameter. The results which 
exhibit the predicted behaviour are shown in fig. 2. 

The finite length of the bar gives rise to an alteration of the 
correction factor given by the second series in (10). Besides getting 
zero when J tends to infinity the sum of this series vanishes when a/s 
and h/s tend to zero as the current then is restricted to the region 
between the current electrodes. This behaviour is recognized in 
fig. 3 where the increment AF of the correction factor due to the 
finite length of a bar for which h = 4a and 2] = 3s + 3a is shown. 
The most striking property of the additional term AF of the 
correction factor is probably its very small size even for a sample 
as short as the one considered here. However, in the case of thicker 
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samples one should expect the influence from the finite length to be 
greater as the “shielding” of the outer regions |z| > 3s is then less 
effective. This conclusion may find some support from fig. 3, which 
shows that AF falls more slowly for large than for small values of 
a/s, this being caused by the fact that the current lines penetrate 
deeper into the outer regions for large than for small values of a/s. 


[= 
30 ri 


20 = 


1 


i 2 3 eSere 10 a/s 


Fig. 2. The correction factor for an infinite bar of rectangular cross-section 
a x h and for an infinite bar of semi-circular cross-section (indicated by 
an s). The straight lines correspond to a homogeneous current distribution. 
The geometrical arrangements are shown in fig. 1 and fig. 4 respectively. 
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The use of small samples has the advantage of giving large 
correction factors, i.e. large potential differences between the voltage 
contacts; besides small samples will probably be more homogeneous 
than large ones. On the other hand, when small samples are used, 
it might be expected that correct positioning of the probes becomes 
very important. Now, as mentioned above, the error due to a 
displacement 4 in the x-direction from the symmetrical position of 


aFx10? 


oa 


1 


1 2 a 10 a/s 


Fig. 3. The increment AF of the correction factor F due to the finite length 
of the sample; 2/ = 3s + 4a;h = ha. 


the probes tends to zero when a/s tends to zero as well as when a/s 
tends to infinity. Therefore the largest error should be expected to 
occur for some intermediate value. As an example the increment 
of F for A = s/5 was computed from (6) for a = 2.5s, h = 0.5a, 
and 1 oo. The value was found to be as small as AF = 0.022, 
which should be compared with the corresponding value of 
P2335. 

As mentioned above, a displacement « of the probes along the 
z-axis gives rise to another increment of the correction factor. This 
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increment, which is proportional to e? for e small compared with 
21, will only give rise to a correction of the /-dependent series in 
(10), which in turn was found to give rise to a rather small alteration 
of the correction factor for an infinite bar. Thus a small displacement 
of this kind may be expected to be unimportant; therefore a closer 
examination of its influence has been omitted in the present note. 


§ 3. The correction factor for samples of semi-circular cross-section. 
As mentioned in § 1 the method applied in this note is also applicable 
when dealing with sample geometries different from the box- 
shaped one. Mainly the calculations are performed in a way similar 
to the one described in § 2. 


are 


Fig. 4. Location of the probes on a sample of semi-circular cross-section. 


Asan example, the correction factor fora bar of length 2, the cross- 
section of which is half of a circle with diameter a was calculated. 
The probes were taken to be placed on the centre line as shown in 
fig. 4. This geometry corresponds fairly well to the one encountered 
in measurements on crystals grown in a boat. The correction factor 
defined by (1) turned out to be 


eles S 
ee (=) Se ay 
{1+ exp[%n(6s—4l)/a]}[1— exp(—2xns/a)] exp(— 2xns/a) 
ea [1+exp(— 4%nl/a)| xn[Jo(xn)]? 


where *», is the n’th non-vanishing root of the equation /1(x) = 0. 
Formula (14) may be checked in the same way as was done with (6). 
Thus, when a/s tends to zero, the series vanishes, leaving F equal 
to the first term in (14). This case corresponds to a homogeneous 
distribution of the current in the bar. Similarly, when a and / tend 
to infinity, the term 16(s/a)? and the first terms of the series vanish 


, (14) 
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whereas the terms for which x > a remain finite. Thus if a is chosen 
big enough, the series may be replaced by an integral over x» with 
any desired accuracy. The resulting integral is easily shown to be 
equal to 1. 

Numerical values of the correction factor were computed as a 
function of a/s for 1 > co. The results are shown in fig. 2 (curve s). 
As could be expected this curve lies higher than the corresponding 
curve for a bar with rectangular cross-section a x 4a. 

The present method works for every location of the probes on a 
sample like the one shown in fig. 4 as well as for circular disc- 
shaped samples. Furthermore this approach may be used when 
dealing with bars of semi-elliptic cross-section, in which case elliptic 
cylinder coordinates should be applied, leading to series in Mathieu 
functions. 


§ 4. The correction factor for samples through which the conductivity 
varies. Until now only homogeneous samples have been considered. 
However, in samples cut out of real crystals the conductivity as a 
rule varies throughout the sample. The method of eigenfunctions 
used in this note has the particular property of being able to take 
into account such a variation of the conductivity. Consequently 
exact expressions for the correction factor may be obtained in 
cases of exponential or power-dependence of the conductivity on the 
coordinates as is encountered in zone-refined bars or in drawn 
crystals. When dealing with box-shaped samples, cases of con- 
ductivity variations in all the three directions at the same time are 
soluble while for semi-circular or semi-elliptic cross-sections only 
the case of a variation along the axis can be treated. 

For the sake of simplicity only an infinitely long sample of rectan- 
gular cross-section, the conductivity of which varies along the z-axis 
as 6 = 09 exp(z/d) is considered here. The probes are taken to be 
placed on the centreline of the upper surface of the samples as 
shown in fig. 1 (4 = 0). 

In this case the potential satisfies the differential equation 


1 dp oe — fr.) o(r — r_) ) ; 
29 + —— = — 21 , i5 
; uw d @ O+ (C= ( ) 
where o+ = oo exp(— 3s/2d) and o— = oo exp(3s/2d) are the con- 


ductivities in the immediate neighbourhood of the current con- 
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tacts, together with the boundary condition of vanishing normal 
derivative on the surface of the sample, except at the source and 
sink points. This differential equation may be separated in the same 
way as was done with (3). Thus the calculations, following nearly 
the same lines as described in § 2, lead to the correction factor 


Fe 80s Ss *°  cosh(s/d) — cosh(s/2d) exp(—as) 
os ah m=0 n=0 (1 — 60,m) (1 — 60,n)&% 


if the conductivity in (1) is taken to be the conductivity at the 
centrepoint of the system of probes; here 


a = (2n/a)[m2 + (na/2h)2 + (a/4cd)?]?. 


exp(— as) (16) 


As is easily seen (16) reduces to (6) with — coand A = O ford + co 
Usually d is very large compared with s; being a second order effect 
the shift in F caused by the variation of the conductivity hence is 
negligible. As an example the correction factor was computed for 
h = 0.5a, a = 2.5s, and s/d = 0.1. The increment of F when s/d 
is raised from zero to 0.1 turned out to be 2 x 1073. 
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A CORNER EFFECT IN PLANE DIFFUSION 
THEORY *) 


by HAROLD LEVINE 


Applied Mathematics and Statistics Laboratory, Stanford University, Stanford, U.S.A. 


Summary 


The partial differential equation of diffusion type is studied in a plane 
sector of arbitrary angle, with the solution specified at the boundaries, and 
various expressions are obtained for the integrated normal derivative or 
flux thereto. Alternative methods of analysis are described for the right angle 
sector, which include an integral equation reformulation of the boundary 
value problem and its reduction to a functional or difference equation by 
Fourier transformation. 


§ Introduction. Diffusion phenomena are characteristic of many 
physical problems, both time-independent and -dependent. In 
reactor theory, for example, it is the diffusion of neutrons which 
claims attention, whereas in the phenomenological theory of super- 
conductors the magnetic field behaviour is fundamental. A unified 
mathematical approach to these problems is suggested by their 
formulation in terms of partial differential or integral equations. 
In this paper, some aspects of the mathematical technique are 
discussed with reference to plane problems where the boundaries 
are defined by straight lines; other features which are appropriate 
to curved boundaries will be described in a separate account. 

The explicit statement of a problem may be associated with 
neutron absorption in control rods embedded within a medium 
where the neutron diffusion length is L (Hurwitz and Roe})). 
If the spatial function py denotes the rate of neutron absorption per 


*) This work was supported by the Office of Naval Research, contract Nour-225 (11). 
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unit volume, and the neutron source strength is S, the steady 
diffusion equation takes the form 


= P22 eo (1.1) 


A ‘black’ control rod is characterized in the limit of small neutron 
free path by the boundary condition of vanishing y. In the approxi- 
mation of constant source strength, then, a solution of (1) is desired, 
which vanishes at a control rod and approaches the value S asymp- 
totically with distance therefrom. For plane problems, the Laplacian 
in (1) is a two-dimensional operator, referring to a section normal 
to the control rod axis. The neutron flow into a rod is determined 
by the normal derivative of w at its surface, and the integrated 
flow (relative to S) defines a rod absorption area. If S is constant, 
the function »=yW—~S. satisfies a homogeneous differential 
equation 


— L279 + p =0 (1.2) 


and assumes the boundary value g = — S; this function may be 
identified with the magnetic field (of the phenomenological theory) 
within a cylindrical superconductor on whose boundary there is 
prescribed a uniform field. 

A plane diffusion problem, which is central to the approximate 
solution for a control rod of general cross-section when L is small, 
pertains to the angular region formed by two semi-infinite radial 
lines. For if the diffusion length LZ is small compared to the local 
radius of curvature of the cross-section, the latter may be regarded 
as of polygonal form, and the corners do not appreciably interact 
if their separation greatly exceeds L. The absorption area is then 
equal to L times the perimeter, and the effect of each isolated 
corner is equivalent to a change in perimeter by the amount LD(Jo), 
which implies a contribution L?D(9o) to the absorption area. Here 
D(%o) is a dimensionless corner correction that changes only with 
the angle itself and vanishes for Jo = a. 

An evaluation of D for the corner with specifications 0 < 9 < %, 
OQ <r < oo has been carried out by Hurwitz and Roe, who begin 
with a solution of (1) in the form 

aa 


v9) = E valp) sin(2n +1) 5, p= rik, (1.3) 


n=0 
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consequent to the choice 


4 SS sin{(2n + 1)x8/9o] 
lean SUE bpm | ae Ny. 
wu n=0 2n + ‘ ee Po (1.4) 


The function y,(p) is obtained from the solution of an ordinary 
differential equation, and after substitution in (3) 
1 dowat( les) 


where the factor 2 reflects the equality of neutron flux into the 
surfaces # = 0 and # = J. A convergence factor is employed in 
effecting the summation with respect to m, and there results finally 


Prespscet SS 
D(Oo) =2]|—=> E valp) sin(2n +1) = 
p od n—0 


0 


To 


D(8o)= 4 Zi (—1)” cot nH + 


n=1 


4 i [ms ‘ sinh(2x/%) cos(z?/23) af, (1.6) 
sinh? (x/8o) ++ sin? (72/28) 
where 7 denotes the largest integer less than 2/2. 

The next section, § 2, contains a different approach to the problem 
which does not require series development and subsequent summat- 
tion and is distinguished by a greater adaptability to the study of 
various aspects of the solution. The method rests on a pair of 
integral transform relations, the so-called Griinberg modification 
of the Kontorovich-Lebedey reciprocal formulas. 

A discussion of the local flux, or normal derivative of y at the 
boundary, is given in § 3, with reference to the right angle corner, 
99 = 4a. The derivative, or more precisely, its deviation from a 
constant value reached at large distances from the corner, may be 
characterized by an inhomogeneous integral equation with semi- 
infinite domain. The complex Fourier transform of this distribution 
satisfies a simple type of functional or difference relation and can 
be explicitly obtained by a further application of the same trans- 
formation *). The normal derivative at the boundary is again 


*) The occurrence of difference relations in boundary value problems based on 
differential or integral equations has been noted by Koiter*) and more recently by 
Azpeitia and Newell 8). 


108 HAROLD LEVINE 


calculated in § 4, to illustrate a technique for employing directly 
an integral representation of the y function within the corner region. 


§ 2. Solution of the corner problem for an arbitrary angle. 
Suppose the basic differential equation is written 


(72 — a2)y(r, 8) = 1 (2.1) 

(« = 1/L,S = — 1/L?), and let it be required to find its solution in 
the domain 0 < # < %, 0 <r < 00, subject to the conditions 

i= Oat 0 == 0) andy — vo. (2.2) 


Introducing the explicit form of the Laplacian and multiplying 
with v2, (2.1) becomes 


C2y a C2y 
2. ! Y 


Spy" op apa 


ate = 72, (2.3) 


Define the transform of wy with respect to the radial coordinate by 


y(s, 0) = f(r, 3) Ks(ar) dr/r, (2.4) 
0 
where Ks(«v) denotes a cylinder function such that 
ples 2 22 2 
hiape +y ay (272 + s2) | Kg(ar) = O. (2.5) 


A differential equation for g(s, #) follows from (3) on multiplication 
with K;(ar)/r and subsequent integration over 7, namely 


gts SIU 


= CS 
202 a 


02 ; 
—— + sty = | rK,(ar) dr = 


iw (2.6) 


0 


provided the real part of s is sufficiently small, so that the null value 
of y at y = 0 compensates for the singularity of Ks(«r), and the 
integrals in (2.4) and (2.6) are convergent. The solution of (2.6) 
which vanishes at # = 0 and #? = % is 


S07) == csc 
Blah) axrppaR i Ay 
and describes, in particular, an even function of s, 


o(— s, 8) = os, 9). (2.8) 


mt sa [ sin s0o — sin s? — sin s(Bo — 0) 
: ] (2.7) 
sin sto 
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Having thus determined (s,#), the inverse relation to (2.4) 
supplies p(7v, #), namely (Gr iinberg 4)) 


&+ 100 


l 
py, 0) = =| 94 O) Is(ar)s ds, Sr 0, (2.9) 
aa) 


&—t0o 


where Js(a) is a second solution of the differential equation (2.5), 
regular at y = 0. It is possible to express the integral (2.9) as a 
residue series, arising from the singularities of g(s, #) in the half- 
plane Re s > 0, but then a summation problem occurs (with some 
details indicated at the end of this section). An alternative procedure 
which eliminates this feature, is based on a preliminary trans- 
formation of the relation (2.9). Utilizing the symmetry property 
(2.8), and reflection of the integration path in (2.9), it follows that 


l “ 
y(7r, 0) = =| [Is(ar) — I_s(«r)] p(s, ¥)s ds = 
Oni afeng — sin stKs(ar)] p(s, 9)s ds. (2.10) 


Let us now introduce the integral representation 


K(x) = | coste sinh?) cosh st dt, x>0,—1<Res<1, (2.11) 

cos 4s 

0 
and obtain 
(r 2) ae a (epee sinh t 7 
ae Qna2 
r sin s? + sin s(% — 9) 
at | cosh st [ — kan Martacaesaly £270 ds 
sin sIo 

= cee Fe d ew iar sinh ¢ at{c cosh st Jehan s(Io— te ds. (2.12) 
a ee - sin sdo 


—oo —oo 


110 HAROLD LEVINE 


A change of variable s = zw in the last integral yields 


| sin s? + sin s(Po — #) 
cosh st - 
sin sto 


ds = 


—itoo 
co 


inh inh u(%o — d 
= i cos ut Ee: i sure ) du, (2.13) 
sinh wi 
and furthermore 
sinh ud 1 | dz 
jeanne 7 tonic) aafefriagery ee 

Jecos sinh wi 3 299 J 22 — 1 ite Gis! 

kids 0 


7% m 7 7 
Se | ee (Ve) Ra oe Acre Oke ala a 


A Z Z 
iZu+a| 
— cot — = 
2 
It To ap O + at 0 — tt 
es | t t eee _ b= ‘ : 
250 [ peg eo Shep Bs | Tyr ak ees, oS 
while 
r sinh u(Io — 0) 
{ ——__-—_—— di 
| re sinh uo ‘ 
= E ag 8 -| = Se 
= —— | tan =|] — — 
Thus 


co 


| sinh w) + sinh u(%> — 9) 
cos uf —- ——_—__—__——_-_—- du 
sinh ui 


pee ae | tan 4 tan— (1, — a) + ts + tan— (1 — A) | 
20 2 Zz 2 2 

2x sin 20/%o cosh at/Io 

“Oo sin? 79/9 + sinh? zt/9o ’ 


=>. (csc ma + csc 2B) = (2.16) 
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and 
l ] wy oe sin 20/89 cosh at/ Po 
r,0 = Ad [eres t ; 
v(r,8) oc2 a2Fo sin? 28/9o+sinh2 zt/9o gt 32d) 
Or 
1 1] oe O + it 
r, ey a ,—tarsinht ti ST at 
we) a2 F. 2x2 fe (cso Vo a 
0 —1t 
+ csc 7 =) dt. (2.18) 
Jo 


The expression (2.17) for y(r,%) conforms to the boundary 
conditions (2.2) in virtue of the behaviour 


; sin r/o 
lm : : 
6+0,0, Sin? 23/%> + sinh? at/Io 


= I95(t), (2.19) 


where 6 denotes the Dirac delta function. Note that in the special 
case Jo = x (no corner) and 0 = iz, y=rsind =*7, 


l 2 | 
= —— cos(«y sinh ¢ 
p(y) aw (xy sinh #) eee 
0 
1 2 1 1 
ee 
a2 ma 1+ p? a2 a 


as anticipated. 

Having the singular limit (2.19) in mind, the representation (2.18) 
is suggested for the calculation of the normal derivative of y at 
@ = O(or Bo). Now 


co 


l atin re) oO + at o—1t 
ag oe en a sc CSC 7 a di = 
BP 2x28 i Fihaiair lesen Do 
i it o—1t 
a Pas as (csc n es CSC 1 =) dt 
21a? ot Jo 00 
r oe O-+«t O—1t 
seat J cosh pes (se 1 gece ) dt, (2.21) 
2a Jo Io 
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after an integration by parts, and consequently 


co 


] 1 | Cosht jaa ; 
=-¢ = — —_ sin(ar sinh t) dt, r>0. (2.22 
Cn'lg—o Y HP \9—0 «89 J sinh at/Po ia ) ( ) 


—oco 


When # = 2, a constant value of the derivative obtains, namely 
—l1/a,7 > 0, and if this be subtracted from (2.22), there results the 
function 


(4) — z feosh ¢sin («x sinh ¢) | 


a 


—oo 


l 
azsinht #@psinh at /9o 


| dt,x> 0, (2.23) 


which tends to zero as the distance x from the corner increases. The 
corner correction A(#p), defined by 


Ao) =e | f(x) dx, (2.24) 


is therefore 


co 


Ane | we | Ja (2.25) 


sinh ¢ L awsinht Jo sinh at/Fo 


—co 


The quantities A(%) and D(#o) (cf. (1.5)) differ only by their sign, 
and the paper of Hurwitz and Roe may be consulted for the plot 
of D vs. 89; a few special values, easily obtained by evaluation of 
(2:25), or (1.6), are: 


A(x|3) = 4/+/3, A(a/2) = 4/x, A(x) = 0, A(2n) = —1. 


Additional features of the correction factor are revealed, and its 
evaluation facilitated by further transformation, with the repre- 
sentation as a convenient basis. A finite integral expression is 
secured via the change of variable exp(yt) = xt, 


y = 2/90,3 <y <0, (2.26) 
which yields 
iE a 1 ( xt oft x ley-1 


Ce ie ee hs ee ee Jaw 220 
0 


whence, on dividing the range of integration 0 <* <ooatx=1 


Aly) = 
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and substituting x = 1/vin 1 <x < oo, 


1 
4 ally eB x y-l gi lav-1 
Ay) = i i ( ) ax, (2.28) 


a —i\1—x 1 — x1/” 
0 


The hyperbolic form 


co 


4 ie | y 
Ay) = — | thi ( - - ) a 2.29 
(7) X - sinh ¢ sinh yt ( ) 


0 


lends itself to reduction, starting with the partial fraction develop- 
ment 


] = l 
thé = —=+- 7 —-—_—___., 2.00 
= t t = {2 + n272 ( ) 
Since 
I( : P __) ae _ (6 —q) In 2, (67> 0) (2.31) 
sinh gx sinhpx/ x Pe apr? ‘ 
0 
it follows that 
4 hes 1 t yt ) 
=-—(y— he sehen I ee S| di (0 62 
Ay) I ad 83 I = 12+ 1272 (si t. sinh yt ee 
0 
Further, 
=] -+ 2/2 ¥ ee (2.33) 
sinht k=1 t2 + hex? 
and 
oot t 1 eo. Si )\F 
es = | Di. 2.34 
| #2 + n2n72 sinht n ie n + ( ) 
whence 
4 8 & l ) 
= — (y—1) In2 —_— a ease) 
A(y) a Seas eaten gree = = Pao be n+k n+k/y ( 


The sum over k may be expressed in terms of the beta function 
A(x), or the psi-function y(x) = (d/dx) In I(x), namely 


23 a = B+ 1) = i] (47) v( aN (2.36) 
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which implies that 


A 
£3 fo) oY] 92) a¥(S)} eo 


Alternatively, the integral representation 
1 


x 
= d 2.38 
pd +1) = [><a (2.38) 
0 
enables us to write 
1 
A z lino aoe east amet 
= — oe nh — —— 
(7) ea mai Lee ue 
0 
1 
4 iinse 8 dx ( yx x ) 
eh aphens 5s l+a«\1—x7 1—x 
0 
1 
Y l 
--{ os aed =a) (2.39) 
IE 1+ x 1 — xv 1—~x 


a form complementary to (2.28). 

The contribution (4/z)(y —1)ln2 dominates in A(y) when 
y = 2/99 > | and the corner angle is small, as noted by Hurwitz 
and Roe. On expansion of (f2 + 272)-1 in rising powers of ¢, the 
relation (2.32) becomes 


7 
Some {25-2 t yt 
— = E(t { 7 (____™ la 
es  n=1 ae ) (nx)? \sinht — sinh yt 
0 
ipa 
8 {25-1 yt2i-1 
eS} dedi jit 2122) | ( ) 
‘i Tt fs MER ft sinht sinh yt i ie 
0 
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4 
i tin 2s 
M1 A 
pace . (2n)2F 22 — 1 ( 
* =23] \9-L Bo,)2 a = 
+ It 2 ( ) (27)! i] at) art) 
ie 1In 24 
See) wae tae (2.406) 


eas) as eo 
6 y/ 30 y3/ "315 power ae? 


where ¢(27) denotes the Riemann zeta-function and Bg; the Bernoulli 
number, with 
“(2)) = = 2B 
s j = (2/) l Lh 2j |. 


When y is close to unity, % = a, the development (2.40) is ill- 
conditioned, and it is appropriate to expand the terms 


l 4 
n+hk yn +k 


of (2.35) in powers of y —1; retaining only the first power gives 
the approximation 


4 Pee = k 
AQ) =~ ty —) [192-2 edges Wied (sacl bs rena 


n=1 k=1 


1 
gpl Sw i(=s1)* 
; aaa mee p+ kg’ 


0 


it follows on differentiating with respect to g and then setting q = 1 


that 
1 


oe AG gC TG aaa ee | 
rs Slay eee et 


0 
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whence 
1 
4 ae xn 
’ 0 
a 1 x ] 
ae. ae - ] rae 
pay 1)[ in 2 2| aa oe nx dx 
0 
7 
=e Wat) 2.41 
5 = 1) (2.41) 
or 
A(9o) == 4(x — Yo), 00 > 2% (2.42) 


as also observed by Hurwitz and Roe. 

Before concluding this section it is of some interest to describe an 
evaluation of the inversion formula (2.9) without transformation 
to the form (2.10), and employment of an integral representation 
for the cylinder function *). 

Consider the special value # = 2, when 


a I Smt _ SS 
PSs hie ae sin sz ‘ 
and 
é+%oo 
l sin sz — sin s? — sin s(x — = Swia 
eo) = —— | I = GSt 
vit, @) Qin | sar) | sin sx esq 08 
e—too 


In the right half plane, Re s > 0, the integrand has simple poles at 
$= 2me-1,m =|, 2, «.., and double poles at $= 2am == 17 27 
arising from the factor g(s,#), and the path may be closed about these 
singularities without further contribution, thanks to the rapid 
diminution of Js(«v) for Re s + oo. The residue contribution ot the 
first set of poles is 
2 tect ‘ 
= 2 (= 1) Lamas (ar) sin’ (2m-— 1) 9, 


m=1 


*) Both forms are utilized in a study of diffraction of a cylindrical pulse by a semi- 
infinite plane screen (Turner 5)) and evaluated as residue sums. 
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while that of the second set is 
2 co 
> 


faa 1)” Ion(ar) — [sin sx — sin s# — sin s(a — #),_ on 
2 co 

se ; xX (— 1)" Ian(ar)(1 — cos 2nd) 
a“ n=1 
1 l eee 

ib a, : To(ar) + = os (— 1)” Ion(ar) cos 2nd. 


Adding the results, 


= 


k 


(— 1)* Ix(ar) cos eo) | 


Sey = 7 SnD, 


es Baik (xr) + 2 


1 


in accord with (2.20). 


§3. The right angle corner. According to (2.24) the corner 
correction A(%p) is proportional to the integral of the local normal 
flux f(x) at either boundary of the corner. This measure of the flux 
corresponds to a particular value of the Fourier transform 


Ae) = fe f(x) ae, (3.1) 


namely that for argument ¢ = 0. A direct evaluation of the trans- 
form /(f) is therefore of interest and will be accomplished for the 
right angle corner by starting with an integral equation characteriza- 
tion of f(x). The integral equation, with semi-infinite domain, 
0 <x < oo, involves a composite kernel which is not of the 
convolution form, so that the technique of solution merits attention. 

Information about /(x) and /(é) is evidently available from the 
work of the previous section and may be recorded for comparison 
later on. Choosing % = 42 in (2.23), it follows after the change of 
variable sinh ¢ = u, that 


i eee [ a ee (:-==5) ays, soa) 


TUK 
0 
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To reduce the expression further, observe that if 


co . d 
P(x) = | al pe EE Pee or (3.3) 
ba “/ 1 + ut 
0 
then 
dP L 
a | eee Tio hole (3.4) 
dx : V1 + u2 
and hence 
aU 
Po) = pos | Kot dt. (3.5) 
Thus, 
l 2; Oe te 
f(x) =— E = (1 a | Ko(t) a) | = | Ko(t) dt, x > 0. (3.6) 
a It Mi fo 


As a check, note that 
e 4 d 
2| ie) di 12 / (0) iE ear Ko(t) at) dx 
Tea dx 
0 0 ax 


4 4 
= — |X Ko(«x) Gh) == aa == 
RL aa 
0 


— A(n/2), (3.7) 
aa 
whence the value A(z/2) = 4/z is confirmed. 

The representation (3.3) permits ready estimate of f(x) for « +0 
and x -> oo, with the results 


f(x) 2= l/a,* +0, (3.8) 
and 
, a —ax 
f(x) ~/ Sk Ge (3.9) 
TEAK 


Additionally, the use of (3.3) in computing the transform /(¢) yields 


ey = | (ae) i) He) =~ ——2 | o-¥ Kolax) ax = 
Ga TTS 


0 0 
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21 gel cree 
].— —— arc sinh ¢/« 


— (: cs 
Ila Ve2Jo2 + 1 i 


21 
] In 
] a a a2 
] at) 


VE ae + 1 


oa 


and by appeal to the asymptotic form (3.9) it is evident that the 
function f(¢) is regular in the half plane Im¢ <«. To verify the 
latter aspect directly, consider the function 


Pde (geek + 1) 
It 


p(2). = a (3.11) 
V22 4 | 
and introduce the transformation 

w=zt+V224 1, (3: £2) 
which describes a conformal mapping of the z-plane cut along the 
segment (— 17, z) onto the exterior of the unit circle |w| = 1. Let 

wet? y>0, —x < @ <a, whence 
z = sinh (y + 7g) = sinhry cos g + 7 cosh sin 9, (Suto) 


V 22 + 1 = cosh (r + ip) = cosh cos p + 7 sinh s sin @, (3.14) 


and 


In(z + V22 + 1) =Inw =7 + ig. (3.15) 


It follows that z and Vz? + 1 are located in the same quadrant of 
the z plane, whose lower half corresponds to the range —z < <0. 
If use is made of (3.14), (3.15) to display f(z) in the form 


(3.16) 


cosh (rv + 7q@) 

the resulting function has no singularities in the lower half of the 
z plane, including the point z= —1(r =0, p= —}m), and a singu- 
larity is first encountered at z= 7(r =0, y= 37) on entering the 
upper half plane. 
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An independent method will be described next for obtaining the 
transform /(¢) through the integral equation specifying f(x). In 
the analysis of the preceding section, it is advantageous to stipulate 
a null boundary value for yp, since the transform (2.4) contains 
singular factors at the corner. For present purposes, the boundary 
value problem is conveniently restated in terms of the function 
y = y + 1/a2, which satisfies the homogeneous differential equation 


(Oz? + Oy? — a2) p(x, y) = 0, x,y > O, (3.17) 
and assumes the uniform boundary value 


l 4 > 0; v= O( =— 0); 
CT re 


iO iE DIOR HI), ao) 


Clearly, the derivatives of y and @ are equal. 

For points remote from the corner and near the boundary 
0 = O(% + co, y +0 +) the differential equation (3.17) is approxi- 
mately one-dimensional and has the unique solution 


] 
=—e o <=; 
ores y Ply=0 5 


that exhibits the requisite attenuation with distance from the 
boundary. Let us therefore write 


F(x) = 0,9(%, V)|lyao = {(*) — fa, x > 0, (3.19) 


and also, taking cognizance of the symmetry in boundary distribu- 
tions, 


Fy) = @29(%, leo = Hy) — Je, y > 0. (3.20) 


The function f(*) so defined is identical with the normal derivative 
studied above. 


A fundamental solution of the inhomogeneous equation related 
LOMS.L7), 


(22% + 8,2 — 02) Gx, yi 2’, 9’) = — (x — x’) iy —y'). (3.21) 
defined in the entire plane, with logarithmic singularity at x = x’, 


y = y’ anda null value for V'x2 + y2 -> 00, is the Green’s function 


Glu, 9399) => Kole VE—*P FOI. 8.22) 
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By reflection of the ‘source point’ x’, y’ in the lines x = Oand y = 0, 
a solution of (3.21) is obtained in the quadrant x, x’, y, y’ > 0, 
namely 


Gila, 9; x’, y') => — [Kolav (@ — 2')? + (y —y')%) + 


+ Kola V(x — x')2 + (y + y’)2) + 


+ Kola (x+-2')2+ (y—y’)?) + Kola (x+%')2+(y+y’)2)] (3.23) 


which has a vanishing normal derivative at the boundaries thereto. 
Employing the integral form of Green’s second identity in the 
domain, there results a representation 


co 


P(x, ¥)=—S F(x')Gi(x, y; x’, 0) dx’— f F(y’)Gi(x, y; 0, y’) dy’ (3.24) 
0 0 


of the function g(x, y) at an arbitrary interior point in terms of its 
normal derivative at the boundaries. Substituting from (3. 19) and 
making use of the relations 


co 


Y 1 eis(a—2)+in—-y’) 

r Ne Sy) Se dé dy, (3.25 

KofeVe—#)? + —y)7] x | ere Edy, (3.25) 
i ely 


| Koeve—¥? + vy?) dx’ = [= dy = Ten, are (5,26) 
a 


co —co 


the expression (3.24) becomes 
] 
ole, 9) =—> (e-* + em) — 
a 
—Jf f(x’) Gilx, y; ¥,0) dx’ —ff(y’)Giley; Oy’) dy’, x, y>0. (3.27) 
0 0 


When the boundary (3.18) is imposed (at either side of the right 
angle), an integral equation results, namely 


P= f f(x’) Gale, 0; x’, 0) dx’ + fly’) Grlx, 0; 0, 9) dy’, x >0, 
0 0 
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f f(x’) [4K 0 (ex —x"|) + 4K o(a|x+-%' |) + Ko(aV x2+-4'2) dy’, x > 0(3.28) 
0 
which provides a characterization of f(x). If f(x) is continued to the 
domain — co < « <0 in the symmetric fashion, 
{= x) = fix), (3.29) 
the integral equation may be recast in the form 
MA 


=—'€ 
a2 


ale] __ 


Sf f(x’)[Kolalx—x"|) + Ko(aV x2 + x'2)] dx’, —co <x <0o. (3.30) 
The concomitant transform relation, valid within the strip |Im ¢| 
<a, 1S 


20 A 


a(f®@to2)  V/e24 92 


LA) + A— 4)] 4 [eon n, (3.31) 


being obtained form (3.30) on multiplication by e~*” and integration 
over x, with use of the integral representation (3.25) and 


els(x—2’) 
3 VE+ a2 ee 
0 
On account of symmetry, 
ty) § { ie) 
few seer eet a br mre eae a 


—co 


and the latter integral may be evaluated by residue calculation in 
the lower half of the 7 plane, with the result 


co 


Fn) eee 
a iVC+a!),ReVer+at>0. (3.34) 


—co 


A CORNER EFFECT IN PLANE DIFFUSION THEORY 2S: 


The relation (3.31) becomes, accordingly, 


FE) + Al— $) + Al — iV 02 + 2) = Dal? + 22, (3.35) 
which is further simplified by the transformation 
¢ = «sinh w = « sinh(u + 1), (3.36) 
so that 
f(x sinh w)+ f(— « sinh w)+2/(— ix cosh w) = 2-2 sech w. (3.37) 


(3.36) describes a mapping of the entire € plane into an infinite strip 
of the w plane, namely — 4x <v < $n, — co < u < co, with the 
correspondence Im€>0, v>0O and Im €<0, v <0. Thus 
f(a sinh w) is regular in the strip — 41 < v <0 and may be con- 
tinued to Im w < — 3a, since sinh (— 472 + w) = sinh (— din — 
—w). Hence (3.37) corresponds to the functional relation 


f(« sinh w) + f(a sinh (w — iz)) + 
+ 2f(a sinh (w — 427)) = 20-2 sech w, (3.38) 


or, formally 
F(w) + 2F(w — hin) + F(w — iz) = G(v). (S39) 


The solution of (3.39) is achieved by Fourier decomposition, 


F(w) = 


] a : ] Rs ; 
| F(s) e"8 ds, G(w) = — | G(s) eS ds, (3.40) 
27 2H, 


which yields 
G(s) (3.41) 


#1) = eae’ 


and thus 


1 i G(s) eis ; 
It se?) 


—oco 


F(w) (3.42) 


In particular, with G(w) = 2«~? sech w, 


co 


° 4 cos sw 2n Sm 
G(s) = | Geo ef de = =— |\=— dw = eye. Si (3.43) 


a cosh w 


—oco 
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and consequently 


F(w) = 2 | eee (3.44) 
g ais hsm) 9 
cosh % (1 + e**”) 


To evaluate the integral, a preliminary change of variable is appro- 
priate, namely e#** = x, whence 


co 


4 2iw | 
Bia) == | a — dx. (3.45) 
noe J (x2 + 1)(x + 1)2 
0 
Now 
xP Ax 1 l 
——. = 4 | xp-1 =~ dx, 
(~2 + 1)(x% + 1)? x2 + 1 (x + 1)? 
0 0 
where 
r xp-l d ~ xp-1 
Lemay ota eee) 
(x + 1) dA a +A eo 
0 0 
sees eee) dibhs a! shied Sosy 1, (3.46) 
ecibdins Lia SUL Pitre ap sinpa ” So 
and 
ae 
———— dx = = 0) . 
1 + 42 Shaw ks 29) : 2sin pa ’ ee 
0 0 
so that 
| xP dx _ a l zt p— | 
(x2 + 1)(1+ x)2 4 sin dpa 2 sinpx 
0 
_* |) wae | ) 
) JA siti real "I cos }pa /’ ee 


The result (3.48) also holds for complex values of the exponent # and 
—1< Rep <3. Let p = 2tw/a, and the combination of (3.45) and 
(3.48) yields 


i ee "| ] 1 — 2iw/x 
ee hg ta? sinh w (1 cosh w ) ; bie 
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which agrees precisely with (3.10) if the substitution ¢ = « sinh w 
is made therein. An integral equation formulation of the boundary 
value problem thus lends itself to complete analysis. 


§ 4. Another solution for the right angle corner. In the preceding 
section, a reformulation of the boundary value problem is given 
which provides an integral equation for direct calculation of the 
desired boundary distribution /(x). This distribution can also be 
obtained by differentation of the function g(x, y), after the latter 
is determined within the corner region. If the representation of 
g(x,y) in terms of its boundary value evidences a non-uniform 
behaviour, the procedure calls for differentiation and subsequent 
passage to the boundary from within the region. 

To illustrate the technique, consider the right angle corner, and 
introduce a (second) Green’s function therein, 


eer / : ; 
Gale. ¥3 2,7) => — [Kola Ve — 2? + y —y)P) — 


— KolaV (x —x)® + +99) + 
+ Kola V(«+2')2+(y+y’')2) — Kolo V (x+x')2+ (y—y’')2)], 
deh © eds Ve 9A 0) (4.1) 


which satisfies the differential equation (3.21) and vanishes on both 
the boundaries x > 0, y =O and x =0, y> 0; the solution of 
(3.17), (3.18) can then be represented in the form 


co 


g(x, y)= aly ae po Ee Ge|,—ody', x, ¥> 0, (4.2) 
0 
where g — Ee if the point x, y approaches a boundary. 

The formal differentiation of g(x, y) results in singular integrals 
if executed at the boundaries, and preliminary transformation of 
(4.2) is therefore appropriate. With the help of the Fourier integral 
representation (3.25), it follows that 


co 


ieee 


“rf ~en’ Gor Koleve =x +O 9) + 
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+ Kola (x + x')2 + (y + y')?)] yo» ax’ = 
l r ‘ dé dy iE(x—x’)+in(y—y’) 
eee tA —D Jae + 

Dn? a all E0 eT iat ee a 
ae eislat a’ aaa dx’ = 


adh a {naha| n dé dy (etfleta’)+iny 
272 §% an? aio? 
0 —oo 


a | dé dn Ext iny ar us os as — 
; ee rs oe 


Az, Seles iee ha A dx’ = 


One J By? + 0? 
0 

1s, bo n dé dy it E eléetiny ° (4.3) 
= E24 724 q2 E24 62 

and thus 


l d ve ey+i 
U} § dy we fi3 (qttes ty 4 ethyt tae) (4.4) 


‘ Bm, 
wpe = — 5 | Bi pit et Pie 


The reduction of (4) to single integrals is easily accomplished, and 


there results, in the limit « ~ 0, 


i a 
Cee C= e-V E+ aty dE+ fae z Ca ede 
TO = x yew, (4.5) 


which confirms that p+1/a2 if y>+O+,x>0, or x+0+, y>0 
Employing (4.4), differentiation with respect to y yields 
1m? OyPe (x, Y) 
5 téx+t 
e ™ dé dy + 


-Jecie E24. 62 


al 7) c isyting q d 
Beppe Be” fire 


- E2 1 2 ) é ie 
= i isx+in 
J ( Ppppe/Bya | SN 
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co 


fl a. téy+ ina 
3 i pees tt eer ears tie 6c (4.6) 


—co 


That part of the first integral which contains the term unity in 
parentheses has a null value if y > 0, for the 7 integration defines 
the Dirac singular function of y. The limit « + 0 may be taken in 
the remainder, and after an interchange of variables in the last 
integral, it follows that 


co 


1 eis 2 2 
Cy p(x, O+) = | be zis g) dé dn, x> 0 


mae J E24 n2 + a2 z 
a l Joe ae Gey _ ee dé 47 
oad ce eae ongen eye es 


For large x, the last integral is asymptotically equal to «1 /sin &% 


dé/Eé = a/«, whence a 
1 2 { sin &% € ] ) i 
3 ss =———— | df = — — eu 
erp 0+)——— +2 | (2 — os) a= — 5 1. (48) 
0 


where /(x) agrees with the expression in (3.2). 
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ON THE SPECIFIC HEAT OF Mn Zn-AND Ni Zn- 
FERRITE BETWEEN 20°C AND 350°C 


by J. L. VERHAEGHE, G. G. ROBBRECHT and 
W. M. BRUYNOOGHE 


Natuurkundig Laboratorium der Rijksuniversiteit, Ghent, Belgium 


Summary 

The specific heat of two ferrites with respective chemical composition 
Mnj_¢ Zng Fee Oa(a ~ 0.38) and Nig Zng Fee Os(a ~ 0.50) has been 
measured with a Nernst adiabatic calorimeter in the temperature range 
20°C-350°C. Associated with the ferrimagnetic transition an enhanced 
specific heat, due to the magnetic contribution, is observed, having a maxi- 
mum at the Curie-point (172°C and 308.5°C respectively). The results 
of the measurements are tabulated and discussed. 


§ 1. Introduction. Experimental investigation of the specific heat 
of ferromagnetics in the vicinity of the Curie temperature is of 
interest as a test for the validity of the theories of ferromagnetism 
The collective electron theory developed by Stoner!) and 
Wohlfart?) gives the magnetic and electronic contribution to the 
specific heat, whereas statistical theories by Firgau3) and Weiss?) 
lead to expressions for the magnitude of the discontinuity in passing 
the Curie temperature. 

Much experimental material has been collected regarding the 
more familiar ferromagnetics Fe, Ni and Co. Some work has also 
been done on compounds such as MnAs, MnP and a Heusler alloy®). 
More recent are measurements on pure Gd-metal by Griffel et al §). 
Practically no attention has been paid up to now to the lately found 
ferrimagnetics, of which ferrites are the prototype. Except for 
measurements by P. Weiss et al’) on magnetite, Fes04, which 
was then still considered as.a ferromagnetic, and a Russian 
publication §) on Mg—Zn ferrite, no mention has been made in the 
literature, to the authors’ knowledge, of anomalies in the specific 
heat of ferrimagnetics. Measurements by Bates and Sherry 9) 
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on the related magneto-thermal effect (heat exchanges accompanying 
magnetization processes) for Ni-Zn ferrite have been published. 

We have tried to fill up this gap, and the purpose of this paper is 
to offer some new caloric measurements on two ferrimagnetics, 
namely Mn—Zn- and Ni~—Zn-ferrite. The specific heat vs. tempera- 
ture curve of these compounds for the range 20°C-350°C will be 
given, drawing special attention to the behaviour in the ferri- 
magnetic-paramagnetic transition region. 


§ 2. Apparatus and experimental procedure. A vacuum adiabatic 
calorimeter of the classical Nernst type was used. This apparatus, 
shown diagrammatically in fig. 1, consists of a copper vessel heated 


I Ty 


LNA 
[fT 


Fig. 1. Cross-sectional view of the calorimeter. 


from the outside by a nickel-chromium wire, electrically insulated 
from the wall by a thin mica sheet. The vessel acts as an adiabatic 
wall and reduces the heat exchange between the sample and its 
surroundings. Thermal leaks are kept as small as possible by ad- 
justing the temperature of the shielding. The sample is centrally 
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suspended in the calorimeter space. A helical groove of about 
1 mm depth is cut in the surface of the ferrite samples by means 
of a diamond disk. In this groove a heating, coil of 0.2 mm thick 
constantan wire is non-inductively wound. Current and potential 
wires are connected to the ends of the coil. A known amount of heat 
is applied to the ferrite by passing an electric direct current through 
the heating coil during an exactly known time interval. Calibrated 
silver-constantan thermocouples determine the temperatures of the 
sample and the adiabatic wall: one contact is introduced in a small 
hole in the ferrite and the wall respectively, while the other is 
immersed in melting ice. A small amount of waterglass insures good 
thermal contact between sample and thermoelement. Heat losses 
by conduction in the leads of the thermoelements were minimized 
by reducing the wire diameters. The thermo-e.m.f.’s are measured 
with a Diesselhorst compensator and a calibrated standard cell. 
The accuracy is of the order of 0.5 w V, corresponding to an error 
in temperature smaller than 0.01°C. The entire system is suspended 
in a vacuum-sealed jar provided with vacuumtight connections for 
the thermocouples and the electric leads. All experiments are made 
in a vacuum better than 5 x 10-5>mm Hg provided by an oil 
diffusion pump. Calorimetric measureménts are made as follows. 
The shielding wall and the ferrite are heated to a certain temperature 
6,. When equilibrium is reached, heat (calculated from Joule’s law) 
is supplied to the ferrite during a fixed time interval (2 to 2} min). 
As a consequence the temperature of the ferrite increases to 62, 
calculated by means of the corresponding rise in the thermo-e.m.f. 
(02—01 ~ 1°C to 1.5°C). With these experimental data, Cy at the 
temperature 6 = 6; + 3(02 — 61) is determined. Necessary cor- 
rections are made for the experimentally defined thermal leaks, 
using the small drift of temperature before and after the heating 
period. 


§ 3. Samples. The measurements mentioned are made on com- 
mercially available sintered polycrystalline ferrites, namely a 
manganese-zinc ferrite (Mny— Zng Fee Ou, a ~ 0.38, and a nickel- 
zinc ferrite Nij-a@ Zng Fez Oa, a ~ 0.50). The stochiometric para- 
meter a is determined without taking eventual impurities into 
account. These impurities can influence the molecular weight to 
some degree and account for small errors in the values of Cp. 
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TABLE] 
oa ah sa 


The specific heat of Mni—q Znq Fe2 O4(a & 0.38) 


Temperature | Specific Heat Temperature | Specific Heat 
aks cal degree—! mole—! AC cal degree~! mole~1 
20 | 62.4 140 80 
30 63.8 150 81.6 
42.5 65.5 154.5 82.4 
52 66.9 160 83.9 
60 68.3 164 85.0 
67,5 69.2 166 85.6 
75 70.4 169 86.6 
90 72.6 170 87.1 
99 73.8 iva 87.6 

107.5 75.0 172 88.1 
111 75.6 73.5 76.7 
116 76.3 | 176.5 77.4 
120 76.9 180 78.2 
124.5 77.5 195 81.6 
131.5 78.4 201 82.4 
TABLE II 
The specific heat.of Nis_. Zu. Fes Oala © 0.50) 

Temperature | Specific Heat Temperature Specific Heat 

4 cal degree! mole} 2G cal degree~1 mole! 

22 43.5 263 59.0 

30 43.8 272 59.7 

43 44.3 285 : 60.6 

59 45.0 291 61.1 

LO 45.7 296 61.6 

89 46.2 299 61.9 
100 46.9 301 62.1 
110 47.5 304 62.4 
124 48.4 308 62.8 
137 49.2 313 53.5 
148 50.2 316 53.7 
160 51.1 319 54.0 
171 51.8 326 54.5 
185 53.0 331 (ePS) 
196 53.7 342 Sat: 
207 54.6 355 58.5 
220 55.6 360 59.0 
230 56.4 371 59.7 
239 Sail 380 60.4 
Zol 58.0 


The measured samples were cylindrical rods with diameter and 
weight: 
Mn-Zn ferrite: 2y = 5.2mm, m = 2.037 g, 
Ni-Zn ferrite: 27 = 10.0mm, m = 9.543 g. 
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Better accuracy would have been obtained if larger quantities had 
been available. A difficulty arises from the rather small thermal 
conductivity of the ferrites. An interesting point is to know whether 
the applied heat is homogeneously distributed in the entire ferrite. 
This was experimentally checked, and we may conclude that as a 


cal/degree mol 
cof 
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Fig. 2. Plot of the specific heat vs. temperature for a Mn Zn-ferrite. 
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Fig. 3. Plot of the specific heat vs. temperature for a Ni Zn-ferrite. 


consequence of the relatively small diameter of the cylinder and the 
rather deep cutting of the heater coil in the ferrite, homogeneous 
temperature distribution is rapidly attained. Starting from a 
constant homogeneously distributed temperature and changing 
abruptly the surface temperature, we have observed that the homo- 
geneity was practically restored in less than one minute. 
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3 4. Results and discussion. The measured data are tabulated 
in table I (Mn—Zn ferrite) and table II (Ni-Zn ferrite). These values 
are also plotted in fig. 2 and fig. 3 which show that the specific heat 
varies almost linearly with the temperature except in the region 
150°C-180°C (Mn-Zn ferrite), 285°C-320°C (Ni-Zn ferrite), where 
it first rises and then sharply falls, also displaying the well known 
anomaly for ferromagnetics at the Curie-temperature. All the ex- 
perimental points lie within 1° of the smooth curve. The Curie- 
temperatures following from our measurements are in good 
agreement with the values stated by Guillaud!). The temperatures 
where maxima are found for Cy are independent of the way these 
temperatures are reached. The curve was measured with rising and 
falling temperature, no thermal hysteresis being observed. 

The quantitative interpretation of specific heat data for ferro- 
magnetics is still rudimentary; no theory exists for ferrimagnetics 
except the possible application of the spinwave method at very low 
temperatures!!). Experiments of the type considered may in time 
serve as a guide for further modifications and adjustments of the 
theory of ferrimagnetism. More experimental work, especially at 
low temperatures, would be desirable. This would enable one to split 
the measured specific heat data into their different components and 
perhaps to compute the Debye-temperature and the thermodynamic 
functions; then it would be possible to compare results with those 
of the collective electron theory and the spinwave theory. 

Our measurements reveal another interesting point that we would 
wish to consider: the magnitude of the discontinuity at the Curie- 
point. Shul’ha8) found a jump of approximately 2R ~ 4 cal/deg-t 
mole! fora magnesium-zinc ferrite(exact composition unknown).For 
our manganese-zinc ferrite a discontinuity of approximately 6k w12 
cal/deg-! mole~ was found while for the nickel-zinc ferrite we found 
a jump of 4.6 R ~ 9.28 cal/deg-! mole“. (R is the universal gas- 
constant). If one takes values for the saturation moment mg of these 
ferrites, as reported by Guillaud!®) and Gorter?’), a constant 
value of 1.7 for ACy/ng is found (table III). Accepting ACp/ng = 
= 1.7 for the MgZn ferrite in Shul’ha’s experiment, we would find 
the value 2.35 for ng. As Gorter?!2) gives values for ng varying with 
the composition between 1 and 3.5, this result seems plausible. 
Research as to whether the mentioned proportionality between the 
anomaly in the specific heat and the magnitude of the saturation 
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TABLE III : 
a a a ep 
Hos 
i H ACp/n. 
Perec (cal deg! mole~1 Me Bae 

Mni—q Zng Fez O4 12.0 | 6.7 | A 

a& 0.38 *) **) 
Nii_¢ Zing Feo Os 9.28 5.4 1.7 

a& 0.50 *) **) : 
Mgi-> Zn> Fee Oa 4 


*) our measurements. 
**) Guillaud?°), Gorter!?). 
CAEN Sauieiney ): 


moment is accidental or a general law, is in progress. A general law 
would not be so unexpected as it could be qualitatively inter- 
preted as a generalization for spinels of the results found for cubic 
structures by Firgau®). 
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A RECIPROCITY THEOREM FOR THE 
ELECTROMAGNETIC FIELD SCATTERED 
BY AN OBSTACLE 


by A, T. DE HOOP 


Laboratorium voor Theoretische Elektrotechniek en Elektromagnetische Straling, 
Technische Hogeschool, Delft, Netherlands 


Summary 

When a time-harmonic plane electromagnetic wave is incident upon a 
scattering obstacle of finite dimensions, the far-zone scattered field satisfies 
a reciprocity relation. This reciprocity relation is derived with the aid of 
H. A. Lorentz’s theorem. The result is valid under rather general assump- 
tions as far as the electromagnetic properties of the obstacle are concerned. 
As a special case, the result for a perfectly conducting obstacle is obtained. 


§ 1. Introduction. In several branches of electromagnetic theory 
some kind of reciprocity theorem holds. Restricting ourselves to 
those branches where the field concept plays an essential role, we 
mention the relations between the transmitting and receiving 
properties of antennas !)?) and the symmetry of the impedance (or 
admittance) matrix characterizing the properties of a waveguide 
junction 3)4). The cited literature shows that the proof of the 
reciprocity relations under consideration is based upon a theorem 
due to H. A. Lorentz *). 

When the scattering of a plane electromagnetic wave by an 
obstacle of finite dimensions is considered, it can be shown that a 
reciprocity relation exists for the far-zone scattered field. The 
special case of perfectly conducting obstacles has been investigated 
by Levine and Schwinger §) (scattering by a plane obstacle of 
vanishing thickness) and by Storer and Sevick *) (scattering by 
an obstacle of arbitrary shape). The proof given by these authors is 
based upon the integral equation to be satisfied by the surface- 
current density at the boundary of the obstacle. 

In the present paper it is shown that the relevant reciprocity 
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relation holds in case the obstacle has rather general electromagnetic 
properties (for the precise conditions, see § 3) and is surrounded 
by a homogeneous, isotropic, non-conducting medium. The proof is 
based upon Lorentz’s theorem. 

Reciprocity relations in electromagnetic scattering problems 
have also been studied by Saxon 8). In studying Saxon’s paper, 
the present author encountered some difficulties in understanding 
the physical meaning of his separation of the field at infinity into 
incident and outgoing spherical waves. In any case, the proof in the 
present paper is mathematically rigorous and the theorem applies 
to an idealization (plane-wave excitation) of a physically realizable 
situation. Our results agree with Saxon’s reciprocity relation for 
plane-wave scattering. 


§ 2. The field outside the obstacle. A time-harmonic, elliptically 
polarized, plane electromagnetic wave is incident upon an obstacle 
of finite dimensions. The boundary of the obstacle is a sufficiently 
regular closed surface S. The electric and magnetic properties of the 
obstacle are assumed to be linear; they will be specified in § 3. 
The medium in the domain outside S is assumed to be homogeneous, 
isotropic and non-conducting (which includes the case of free space), 
with permittivity e9 and permeability wo. In the exterior domain, 
the electric field vector E and the magnetic field vector H are written 
as the sum of the incident field E*, H* and the scattered field Es, H: 


E= E+ Es, (2c0) 

H = H'-+ Hs. (2.2) 

Both the incident and the scattered field satisfy Maxwell’s 
equations 

curl H = — tweok, (2.3) 

curl E = iwuoH, (2.4) 

where w is the angular frequency of the exponential time dependence 

of the form exp(— it). This factor, which is common to all field 


components, has been omitted throughout. In addition, the scattered 


field shall satisfy the radiation condition 9) *) 
[\E® — (yoleo)* (H® x in)|2dS = 0(1) (R00), (2.5) 
Sr 
*) For a vector A whose components are complex numbers, we have |A|? = A: A*, 
where A* denotes the complex conjugate to A. 
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where Sp is the surface of a sphere of radius R around some point 
_of observation and ig is the unit vector in the direction of the 
outward normal to Sp. 

Let r = (x, y, 2) be the radius vector from a fixed origin to the 
point of observation. The origin is located at some finite distance 
from the obstacle. Further, the unit vector @ in the direction of 
observation is introduced. Then, r = 7@. If, now, the scattered 
field satisfies (2.3), (2.4) and (2.5), the following expansion holds?®) : 


eikr 
HA(r) == E(B) + Of-9) «(r= 00), (2.6) 
(wo/e0)* H8(r) = [6 x F(6)] - + 00-2) (r +00), (27) 


where the (complex) factor F(@) is given by 
4xF(6) = — k°6 x /[n x E%(o)] exp(— 7kO-0) dS + 
S 
+ (uo/e0)?k20 x {8 x /[n x H8(o)| exp(—7zkO-o0) dS}, (2.8) 
S 


in which @ = (&, 7, €) is the radius vector to the point of integration, 
and 
k = w(eouo)? = 2/A, (209) 


2 being the wavelength in the medium outside the obstacle. The 
first term of the right-hand side of (2.6) and (2.7) is called the “‘far- 
zone approximation’’. Although S in (2.8) could be any sufficiently 
regular bounded closed surface completely surrounding the ob- 
stacle, it will be convenient to take S to be the boundary of the 
obstacle. 


§ 3. The field inside the obstacle. The total field inside the obstacle, 
too, will be denoted by E, H. The electromagnetic properties of the 
obstacle are characterized by its tensor permittivity ey, its tensor 
conductivity oj; and its tensor permeability mi (7,7 = 1, 2, 3). The 
field vectors E = (Fi, E2,£3) and H = (Ai, fe, H3) satisfy 
Maxwell’s equations, which, in subscript notation, are 


3 
(curl H); = ph (oi — 1meiy) Ej (7 = ik 2 3), (3.1) 
j=1 


(3.2) 


snk 
(or 
ae} 
o, 
& 
ll 
= 
| 
~ 
8 
apa? 
S 
S 
os 
Ss 
| 
S 
SS 
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It is assumed that ej, oj and wi are symmetric tensors, Le. ej = 
= &}j1, O17 = Ofi, Mig = My. Further, we impose the restriction that 
€ij, Oi7 and iy are independent of:the electric and magnetic field 
vector (thus excluding non-linear effects) and are continuous 
functions of position with the possible exception of a finite number 
of sufficiently regular bounded surfaces across which they may 
jump by finite amounts. If these conditions are satisfied, Lorentz’s 
theorem holds!4). 

Let Eg, Hq and Ey, Hy denote two vector fields which satisfy 
Maxwell’s equations (3.1) and (3.2) in a certain domain, bounded 
by a sufficiently regular closed surface S. If n is the unit vector in 
the direction of the outward normal to S, we have 

| (Ea X Hy — Ev X Ha)-n dS = 0. (3.3) 
Equation (3.3) is called Lorentz’s theorem. The proof is easily 
obtained by making use of Maxwell’s equations and Green’s 
divergence theorem. Although S in (3.3) could be any sufficiently 
regular bounded closed surface, it will be convenient to take S to 
be the boundary of the obstacle. 


§ 4. Proof of the recvprocity theorem. The vector fields Eg, Hg and 
E», Hy are chosen as follows. The field Ey, Hg is the total field due 
to an incident plane wave of the form 


E,'(r) = A exp(— tka-r), (4.1) 

Hg'(r) = (e0/f0)? (A X @) exp(— tka-r), (4.2) 

where A specifies the polarization of the wave (in general, elliptic) 
and @ is the unit vector pointing towards the source at infinity. 


Similarly Ep, Hy is the total field due to an incident plane wave of 
the form 


E,‘(r) = B exp(—ikB-r), (4.3) 
Hy'(r) = (¢0/uo)*(B X 8) exp(—ikB-r). (4.4) 
Since the waves are transverse, we have A-@ = 0 and B-B = 0. 


From Lorentz’s theorem (3.3) it follows that 


f (Eq X Hp— Ep x Hy):n dS = 0; (4.5) 
S 


where S is the boundary of the obstacle. Since n x Eqa,o and 


A RECIPROCITY THEOREM FOR E.M. SCATTERING 139 


n X< Hg,» are continuous across S, we need not indicate whether 
S is approached from the inside or the outside, respectively, when 
evaluating the integrand of (4.5). 
In the first place we observe that 
J (Ea® X Hy’ — Eo’ X Ha’): dS = O(r-1) (ry +00), (4.6) 
S; 
where S; is a sphere of radius y around the origin. This relation is 
proved by substituting (2.6) and (2.7) in the left-hand side of (4.6). 
Since Lorentz’s theorem also applies to the domain bounded 
internally by S and externally by S;, (4.6) implies that 
J (Ea? X Ho’ — Ev? X Ha’):-n dS = 0. (4.7) 
S 
Secondly, it can be shown that 
| (Eat X Hy — Ey x Ha')-n dS = 0. (4.8) 
S 
Consequently, we obtain from (4.5), (4.7) and (4.8) 
| (Ea® X Het — Eyt x H,’):n dS = 


S 


= f (Ex X Ht — Eg x Hy')-n dS. (4.9) 
S 


Now, we have from (2.8), using (4.3) and (4.4), 
41B-Fq(B)=— (uo/eo)?k? /(Ea® X Ho! — Ext x Ha’)-n dS. (4.10) 
S 


Application of the identity (4.9) to the right-hand side of (4.10) 
yields the result 

B-F4(B) = A- F(a). (4.11) 
Equation (4.11) is the reciprocity theorem to be proved. 

The proof given above also applies to the case of a perfectly 
conducting obstacle. For, in this case each term of the left-hand 
side of (4.5) vanishes by virtue of the boundary condition: 
n X Ea,o = 0 on S. 
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WAVE PROPAGATION IN AN INHOMOGENEOUS 
TRANSVERSELY MAGNETIZED RECTANGULAR 
WAVEGUIDE 


CHEN TO TAI 


Instituto Tecnolégico de Aeronautica, Sao José dos Campos, Brasil 


Summary 


Wave propagation in an inhomogeneous transversely magnetized rec- 
tangular waveguide is studied with the aid of a modified Sturm-Liouville 
differential equation. A detailed discussion is given of the power relationship. 
Application of the Rayleigh-Ritz method to the approximate calculation 
of the eigenvalues is outlined, yielding a general secular determinental 
equation. Several models are proposed to illustrate how the exact eigenvalues 
of this new class of boundary-value problems are to be determined. 


§ 1. Introduction. Ever since Kales, Chait, and Sakiot 4) 
- first formulated the problem of a gyromagnetic slab in a rectangular 
waveguide magnetized by a transverse d.c. magnetic field, the same 
problem and similar ones have been studied by many others 2-8). 
In spite of these contributions there are still several important 
questions remaining unanswered. Among them we may mention 
the unidirectional paradox of Lax and Button 8) and the related 
problem concerning the nature of the evanescent modes. Little 
has been disclosed about the spectral distribution of the propagation 
constant pertaining to the evanescent modes. 

In this article the problem is studied from a more general point 
of view. It is assumed that the medium is inhomogeneous in the 
broadside direction of the guide. The inhomogenity can be either 
continuous or discontinuous. In these cases we obtained a differen- 
tial equation for the electric field of the TEn9 modes. The equation 
is similar to the Sturm-Liouville differential equation, but with 
the eigenvalue appearing in a linear as well as in a quadratic term. 
Consequently, it has a very different characteristic from the 
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ordinary Sturm-Liouville equation. Many of the physical properties 
of such a waveguide can then be analyzed with the aid of that 
equation. This paper reports some preliminary results which have 
been obtained by this approach. 


Hdc 


Zoom |Z 


Fig. 1. An inhomogeneous gyromagnetic rectangular wave guide with a 
d.c. magnetic field applying in the y-direction. 


Z 


§ 2. Formulation. The Maxwell equations for a harmonically 
oscillating field in a gyromagnetic inhomogeneous medium can be 
written in the form 

V XE 2B, (1) 


V X [y |B = —tock. (2) 


It is assumed thst the time factor is e*#¢. The magnetic reluctivity 
tensor [vy] and the dielectric constant ¢ are in general functions of 
position. It can be verified that in the case of an inhomogeneous 
gyromagnetic waveguide as shown in fig. 1, where the magnetic 
reluctivity tensor and the dielectric constant are only functions 
of x, there exists a set of transverse electric modes, the electric field 
of which has only one non-vanishing component Ey. By eliminating 
B between (1) and (2) and assuming that the dependence of Fy, 
upon x and z has the form of a guided wave, namely 


Ey = E(x) eibz, (3) 
one obtains the following differential equation for E(x): 


dn EJs (pane Been) 6) 8 


where 7; and v2 are the elements of the magnetic reluctivity tensor 
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defined by 
V1 @) V9 
[y] = [wet = | 0 youn bal>: (5) 
—1V9 O Vy] 


It is to be remembered that 1, v2 and e are assumed to be functions 
of x only. In the case ofa wave guide partially filled with gyromagnetic 
material with a constant applied magnetic field 11, v2 and « are 
given as three step functions. 


§ 3. Orthogonality and power relationship. From (4) several 
important characteristics of the modes can be deduced. First of all, 
one observes that (4) differs from the ordinary Sturm-Liouville 
equation by the appearence of a linear term in f. Let us denote a 
typical eigenfunction by fy and the corresponding eigenvalue by 
bn; then fn satisfies the equation 


d ( a4 2 dy 2 MS 6 
“e VL ie + (—Bn?v1 — Bn ae + we) fn = 0. (6) 


The boundary condition for fy is 

fn(0) = fn(a) = 9. (7) 
For a lossless medium [y] is hermitian. Under this condition it can 
be shown by means of (6) and a similar equation for / that the 
following orthogonal relationship exists between f, and fm: 
f dye 


(Gn — Bm} { | Ba + Bn’ +52 | tain” ax=0. 0) 


0 
Equation (8) is a special case of a more general orthogonal relation- 
ship obtained previously by Walker 9). There is, however, an 
apparent difference between the two derivations. In Walker's 
analysis, the relationship was derived by means of a divergence 
identity. The behaviour of the guided wave at infinity, therefore, 
must be postulated. Such an assertion is not required in the present 
derivation. Another orthogonal relationship, with no restriction 
to the hermitian property of [7], is 


a 


(Bn — Pn) { 


0 


dre 
| (en + Bm) v1 + viol faim dx = 0. (9) 
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By using the known solutions for a rectangular waveguide partially 
filled with gyromagnetic material 1.2) we have verified the validity 
of (8) and (9). The fact that the weighting factor in (8) and (9) 
contains the eigenvalues, imposes a serious limitation upon the 
normal expansion of an arbitrary function in terms of these 
“‘pseudo-orthogonal’”’ functions. However, we are going to show 
that as a result of (8) there is no coupling of power between the 
different TE, modes, and in addition, the evanescent modes are 
not carriers of power flowing in the guide in spite of the fact that 
they are characterized by a complex propagation constant. 
Thus, if we let 


Ey = apleyn hr ose, (10) 


then the power flowing in the guide in the positive direction of z is 
given by 


Pe) = —4 | { (EyHs" + By'H,) ds = 


b % 
ee a Ss |A »|2 | | (Pn " Bn*) yp eS, Itn|? dx. (1 1) 
o 0 dx 


In deriving (11) we have already made use of (8) for n 4 m. It is 
seen from (8) that when = m and f, is complex, corresponding 
to the propagation constant of the evanescent mode, 


i, | (en + Bn*) 1 + ec] lfnl? dx = 0; (12) 


% 
hence, the terms in (11) which are responsible for the transport of 
power in the guide are those with 6» real. The net power flow is 
then given by 


Pass dal? [ 


0 


a 


dy 
(2p a0 na ks ful? dx. (13) 


The summation is to be taken over all the real By. Since P is in- 


dependent of z, the result is compatible with the hermitian property 
of [y]. 


§ 4. Application of the Rayleigh-Ritz method to the approximate 
calculation of the eigenvalues. Although we have not yet found an 
elegant method to analyze the spectral distribution of the eigen- 
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values pertaining to the modified Sturm-Liouville equation, it 
may be of some interest to present here a formal extension of the 
Rayleigh-Ritz method originally devised for the ordinary Sturm- 
Liouville differential equation. By multiplying (6) by fp and in- 
tegrating with respect to x form 0 to a one obtains 


ABn? + BBn +C =0, (14) 
where 
A =| Vif n2 dx, (15) 
0 
* dye 
= pa dx, (16) 


C= a] (ey ~ o%efn? | de (17) 


It can be verified that (14) is a variational expression for By. It is 
a special case of a more general one obtainable by means of 
Rumsey’s reaction method as cited by Berk!®). For the approxi- 
mate calculation of By we let 


N 
fn = X Rpup, (18) 
p=1 


where 7, denotes a set of orthogonal functions satisfying the ortho- 
gonal relation 


0 


and the boundary condition u,(0) =O and u,(a) = 0. In (19), 
Opq denotes the Kronecker delta function. Following the usual 
procedure, which leads to a secular determinal equation, one finds 


Det |Bn?0pq + BnB pg + Cpq| = 0 (20) 


with p, g = 1, 2, ... N, where 


” dy 
B pq ={ id 4) dx, (21) 


dup dug ) 
“i ts LU ag | OX: ey 
Cpq ih (>: ea, W°EU pug (22) 
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In the case that dyg/dx = 0, leading to Byg = 0, (6) reduces to 
the ordinary Sturm-Liouville equation, and (20) becomes the well- 
known secular determinential equation for that case. 

It is also evident from (14) that the condition for the existence 
of the reciprocal modes, with Bnt = —fn-, requires B to be zero. 
To meet this requirement yz has to be a symmetrical function of 
x with respect to the centre of the guide. Non-reciprocal modes 
prevail when yg is not symmetrical. 


§5. Some models for studying the spectral distribution of the 
eigenvalues. While little is yet known about the general theory 
concerning the spectral distribution of the eigenvalues of the 
modified Sturm-Liouville equation, several “‘academic’’ models are 
proposed here to ilustrate how the exact eigenvalues of some 
specific problems can be determined. We would like to remark here 
that the inhomogenity of »; and v2 can be attributed either to an 
inhomogeneous d.c. magnetic field or to an inhomogeneous medium. 
Thus, one has a certain freedom in choosing the functional :de- 
pendence of 71, v2 and « upon x. We list here a few cases in which 
(4) can be solved in terms of known functions. 

Casenl 


€ = Coe, ny = cee, dva/dxy = ta e°*. 
In this case, the solution for (4) is relatively simple, being given 
by 
E(x) = A e!% sin(k? — ta2 — sB — B2)}, (23) 


where k2 = w*co/c, and s = ¢9/c,. The characteristic equation for 
determining fp is 


na \2 
A — dot — sn ~ fra? =( J Nisaths Zyrtec (24) 


It is to be observed that when 7, is linear in dy2/dx, the modified 
Sturm-Liouville equation is reducible to the ordinary type. However 
as far as the eigenvalues 6, are concerned, we still have in general 


two different values of |f,| pertaining to the two non-reciprocal 
modes of the same order. 
Case II. 


E= Co, ¥1 = Cz C%*, dyo/dx = co e®*, 
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By changing the independent variable to &, defined by 


Sta (25) 
the solution for E(&) is found to be 
Lg ZR, | 
E(e) = #2, ( - :) (26) 


where Z denotes a general cylindrical function and 


w={l+ 


4 Cc 3 (ob 
5 (6? + sf)]}*, R= ow (=) _s=—. 
a2 


Cy Cl 


It is noticed that the order of the cylindrical function is dependent 
upon the eigenvalue. The latter is to be determined by imposing the 
boundary condition that at €=1 and =e the function 
vanishes. 

Case iit 


E—E= Co(1 — ax), yy = cx(1 a ax), dvg/dx = Con. 
By changing the independent variable to 7, defined by 
if Sax (27) 


(4) can be transformed into the confluent hypergeometric equation. 
The solution for E(7) is then given by 


E(n) = 7 *We,o[2(A? — h?)'n], (28) 


where W;,,9 denotes a general Whittaker function with order m 
equal to zero and 


hk? = — 45A(A2 — h2)-43, s = €9/c. 


The eigenvalue f is to be determined by imposing the boundary 
condition that at 7 = 1 and 7 = 1 + aa the function must vanish. 
Analytically, the computation of f for cases II and III is not 
simple at all. These examples serve mainly to illustrate the intricate 
nature of this class of boundary-value problems. 
Finally, we may mention that the modified Sturm-Liouville 
equation occurs also in problems dealing with an inhomogeneous 
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circular or sectorial waveguide with the d.c. magnetic field applying 
in the axial direction. In either case the electric field component EF, 
pertaining to the TE modes satisfies the following differential 
equation : 


Ces (at, Gk ] 
Plear eas) 4 


[epee (228) pan epee, "eo 
where 1, vg and ¢ have the same significance as previously except 
that they are now functions of 7. For the homogeneous case, 
corresponding to constant 11, vg and e, the equation can be trans- 
formed into the confluent hypergeometric equation. Solutions for 
the open domain have been studied by Suhl and Walker 2). It 
is obvious that the treatment which we have given to the rectangular 
case, such as the orthogonality and the variational method, can 
readily be applied to (29) with shght modifications. 
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INFRARED SPECTRA OF ION-PRODUCING SPECIES 
IN HYDROCARBONS 


by ANDREW GEMANT 


Engineering Research Department, The Detroit Edison Company, Detroit, Michigan, 
U.S.A. 


Summary 


Infrared absorption spectroscopy is applied to the study of liquid hydro- 
carbons having high electrical conductivities. In conjunction with other 
methods, this technique permits conclusions to be drawn concerning the 
reaction mechanism, notably addition-compound formation, which precedes 
dissociation into free ions. Results with two particular systems, one of which 
involves oxidation with ozone, are presented. 


Measurements of the electrical conductivity of hydrocarbon 
dielectrics have established that ions are generated as a result of 
oxidation. One of the major problems in this connection concerns 
the reaction mechanism that leads to the formation of ion-producing 
species in the hydrocarbon solvent. In the writer’s previous 
studies 1), elucidation of the reaction mechanism was attempted 
by means of several approaches, such as: 1. use of reactants with 
known primary reaction products; 2. action of certain inhibitors 
which prevent ion-formation; 3. absorption spectroscopy in the 
ultraviolet; and 4. use of radioactively labeled reactants and 
adsorption on ion-exchange resins 2). 

Absorption spectroscopy in the infrared has now been tried in 
addition to these methods. Infrared spectra are particularly suitable 
for establishing groups and bonds present in unknown species, and 
it was thought promising to use that technique in connection with 
the problem at hand. The results of that study are presented in 
this paper. 

As a well-defined and reproducible system of an oxidized hydro- 
carbon, ozonized solutions of an aromatic compound in the pre- 
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sence of an aliphatic acid in an alicyclic solvent were used; such 
a system was previously studied and described by the writer 1). The 
aromatic hydrocarbon chosen for this study was naphthalene, and 
the aliphatic acid was lauric acid, both in 50 mM/1 concentration. 
The solvent was methylcyclohexane, replaced in some tests by 
CCl4. The former transmits infrared radiations satisfactorily in the 
wave-number region between 1200 and 650 cmz!, and the latter 
between 5000 and 1200 cm~!, Successive use of both solvents gives 
a fairly complete absorption spectrum. Ozonization was carried 
out at room temperature for 15 or 30 minutes, with a constant 
current in the ozonizer. A Beckman IR-5 infrared spectrophoto- 
meter was used in conjunction with a NaCl cell having a length of 
OF name 

In the presentation and analysis of absorption spectra only those 
bands will be considered that show characteristic changes as a 
result of O3 action. It is realized that caution is required in arriving 
at conclusions from infrared spectra, and that the evidence for the 
presence of certain groups and bonds has value only in conjunction 
with proofs of other nature. 

Figs | and 2 present the absorption spectra of the system in 
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Fig. 1. Infrared spectra of naphthalene and lauric acid (each 50 mM/1) in 
methylcyclohexane. Range of spectrum from 5000 to 1000cm-!. Time of 
ozonization for curve 1, none; curve 2, 15 minutes; curve 3, 30 minutes. 
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methylcyclohexane in the wave-number regions of 5000 to 1000 
and 1000 to 650cm-! respectively. Each figure contains three 
absorption spectra referring to zero, 15 and 30 minutes of ozoniza- 
tion times. Four significant changes, observable in the course of 
ozonization, are found in the absorption curves. These changes will 
now be discussed. 
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Fig. 2. Infrared spectra of naphthalene and lauric acid (each 50mM/J) in 
methylcyclohexane. Range of spectrum from 1000 to 650cm~!. Time of 
ozonization for curve 1, none; curve 2, 15 minutes; curve 3, 30 minutes. 


In fig. 1, curve 1 a broad peak is seen with a maximum at 3050 
cm-!, which is characteristic of the stretching frequency of the 
dimerized OH group in carboxylic acids 3), In curves 2 and 3 this 
peak decreases and is replaced by another broad peak whose 
maximum is at 3400 cm~!. This peak is generally considered +) as 
due to OH intermolecularly bonded in polymeric association, its 
location being 3400 to 3200 cm. Thus the bond of OH in the 
carboxyl dimers changes in the course of Os action to an inter- 
molecular bond with another molecule. This conclusion will be 
utilized in the course of analysis of further bands. 

The second major change as a result of ozonization is found in 
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the sharp peak at 1710cm7! of curve 1. This peak is due to the 
stretching frequency of CO which in saturated carboxylic acids is 
found at that location 5). During ozonization this peak gradually 
diminishes from 59 per cent absorption to 42 per cent at 15 minutes 
Og action, and 29 per cent after 30 minutes. Simultaneously another 
peak appears, shifted to a higher frequency, about 1750 cm7?; 
this peaks corresponds to 20 per cent absorption after 15 minutes 
and 27 per cent after 30 minutes. 

If, according to the shift of the OH peak, the hydroxyl becomes 
bound to another molecule, the CO group, too, must be associated 
with the other molecule, and its shift of frequency is explainable 
on that basis. Whereas the identity of the compound molecule 
cannot be stated, there are many observations to the effect that a 
shift of the CO band to higher frequencies take place when the 
carbonyl is joined to another group. A theoretical explanation of 
such an effect was given by Halford §). 

Various examples of such an effect may be quoted, such as 
lactone formation. The writer found the CO peak in butyrolactone 
in solution to be at 1780 cm—!. Extensive studies along these lines 
were carried out by Rasmussen’) and Marion 8). Another 
instance of a similar kind is ester formation 9). The writer examined 
ethyl myristate in solution and found the peak at 1740 cm7!, close 
to where it is found in fig. 1, curve 3. There is, accordingly, agree- 
ment between the interpretation of the OH and CO shifts observed. 

The third change occurs mainly between 1200 and 1000 cm-!: 
various broad peaks of high intensity, not present in curve 1, are 
found developed in curves 2 and 3. The most likely explanation of 
these bands is formation of ozonides from the aromatic compound. 
Criegee 1) as well as Briner 1!) established the main region of 
ozonide bands at 1060-1040 cm-1. It can be seen that the maximum 
of the bands in the present instance lies between 1100 and 1000 cm-1. 
Ozonide precursor formation is actually the first reaction to take 
place in the system under consideration, leading, in the absence of 
the acid, to a precipitate. The solution remains clear in the presence 
of the acid. 

The fourth significant change refers to the sharp peak at 780 cm7!, 
fig. 2, curve 1. This peak is appreciably reduced in the course of the 
reaction. From 67 per cent absorption it is reduced to 47 per cent 
after 15 minutes and 17 per cent after 30 minutes. A new broader 
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peak at 755 cm~! appears with 14 per cent intensity after 15, and 
20 per cent intensity after 30 minutes. 

The original peak is characteristic of naphthalene !2) and is usually 
interpreted as out-of-plane deformation vibration of the CH bond 
in the aromatic ring. The position of this peak depends, however, 
on the nature of substitutions. Ortho-di-substituted aromatic rings 
absorb at frequencies between 770 and 735 cm-1 13), Orr and 
Thompson }%) observed a strong band near 750 cm~! with ortho- 
di-substituted compounds. Measuring the absorption of o-xylene, 
the writer found the peak at 740 cm. The coincidence of these 
positions with the one observed in fig. 2 points to the formation 
of o-substituted compounds from naphthalene. Since the OH and 
CO peaks of the acid indicated an attachment of the latter to another 
molecule, a plausible explanation of the shift of the aromatic band 
is the formation of an addition compound between an acid molecule 
and an aromatic molecule in the o-position. This compound is 
formed following the formation of the ozonide precursor (see later). 
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Fig. 3. Infrared spectra of naphthalene and lauric acid (each 50 mM//) in 
carbon tetrachloride. Time of ozonization for curve 1, none; curve 2, 30 
minutes. 


In fig.3 corresponding absorption spectra in carbon tetra- 
chloride are presented. Since that solvent absorbs strongly between 
800 and 700 cm-1, the aromatic peaks are missing and the extension 
of the curves beyond 1000 cm~! is not shown. There are two sharp 
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peaks between 2900 and 2800 cm-!, characteristic of the CHe 
stretching frequency; these are not pronounced in fig. 1 since 
methylcyclohexane absorbs in that region. These peaks are super- 
imposed on the OH dimer band in curve 1 and are unaffected by Os, 
as was to be expected. The shift of the bonded OH band to 3400 
cm! is pronounced. The behaviour of the CO band is also similar 
to that in methylcyclohexane, a shift from 1710 to 1750 cm“ 
taking place. The same conclusions can therefore be drawn from an 
analysis of absorption curves in both solvents. 

Beside aliphatic acids cholesterol was found to lead to high 
electrical conductivities when oxidized in the manner described. 
It was surmised that acids formed upon ozonization of cholesterol 
act similarly to aliphatic acids. Such a system was examined by 
means of the infrared technique; the result is shown in hig. 4. 
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Fig. 4. Infrared spectra of naphthalene and cholesterol (each 50 mM/l) in 
carbon tetrachloride. Time of ozonization for curve 1, none; curve 2, 15 
minutes. 


Curve | indicates a small peak at 3600 cm~1 due to the free OH 
of cholesterol. No carboxyl peaks, of course, are found. In curve Ds 
OH bonded appears at 3300 cm~!. Two peaks appear at 1700 and 
1740 cm~!, the latter larger than the former. This confirms the 
view that carboxyl is formed, which subsequently becomes 
attached to another molecule. The location of this carboxyl is very 
likely the side chain of cholesterol, as in cholic acid. Various 
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ozonide peaks, such as at 1000, 1080 and 1130 cm~!, are also to be 
seen in curve 2. 

In the previous work it was observed that certain compounds, 
notably unsaturated hydrocarbons and alcohols, inhibited the 
production of conductivities, i.e., of a high ion content. As for the 
olefins, they probably compete with the aromatic compound for 
ozone. Concerning the alcohol, the mechanism is a different one. 
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Fig. 5. Infrared spectra of naphthalene, lauric acid (each 50 mM/I) and 
n-butyl alcohol (100 mM/1l) in methylcyclohexane (curve 1) and carbon 
tetracholide (curve 2). Ozonization for 30 minutes. 


Fig. 5 shows absorption spectra for the naphthalene system, 
containing, in addition, 100 mM/I -butylalcohol. Curve | refers 
to methylcyclohexane, curve 2 to carbon tetrachloride, both after 
30 minutes ozonization. These are to be compared with curves 3 
of figs 1 and 2, and curve 2 of fig. 3, referring to the corresponding 
alcohol-free systems. The OH peaks, as well as those resulting from 
the aromatic are the same, whether the alcohol is present or not. 
This shows that hydrogen bonding to the ozonide precursor is 
present in both cases. 

A difference, however, is found in the CO peaks. They are neither 
the original sharp peaks at 1710 cm™!, nor do they show the broad 
peak at 1750 cm-1, having rather an intermediate shape between 
the two. It follows from this that alcohol interferes with the formation 
of an addition compound between the acid and the aromatic. 
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Alcohol thus competes with the acid for the ozonide precursor, and, 
although acid probably binds part of the precursor, the bulk of the 
latter is being combined with alcohol. The new addition compound 
has no tendency to dissociate into ions, hence the suppression of 
high electrical conductivities. This mechanism of the action of an 
alcohol, which is borne out by the infrared spectrum, was suggested 
as a possible one in the previous ae It is also confirmed 
by the radioactive method mentioned ? 


( eae 


seen a Whe \7ie 


Fig. 6. Ionic species as developed from the zwitterion (a), after combining 
with an aliphatic acid (b) and subsequent dissociation (c). Stabilization by 
resonance with other ionic structures (d). 


\2, | ( \\ 2, 


It may be pointed out that infrared spectroscopy, like the tech- 
nique using ion-exchange resins, does not give specific information 
on free ions. These methods do not differentiate between an ion- 
forming compound and the free ion if the concentration of the 
latter is much smaller than that of the former, such as aniline and 
aniline cation in a solution of the base, for instance. The infrared 
spectra do, however, show that in the present instance acid forms 
an addition compound with an ozonide precursor of the aromatic. 
This addition compound may be considered as crypto-ionic which 
to a small extent dissociates into free ions; the cation is in all 
probability the aromatic 2), the anion the aliphatic structure. 
Infrared spectra in conjunction with other methods thus appear 
to give sufficient information on the problem. 

The results of the present study as well as the previous results 
of the author #) are in agreement with recent studies of Criegee 15) 
and Bailey !*) on ozonolysis of aromatics. The main precursor is 
assumed to be the zwitterion, fig. 6a, which, in the presence of an 
aliphatic acid, for instance, adds to the latter (fig. 6b). This ad- 
dition compound is probably the one inferred by the -present 
author. The ionic species observed may be due to dissociation into 


INFRARED ABSORPTION BY IONS IN HYDROCARBONS 157 


an aliphatic acid anion and a carbonium cation (fig. 6c). This 
cation is probably stabilized by resonance with other structures, 
such as a diradical oxonium cation (fig. 6d), similar to the structures 
ascribed to anthraquinone and fluorenone cations 17), 

In conclusion, infrared spectra of a related, although different 
kind of conducting solution in hydrocarbons, in which no oxidation 
is involved, are presented in fig. 7. These solutions, containing an 
aliphatic acid, an amine and a phenol in hydrocarbon were observed 
and described earlier by the writer 18). Phenol was considered as 
a hydrogen bonded solvating compound for the ions formed by 
dissociation of the acid-amine salt. 

cm! 
2000 sees) Eee 1400 eee eee 11001000 


5000 4000 3000 2500 
I E 


i 
3 4 5 6 7 8 2) 10 
micron 


2 


Fig. 7. Infrared spectra of lauric acid, tri-n-butylamine (each 50 mM/1) and 
o-cresol (70 mM/1) in methylcyclohexane, curve 1: acid and amine, curve 2: 
cresol, curve 3: acid, amine and cresol. 


Curve 1, acid and amine, shows the OH dimer frequency at 3000, 
and the free CO frequency of lauric acid at 1720 cm}. Curve 2, 
o-cresol, shows free OH vibration at 3650 cm7! and a peak at 1590 
cm-! due to the C=C stretching vibration. The CH vibration 
frequency of the o-substituted aromatic ring is at 748 cm™! (not 
shown). When the three compounds are combined, the absorption 
curve shows the following changes (curve 3). 

Free OH is practically absent; instead, a broad band from 3500 
to 2700 cm-! appears, indicating OH bonded. This bands may be 
due to bonding of hydroxyl of both lauric acid and cresol. The 
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free Co peak is reduced from 43 to 19 per cent, indicating a combi- 
nation of the acid to amine; there is no noticeable second peak at 
a higher frequency. The C=C aromatic peak at 1590 cm™? is in- 
creased from 11 to 31 per cent. According to Bellamy !%) this 
is a sign of the presence of a carbonyl in the vicinity of the ring and 
subsequent conjugation. It could be interpreted in this case as 
hydrogen bonding of the cresol hydroxyl to the carboxyl of lauric 
acid, substantiating the earlier assumption concerning addition 
compound formation between cresol and acid-amine salt. 


Received 9th October, 1959. 
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Summary 

In the first part of this paper the motion of a particle in a slowly varying 
homogeneous field is studied. An expansion is given for the dominating 
spiralling part of the motion. It is found that the centre of this motion will 
drift slowly. Calculation of the drift amounts to the determination of the 
reflection in an equivalent wave propagation problem. In the remaining 
section the motion in constant, nearly homogeneous fields is treated, partly 
using the same method. In a few representative cases it is shown that the 
first approximation reproduces results given by Alfvén and Spitzer, 
while some results are given in second approximations. 


§ 1. Introduction. The problem of an electrically charged particle 
moving in a slowly varying homogeneous magnetic field is an old 
one. It has been considered already in connection with the classical 
theory of diamagnetism. Due to the recent development of magneto- 
hydrodynamics and the theory of plasmas the interest in this 
problem and in the related one of the motion in a constant, nearly 
homogeneous field has been revived. 

The classical result is that, when the homogeneous field is varied 
slowly, the magnetic moment of the particle is constant. Assuming 
that this result is also valid in a steady inhomogeneous field 
Alfvén!) and Spitzer?) discussed the secular drift of spiralling 
particles in this case, using more or less heuristic arguments. In 
a paper by Hellwig 3) the author comes to the conclusion that the 
magnetic moment is a constant during the motion at least up to 
a second approximation. Hert weck and Schliiter 4) investigated 
the motion in a homogeneous field starting from a constant initial 
value and tending to a definite limit. They showed that the limit 
of the magnetic moment differs from the initial value at most in 
terms of exponential order. 


— 159 — 
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As we will show, the former investigation must contain an error. 
Hertweck and Schliiter’s work, although quite correct as it 
stands, is based on a modified form of the equation of motion and 
therefore does not decide the question of the asymptotical behaviour 
of the solution of the exact equation. We therefore will present 
in this paper some investigations on this exact equation, using a 
different method. Furthermore we will treat some simple cases 
of motion in a steady inhomogeneous field by means of analytical 
methods of approximation. It will be seen that these results are in 
support of the conclusions drawn by Alfvén and Spitzer as far 
as the first approximation goes*). 

Further approximations are laborious. to obtain. These are 
investigated rather summarily therefore, mainly in order to get 
an idea of their nature and order of magnitude. If one requires 
numerical information on trajectories with an accuracy beyond 
that supplied by the constant moment approximation, direct 
integration of the equations of motions by means of a computer 
as a rule will be the only practicable method. 


§ 2. Motion in a homogeneous field. We consider a particle of 
mass m and electric charge e moving in the x~y plane under in- 
fluence of a homogeneous magnetic field B in the z-direction and 
the inductive electric field associated with the variation of B in time. 
Relativistic effects are neglected. 

Strictly speaking the variable field cannot be homogeneous 
as it has to satisfy the wave equation. We restrict ourselves there- 
fore to field variations slow enough to ensure that the associated 
wave length is large compared with the orbital radius of the particle. 
This condition will give no difficulties in the above-mentioned 
applications. 

The equations of motion now are 


d2x dy 
= eB — 
m 42 e = +eE,z, es 
d2y dx 
nm —— = — eB 
Chtgne bin clapping tvs 


*) Note added in proof: After submission of this paper results closely similar to those 
of §2—§5 have been given by S. Chandrasekhar in “the Plasma ina Magnetic 
Field”, Stanford 1958 p. 3-23. 
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where 


y dB x dB 
E — ; E — 
¥ 4 Dera (2) 


is the appropriate solution of the induction equation rot E + B = 0. 
The z-component of the magnetic moment of the particle with 
respect to the origin is, apart from a constant, 


dy needa 


(3) 


The equations (1) can be combined into a single one by intro- 
ducing the complex variable uw = x + zy. We obtain from (1) and 
(2) 

d2u wayl de + dw 


| l 6) 
BW besditerigecdén - (4) 


where the cyclotron frequency w = e B/m is a known function of 
time. Instead of (3) we now write 


1 ( , du 4) 5 
=— V 5 
ed ie MRF (5) 


Differentiating this equation, eliminating the second derivatives 
by means of (4) and integrating again yields the useful relation 


2 — wu*u = lo, (6) 


where jo is a constant of integration. 

Equation (4) is homogeneous, linear and of the second order. 
It has therefore two independent fundamental solutions, from 
which the general solution can be found as linear combination. 
When the field is constant, this general solution is 


u—=C-4+ A exp(— tat), (7) 


which represents a circular motion around a centre located at C. 
The moment associated with this motion is found to be 


pe = wA*A + 30(A*C + C*A) cos ot. (8) 


The time average of the moment, which from a physical point of 
view often is a more interesting quantity, therefore is simply 


(a A (9) 
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When the field varies slowly, which means that the field variation 
is small during one period of the spiralling motion, one would 
expect to find a ‘fast’ fundamental solution related to A exp(—tot) 
and a “‘slow’’ one, related to C. The first is a spiralling motion 
around the origin, the second is a slow motion, the nature of which 
remains to be investigated. 

A complication of the problem is due to the fact that the state- 
ment in the last paragraph is not exactly true but only in the limit 
of zero rate of variation. If we start with a purely fast solution, we 
will find in general that after some time there will be a small slow 
term. This means that in a variable field the centre of the spiral 
will move around slowly. 

This shift of the centre has a direct bearing on Hertweck and 
Schliiter’s problem. Let the field have the limits w; and weg 
for t+ — co and + oo respectively and suppose that the solution 
of (4) tends asymptotically to 


uy = A, exp(— t,t) for t + — co (10a) 


and 
Uz = As exp(— twat) + Ce for ¢ > + oo. (100) 


Application of (6) and (8) then yields 
w1A4"A 1 = w2(A2*A2g — C2*Co2) 
and therefore, on account of (9), 
2 — pa = we |Co|*. (11) 


The eventual increase of the moment is directly proportional to 
the square of the shift, and Hertweck and Schliiter’s problem 
is equivalent to that of finding the connection between the two 
asymptotic limits of the solution. An approximate connection 
formula will be derived in § 4. It will be found then that the shift 
is very small indeed. 

Therefore, when we are on the other hand interested in the 
behaviour of w during the transition, we can, at any rate for a 
relatively short time, forget about the shift and suppose that there 
exists a purely fast solution. A short time here is an interval 
covering many orbital periods but only a small part of the total 
field change. An approximation on this line will be developed in 
the next section. 
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§ 3. Approximate solutions. In order to obtain these solutions we 
represent « by means of its amplitude and phase functions, putting 


u = aexp|—1/f dé], (12) 


where a and / are real functions of time. For a motion around the 
origin, that is a purely fast solution, a and f will vary slowly and f 
will differ little from w. In a slow solution f will be very small. 
In a solution of mixed type a and f will have fluctuating parts. We 
observe that the moment now becomes 


p= arf. (13) 


When (12) is substituted into (4), we obtain after separating real 
and imaginary terms 


d2a 
dz — af(f Sees w) = O} (14) 
/ da ay, da _, de 0 ie 
= 2) = — «a = © 
di a 1” oe fe Oo ay LS) 


The latter equation can be integrated at once, yielding 
a2(2} — w) = po, (16) 


a result which also could have been deduced from (6). As for a fast 
solution / — @ is small, the integration constant yo is positive in 
this case. 

From the foregoing equations, in which no approximations have 
yet been made, some interesting relations can be deduced. Elimi- 
nating / between (14) and (16) we obtain 


2 Ape? 
at = AE (1 a (17) 


When a suitable slowly varying function a(t) has been chosen, the 
field required to realize a motion around the origin with this 
amplitude function can be calculated from (17). This field then will 
vary slowly too. Purely fast motions therefore are certainly possible. 
However, choosing an arbitrary slowly varying w, one would upon 
solving (17) for a in general find a solution containing small fluctu- 


ating terms. 
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The magnetic moment for this type of motion is not a constant. 
Eliminating w and f between (13) (16) and (17) we find 


lu 4a d2a \3 
mi coin aC wo? dé] * le) 


We now turn to the approximate solution of (14) and (15). For 
a fast solution d2a/dé2 and { — w will be small. Therefore a first 
approximation is /; = @ and from (16) 


ay = Lota. (19) 
In this approximation “1; = wo. Higher approximations now can 
be derived from (17) by iteration according to the formula 
l d2 


= | 
fn SD = aAn-1, 
Geen] dt2 


An = po? (2fn — w)-. 


The result after the second stage is 


d2 -3 : a2 
U2 = Mo? (© 7 BR o) exp fe if (1 +o- no) at], 


ya © lee wo !? dat /dt2 (20) 
wo 1 + 2/2 d2m-/dé2 


When it is required that the field varies slowly, an expression 
of the type w- (+) dw”/dt must be of the first order in some para- 
meter indicating the ,,degree of slowness’. Second order quantities are, 
besides squares of first order ones, expressions like w~("+2) q2/dt2 @™. 
The magnetic moment therefore is not a constant of the motion to 
the second order in this sense. An analogous conclusion could 
have been drawn from (18) of course. 

Approximations to a slow solution can be obtained in the same 
way. In this case we have to start with 


fy = 0, a1 = (— mo)? w-, (21) 


as fo is negative now. After one iteration we now find 


$ , 2? $ y 4 d? “ 
U2 = (— Ho)* @ =) dz (02) ) exp (i Jo gpk ar) & (22) 


The physical nature of this type of solution will become clear 
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upon observing that (21) satisfies (4) when the first term is neglected. 
It represents a radial motion in which the tangential Lorentz force 
balances the inductive force. The neglected acceleration is taken 
into account in the next approximation by allowing / to differ from 
zero. From this ensues a tangential component of the motion and 
hence a radial component of the Lorentz force which is required 
for the radial acceleration implied by (21). 


§ 4. Shift of the centre. We consider a motion satisfying the 
conditions (10). The problem is to determine the small quantity 
Cz in terms of w. It must be stated at the outset that this is a 
difficult question. Approximation methods lead to expressions of 
C2 in terms of integrals over fluctuating functions which are hard 
to estimate. As we are interested only in the order of magnitude 
of Cz, which fortunately turns out to be very small, we will not go 
into this problem too deeply but restrict ourselves to a simple 
derivation of an expression which has at any rate the required 
order of magnitude. 

This can be done by introducing a new variable c by means of 


the relation 


: du Nee (23) 
=> — 1OU. 
1MC af o 


It is seen from (10) that cj = 0, ce = Co. 

Clearly c(to) is the centre of the circular motion when the field 
is kept at the constant value w(to) for t > to. Differentiating (23) 
we obtain, using (4) to eliminate d?c/dé?, 


d ces, 
ane ena? dé 


Therefore we have 


+0co 
eed | Pavey (24) 


On account of the results of the last section we estimate the integral 
by replacing u by wu; = A2(w2/m)? exp (— 1 fa dt). Therefore 
+o0o 


C3 = Ase | 2 wt exp (—1 Jo dt’) dé. (25) 


—oo 
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Admittedly this result might be rather inaccurate as we know 
that “1 is not a very good approximation of u over the whole range. 
It gets out of phase and it neglects the fact that the centre of the 
spiralling motion wanders slowly around the origin. However, as 
#1 occurs only in the integrand, these inaccuracies will average out 
to a large extent. Moreover it can be shown that by quite different 
methods analogous results for C2 can be derived. 

We will use (25) only to show that C2 is of exponential order. 
As it stands, it is the integral of a first order quantity multiplied 
by a fluctuating function. However, as all derivatives of w(t) 
vanish as |¢| goes to infinity, the order of the integrand can be 
reduced at will by partial integration. We have for instance 


+ co d +co d is 
[tus a exp (— iJo dt’) dt =| — age ow} diexp(— i Jooat) = 


=i[ "=< ide. —t | ade) di 
aaa ad eae soe *) exp(— 7 | @ dé’) dé. etc. 
Therefore Co is not of finite order. 

Finally we remark that the results of this and the last section 
are closely related to well-established methods of approximation 
of the wave equation. As a matter of fact, if we put 


u = y exp(—#2 [ @ db), 


that is if we use a coordinate system rotating with half the orbital 
angular velocity, we obtain from (4) 


If this equation is treated by the W.K.B. method, the results of 
§ 3 are obtained, whereas an approximation essentially the same 
as (25) can be found by means of a method due to Bremmer 5). 
The shift of the centre of motion in our problem in this way becomes 
the equivalent of the reflection of the waves in a gradient of the 
refractive index which, as is well known, is neglected in the W.K.B. 
method. 


§ 5. An exact solution. As an example we consider the field 


w = wo(l + A tgh ot), (26) 
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increasing steadily from , = wo(1 — A) to w2 = wo(1 + A). The 
ratio v/wo is a convenient measure for the slowness of the change 

°c . . > : 
We make the substitutions 


gp = uexp 41 fw dt (27a) 
and 
on er (276) 
and obtain from (4) 
d2p l dp a2 
| | — 
dy2 y dy 16y2y2 =, 0) (28) 
where from (26) 
1. A) ,— (1 A 
ghia ( )— (1 + A)y 


ay 


and y runs from 0 to — oo. 

It turns out that (28) can be solved in terms of hypergeometric 
functions. The connection between the behaviour at y = O and 
y — — co can be found from the theorem on the analytical conti- 
nuation of the hypergeometric function (see e.g. Morse and 
Feshbach §)). When » < @po the result is 


joa le a | 
we | = Dhexp ae 5 (29) 


The shift therefore is indeed of exponential order. Details of this 


calculation are given in Appendix I. 


§ 6. Motion in converging field. In a steady field the particle 
moves under influence of the Lorentz force only. The equation of 
motion is in vector notation 


The magnetic field B has no curl and divergence, therefore 
B = grad yp, Ay = 0. 


When the field has rotational symmetry around the z-axis, y 
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can be expanded in zonal harmonics. We take two terms only, 
writing 


: (x2 + y2 22), 


Vatsinoe aie 


where /-1 is a measure of the degree of inhomogeneity of the field. 
Therefore 


Bo x Bo y ( rs 
,= — S|; B, = —=—, B= Boll +=}. 
ake 2 sha vu adh Pia Tits cae tbe ied 7) 
The equations of motion now become 
d2x =( dy , w’ dz ) 
cai? ia Nae mecinae 
dy ( dx w’ dz ) 
= : 30 
dt Ce iets oes & 
d2z wo’ ( dy es) 
== AD fe y : 
di? Z dt dt 
where 
é Zz Zz eBo dw 
o = —Bo{ 1 +—)]—=ao(1+—), of = = . (31) 
m L l ml dz 


We observe that w’ dz/d¢ = dw/dt. The two first equations in 
(30) therefore are formally equivalent to (4) and can be treated in 
the same manner when w(t) is known. The third equation now 
reduces to 


d2z WMO 32 

da Seg es 
or, on account of (31), 

d2a 7 

ee ee ee 

dt? 


A solution of (4) would enable us to express yu in terms of w and its 
derivatives. Then (32) is an equation for w(t). 

An approximate solution of this problem can be constructed 
from the results of § 3. We start with the approximation 


wo \? 
% + ty = U1 = ao B24 exp(—1 [« dt), 1 = Mo = ao2mo. 
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In these relations ap is the orbital radius, V, = apwo the velocity 
normal to the z-axis in the plane z = 0. It is assumed that the 
centre of the spiral moves along the z-axis, the shift effect being 
therefore neglected. 

If it is assumed that the particle passes the plane z = 0 at the 
line ¢ = O with an axial speed Vq we obtain from (32): 


Vn 
2=21Vyi = £2. 
‘ 4] 
Therefore in this approximation 
Va V2 
—— 2 
o = oo(1 j t mE re). (33) 


A second approximation now can be found by evaluating u 
from (20) by means of (33). Substitution of the result in (32) yields 
the axial motion in this approximation. The normal component 
then can be found from the first equation (20). 

This operation could be repeated any number of times. The 
resulting expressions would be quite complicated and not very 
instructive. On the other hand, the simple formula (32) is quite 
clear; it is equivalent to the accelerated motion of a particle of 
mass m and constant moment jo along the z-axis. According to the 
point of view stated at the end of the first section we will restrict 
ourselves to indicating the nature of the first small deviations from 
the heuristic constant moment approximations. Therefore we confine 
ourselves to relatively small intervals of time and expand w in 
ascending powers of ¢. In this way we obtain from (33) 


d2 V2 


—3/2 ea on — = 
di2 4a92/? 


Vt 
((1 + 2 cos? «) + = 6cos «(1 + 3cos?a)-+...], 
where Vg = V cos a, Vx = V sin «. Using this result and (20) to 
integrate (32) we obtain 
V2 sin? « V3%3 


008 shape cag at 0 cos«(1 + 3cos%a) + ... (34) 


In this expression a small contribution to the second term has been 
omitted. This arises from the fact that in the second approximation 
the initial tangential velocity V sin « is not exactly equal to aowo. 
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It is seen from (34) that, as long as ¢ does not exceed //V, which 
is of the order of the time of passage through the field, the ratio 
of the third term to the second is of the order ao?/l?. The effect of 
the variation of the moment in this field therefore is of the second 
order in the ratio of orbital radius to length of the field. 

More complicated, but not essential different results can be 
derived when B; on the axis does not vary linearly. In this case Bz 
is no longer constant in each plane normal to the axis. The leading 
terms of the magnetic potential are then 


x2 + y2 — 222 32(x2 + yy?) — =| 
ee [ Al 6d? 6) 


One could consider / as the length, d as the diameter of the field. 
It is shown in the Appendix II that the equations of motion in the 
x and y direction can be treated by a method analogous to that 
of § 3 and that the first approximation is again 


x + ty = ao(wo/)! exp(— if a db), 
where 
eBy ( ) 
Oa lar ee) 


m 


which is the orbital frequency calculated from the field on the z-axis. 
For the validity of this approximation it is required that ao < d. 
The equation for the axial motion now turns out to be: 


d2z V2 ( l Z ) 

ag? Wy An et ahigpntiegalpd 
The initial conditions are z = 0, dz/dt = Vy for t = 0. The solution 
then is 


Et ie 
eh ee 


(coun oa) ol ane 
21 d GY hives 
In order to compare this with (34) we expand in terms of ¢, obtaining 


V 242 V323 


2 == V qt cos a= —S— sinta — cos « sin2a .. 
2 6a2 


This expansion is useful only for ¢ <d/V. It is seen that the correc- 
tion term then is larger than that in (34), being of the order of 
l4/ag2d2. 
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§ 7. Drift. It has been shown by Alfvén!) and Spitzer?) that 
a charged particle spiralling along a curved magnetic field line 
will have a slow secular motion in the direction of the bi-normal 
of this line. In a first approximation this drift velocity is 


nf Saupe wha al Se ae? (6) 
where @ is again the orbital frequency eB/m, R the radius of 
curvature of the field lines and Vi and V , the components of the 
particle velocity parallel and normal to the field. 

It is difficult to improve upon this result in a general field. We will 
therefore only derive a second approximation for a simple case, 
viz. the field of an infinite straight electrical current which can be 
found by a straightforward calculation. 

We take the current along the z-axis and use cylinder coordinates. 
The only field component then is By = J/2zrv and the equations of 
motion now read 


d2y dé \2 edz Ji 
eee ACs Pe : (37) 
dt? dt m dt 2nr 
d26 dr dé 
2 =4 4) 38 
lapit hu cede di 8) 
22 Eb 
d od e dr (39) 
dft2 m dt 2nr 


Three first integrals of this set can be written down at once. 
In the first place we will have the energy integral 


dr \2 dé \2 & i 
Meo fries a (tak La) 40 
a i) ie clerrae: dé / a 
as no work is done on a particle in a steady field. Integrating (38) 


we obtain 


do 


2__ — MM, 4] 
Tee ial) 


and integrating (39) 


— = In Rp: (42) 
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Substituting these into the energy equation we obtain a first order 
differential equation for 7 in the form 


dy\2 M2 ( el y( aN 
—— ] ae . 43 
io (=) : ie: : 2am aor 
The integration constant R is the distance from the axis at which 
the vertical component of the motion vanishes. R will be practically 
equal to the radius of the field line along which the particle would 


spiral when no drift would occur. For the other constants of in- 
tegration we write 


MM =p Rtpowd le al ae 


Clearly Vi and V, are the velocity components in the @ and 7 
directions when 7 = R. At this distance the field 1s Bp = J/2xk, 
the orbital frequency wo = el/2amR. 

When T <ao2R2, the radius of the spiral is small compared 
with R, so 7 and R do not differ very much. We put r= R+ p 
and expand the right hand side of (43) in terms of p/R, ter- 
minating the series after terms of the fourth degree. The result is 


d 2 
(2) rail bbl eats 


l 1 
Te (2V 2p + @o%p?) — pe (3V 22 + +5 wo2p4). (44) 


This equation could be solved in terms of elliptic functions. The 
algebraic work involved in this solution is considerable but can be 
avoided in the following way. 

When F goes to infinity, we clearly would obtain a geometric 
function, corresponding to a spiralling motion in a constant field. 
The parameter of the elliptic function therefore will be small. 
Expansion of the function with respect to the parameter is known 
to be equivalent to Fourier expansion. Therefore we introduce 
this Fourier expansion of p directly into (44) and equalize corre- 
sponding coefficients on both sides. As the right hand side of (44) 
has five coefficients and the period of the Fourier series is not 
known beforehand, we have to take four terms of this series in 
order to get a well-determined problem. The result can be written 
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in the form 


Mop 1 : 
V = sin mwot + e[(« + 3) + 4 cos 2 nwot] + 
1 
fat ee cache \p L siteeaotl 
e2 In ” — — 
5 a 48 S MOO 48 SIN SNWo > 
where 


m=1— (30+ 9) 62, e=V,/woR and « = Vi2/V 2. 
The drift now is found by introducing this solution into (42), 
expanding in terms of e and averaging over a period. We find 


ne 1 Byes oe 59 
é (S). POEs ee esol nettle hd ye 1K 190 


It is seen that the first term corresponds exactly to (36). The second 
term is of the order R-?; therefore the simple expression for the 
drift is correct to the second order in this case. 


Appendix I. 
In (28) we substitute 
oe Wy 1) Ey) (45) 
Next we determine m and 7 such that in the resulting equation the 
coefficient of P(y) reduces to a constant. This condition is satisfied 


by 
1 j/ Aas! i(1 — A)ao 
ee metice I <a were eee ae 
aes ( ; y2 k Ay eo) 


With these values of m and m the substitution (45) leads to a hyper- 
geometric equation for P(y): 


d2P dP 
eae 2 me eget Oh ried bois ee Oo 


where 


2 v 
A2mo? Awo ~ 48 
2 y2 v 
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The solution of (47) is the hypergeometric function F(a, 0; ¢;.y), 
multiplied by a constant, say f: 


P= pF (a, 5c; y). (49) 


We can find the behaviour of P when y + — oo frem the relation 


(c) (6 — 1 
F(a;b;c;y) =(—y) a aarti l—c+a; \—d-+4;-) 
Ie) 0) ate x 

ames ole 1—et eit a+0;2). (60) 


(see e.g. Morse and Feshbach §)) 
For y + — co the hypergeometric functions at the right hand 
side of (50) reduce to unity, and thus we obtain from (45) and (49), 


applying (50), 


m+n Ic) Le 1 a) m+n—-a 
Pps ave = (MAB | oer ee mn 
| Lc) Ia i 0) m+n— 
CRP (a) Be by “te 


Substituting this result in (27a) leads with the help of (46), (48), (276) 
and (26) to 

ec) A 

a) I'(c — 6) 


if 
“U2 = (— ])m+n B | - 


I'(c) ['(b — a) 
: |. (51) 


The calculation involved in evaluating the Gamma functions 
can be simplified by considering that » < wo. (48) then reduces to 


i(l +A em 


With the use of the properties of Gamma functions (see e.g. 
Whittaker and Watson ’)) we find, comparing (51) with (10), 


Ca} 2 / 2 cosh xAwo/y 
| 42}! cosh xwo/y + cosh zAwo/» * 
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In the case under consideration (vy <q) this can be further ap- 
proximated to 
| Ca | 


a (1 fs A)wo 
As | 


2v 


a 2 exp 


Appendix II 


From the magnetic potential y as given in (35) we derive the 
equations of motion in the form 


se [2 ( z ze 2 2 ) = % Xn )| 
1) = DE) S11. = pie SS y 
Heal pita aad SaplaT’ So) isis?) 4 


d?y Ex zZ ge xe ay dz ( y yz )| 
yp Baees 2p at =. \ 75 : 
” age 1 STAN AT iad Sl Cy hua RL Co Me 


When we put again x + 7y = uw, we obtain 


d2u oda 1 dw toguu*~ du 


eh Pe ite ad a | 


where 


= eBo = eBoy (: ! rs a 
semetes py ks Say yp 


Next we substitute uw = aexp(—1i/fdt) and separate real and 
imaginary terms. This yields 


d2u Oo 

SF gue arsenate 
aa af da 1 do , o , da 
a8 Sa lap ree ly SERIES Rapa PR 9 
Se ae a a 


When a varies slowly and moreover a? < d?, an iteration process 
analogous to that in §3 can be set up by writing these equations 
in the form 
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In the first stage the righthand sides of these equations are neglected 
This yields the familiar solution 


f = @, a = ao(a@0/o)?, 


which has been used in § 6. Calculation of further approximations, 
which is straightforward, is not required in this section and is 
therefore not given here. 
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SUSCEPTIBILITY MEASUREMENTS 
OF Nb BETWEEN ROOM TEMPERATURE 
AND LIQUID HELIUM TEMPERATURES 


by A. VAN ITTERBEEK, W. PEELAERS *) and F. STEFFENS 


Instituut voor Lage Temperaturen en Technische Fysica, Leuven, Belgium 


Summary 


Measurements have been carried out on bulk Nb between room temper- 
ature and liquid helium temperatures. The susceptibility shows an increase 
of 1% per 100 degrees for decreasing temperatures. No field dependence 
could be detected up to liquid hydrogen temperature. This is in agreement 
with the results obtained by other authors. In the liquid He region some 
anomalies appear, notwithstanding fields were used higher than the critical 
one. It is supposed that the sample was not completely in the normal state. 


§ 1. Introduction. Nb is a paramagnetic substance and moreover 
it is a superconductor. The susceptibility of niobium has been 
measured some years ago by De Haas and Van Alphen 1!) and 
by Kriessman and Callen ?). These measurements cover the 
temperature region from liquid hydrogen up to 1600°C. They found 
an increase of the magnetic susceptibility for decreasing tempera- 
tures. The purpose of our measurements was to check wether this 
increase still subsists in the liquid helium region. 


§ 2. Experimental method and calibration of the field. A. Method. 
Faraday’s method has been used. A detailed description has been 
given in a paper of one of us together with Duchateau 3) and 
Pollentier 4). Since then some refinements concerning the electri- 
cal circuit of the coils have been introduced. The two coils with 
which we compensate the force acting on the sample have been 


*) Research fellow of the I.W.O.N.L. (Instituut tot Aanmoediging van het Weten- 
schappelijk Onderzoek in Nijverheid en Landbouw). 
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placed in series, so that one and the same variable current J flows 
in both. The advantages of the system are the following: 

1) the measurements can be done much faster because only one 
current has to be measured; 

2) greater variations in the current introduce the possibility of 
extending the field of investigation to substances with greater 

susceptibilities. 
The following formula has been used: 


cAI? = myzH (dH/dx), 


in which c is the constant of the microgram balance that has been 
used to measure the susceptibility, AJ? = Iq? — I? the difference 
between the square of the current Jy with magnetic field on and 
Io without field in the two coils, m the mass of the sample, y the 
mass susceptibility and dH/dx the gradient of the magnetic field. 
B. Calibration of the field. We determined the position 
between the pole pieces of the magnet where the constant 
C, = c[H (dH/dx)|-1 is a minimum, or H(dH/dx) a maximum. 
After this we determined Cj for four field strenghts, because one 
of our purposes was to make an investigation about the field 
dependence of the sample. These values are listed in table I. 


TABLE I 
H (®) Ci X 108 (e.m.u.) 
6875.6 1.4440 
8727.6 0.8959 
11202.5 0.5707 
13759.4 0.4253 


The calibration has been carried out with two samples, one of 
Cr and another of Ge. Both are spectrographically pure and have 
the following characteristics: 

Cr: Origin: Johnson and Matthey. 

Lines detected: Copper 

Silicium | faintly visible 
Calcium 
Nae ec 

Pb very faintly visible 

Mg 
mass: 45 mg. 
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Ge: Origin: Professor Breckpot, Chemistry department of the 
University of Louvain. 
Specific resistance: 60 Q cm at 20°C. 
Number of atoms impurity: 3 x 101!2/cm3 Ge. 
Type: n. 
Hall constant at 20°C: —125000 cm3/Coulomb. 
Form: parallelepipedum (height 5.5 mm, width 5 mm). 
Monocrystal. 
Mass: 745.2 mg. 


As value for the susceptibility of Ge we used that obtained by 
Stevens ef al.5): ymass = — 0.106 x 10-6 at room temperature. 
This value has also been checked by one of us together with 
Duchateau 8). 

For the determination of the position where H (dH/dx) is a 
maximum we used the Cr sample. Once this position was known, 
we placed the Ge sample with its centre in this position and 
measured A/?. After this had been done, we made again use of the 
Cr sample to measure step by step the AJ? over the height of the 
Ge sample. A numerical integration has been carried out to obtain 
the values listed in table I. 


§3. Measurements and discussion of the precautions to be taken 
in the liquid He region. Measurements between 1.18°K and room 
temperature have been done on a sample of Nb furnished by 
Johnson and Matthey which has the following spectrographic 
composition: 


Element Lines detected Degree of visibility 
Tantalum 3311.162 3218.840 Very faintly visible 
Magnesium 2852.129 Very faintly visible 
Silicium 2516.123 Very faintly visible 
Copper 3273.962 Hardly visible 


Lines of: Ag, Al, Ca, Co, Cr, Fe, K, Li, Mn, Mo, Na, Ni, Pb, Sb, 
Sn, Ti, V, W, Zn, Zr were not detected. 

In spite of the fact that no traces of iron could be detected, 
we checked the sample on ferromagnetic impurities with the method 
of Honda and Owen 8). One calculates: 


OEE == Xoo + cos/H, 
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with yy the apparent susceptibility, 7, the exact susceptibility, c the 
number ot iron atoms/g and os the magnetic moment of one Fe atom. 

We can write that the magnetisation o = 7H and find out how o 
depends upon the magnetic field H. At great field strengths, o has 
to increase linearly with the magnetic field. If we extrapolate this 
straight line to the lower field region, it would not pass through 
the origin if ferromagnetic impurities are present. In order to obtain 
the concentration of the ferromagnetic impurities, we have to 
draw a line parallel to the extrapolated one and going through the 
origin. The distance between the two lines gives cos, the concen- 
tration of ferromagnetic impurities present in the sample. 

No terromagnetic impurities could be detected in the sample 
of Nb. We were specially interested in the variation of the suscep- 
tibility with temperature and the eventual field dependence of the 
sample. The values obtained are listed in table II. 


TABLE II 
T(°K) | Between H (0) #0 and H =0 x x 108 

293 13759.4 2.39 
11202.5 2.39 
8727.6 2.39 
77.4 13759.4 2.45 
11202.5 2.46 
8727.6 2.44 
6875.6 2.43 
64.7 13759.4 2.43 
20.21 13759.4 2.47 
11202.5 2.47 
8727.6 2.47 
6875.6 2.49 
16.46 13759.4 2.47 
14.89 13759.4 2.48 
4.23 (2.48) 
3.01 between (2.42) 
1.99 11202.5 (2.43) 
1.69 (2.42) 


ve and 13759.4 (2:36) 
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The accidental error in the susceptibility measurement is of the 
order of 1% for the strongest field (13759.4@) and increases to 
about 2% for the lowest field (6875.6 Q). 

The values obtained for x in the liquid He range have been put 
between brackets for the following reason. It is known that Nb is 
one of the metals that becomes superconducting at a temperature 
of 8°K and has a critical field of 2600 0 extrapolated to O°K %). 
These values were obtained by measurements on thin wires. Our 
sample had a triangular shape, was very small (height 0.8 mm; 
breadth 4mm), but nevertheless it can be considered as matter 
in bulk. 

Now, in order to measure at liquid He temperatures in the non- 
superconducting state, the measurements were carried out in 
magnetic fields much higher than the critical one. These field 
strenghts are indicated in table II. 

The values of the susceptibility are calculated by means of 
equation 

1 C120 Cig0 


m C120 — Cigo 


L= (L1902 — 11202), 

in which Cj99 and Cj99 are the values of the constant C , corre- 
sponding respectively to a field of 11202.5@ and 13759.4@ (see 
table I). It should be emphasised that this equation is only valid 
if y does not depend on the field strength. 


§ 4. Discussion of the results obtained for Nb. As can be seen from 
table II, there was a slight increase in the susceptibility with 
decreasing temperature. The increase is of the order of 1% per 
hundred degrees and agrees very well with that obtained by 
Kriessman 2) in the high temperature region (from 0°C to 1600°C) 
and Van Alphen}!) in the low temperature region (from 289°K 
to 14.2°K). It is to be noticed that nevertheless there exists a 
difference between the absolute values at room temperature for the 
susceptibility given by them (2.24 x 10-6 and 2.28x 10-8) and 
ours (2.39 x 10-8). This is probably due to a difference in the 
calibration. 

No field dependence could be detected up to liquid hydrogen 
temperature, as was also found by Van Alphen. At liquid He 
temperatures, we first used a field of 8727.6 @; that is more than 
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three times the critical value at O0°K for Nb in the form of a thin 
wire, this to avoid the superconducting state. Nevertheless it was 
impossible to stabilise the microgram balance and measurements 
could not be done. The instability disappeared at 11202.50. A 
possible explanation may be the incomplete disappearance of 
superconductivity in the sample at 8727.6 Q. 

The results in the liquid He region (table II), indicate a decrease 
in the-susceptibility of about 5%. We believe that the sample was 
not completely in the normal state. 

We take the opportunity to express our sincere thanks to the 
I.W.O.N.L. (Instituut tot Aanmoediging van het Wetenschappeliyk 
Onderzoek in Nijverheid en Landbouw) of which one of us obtained 
a research fellowship. Further we express our gratitude to the Union 
Miniére du Haut-Katanga for its financial help during these 
measurements. 
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CHARACTERISTIC PARAMETERS OF GAS-TUBE 
PROPORTIONAL COUNTERS 


I. METHANE, METHANE-ARGON, AND ETHANOL-ARGON 
COUNTERS *). 


ROBERT W. KISER 


Department of Chemistry, Kansas State University, Manhattan, Kansas, U.S.A. 


Summary 


The gas multiplication factor 49 was determined in cylindrical counters 
at specific counter wire voltages and varied pressures, wire radii and counter 
shell radii for methane and various methane-argon mixtures, as used in 
proportional counters. It is seen that the Rose-Korff and the Curran-Craggs- 
modified Rose-Korff theory do not agree with the experimental results. 
Use of the Diethorn expression is made in presenting the results in terms of 


two parameters AV and K, characteristic of the gas filling. The meaning 


and values of AV and K are discussed, and the recent results of van Duuren 
and Sizoo for an ethanol-argon mixtire are reinterpreted in terms of these 
characteristic parameters. 


§ 1. Introduction. Rossi and Staub!) have shown that any 
expression which is to relate the gas multiplication factor Ag to 
the counter and gas-filling parameters must satisfy the condition 


Ao = f[pa, V/In (6/a)], (1) 
where # is the pressure, a is the centre wire radius, V is the voltage 
on the counter and 0 is the counter shell radius. 


Rose and Korff 2) derived the following equation to express 
the change in Ao with the various factors: 


Ao = exp{2(aNmC-aV)§[(V/Vo)* — 1]}, (2) 


*) A portion of the work reported herein was abstracted from the Ph. D. thesis of 
Robert W. Kiser, Purdue University, Lafayette, Indiana, January, 1958 (Available 
from University MicroFilms, Ann Arbor, Michigan, L.C. Card No. Mic-58-1792). This 
work was supported in part by the United States Atomic Energy Commission under 
Contracts At(11-1)-166 with Purdue University and At-(11-1)-751 with Kansas State 
University. 
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where « = constant, Nj, number of molecules per unit volume, 
Ce = capacitance of the counter per cm length, V = the voltage 
on the counter and V9 is the proportional region threshold voltage 
at which Ag = (1 + 6), 6 being only infinitesimally greater than 
zero. (It is to be noted that the experimental determination of Vo 
is most difficult). 

Since Nm = Nop, where No = (6.023 x 1023/760 x 22414) mole- 
cules/cm3, and # is the pressure, and since from basic electrostatics 
the capacitance of a coaxial cylindrical counter is given by 


Co =,0.o56/n {ba}, (3) 
we may rewrite equation (2) in the form 
he bNoVap oie 
In Ap = aie n/a) ay (Aor Sy. (4) 


We see that (4) satisfies the conditions of Rossi and Staub. 
Curran and Craggs 3) modified the Rose- Korff theory to give 


Indy = 2| ij IG Tpa In ( “a -) i]. ©) 


where J, is the ionization potential of the gas or gas mixture, y is a 
constant, and L, is the mean free path of the electron to restore the 
energy lost in collison. Assuming that L, varies as 1/f, i.e., 


Le = kip (6) 
and substituting 
KijKo = R15; (7) 
where 
Ke = 7, (8) 


we obtain the expression 


In Ag ES sah as a Feacol hey 9) 


kK, and Ke therefore should be characteristic of the counter gas 
only. If this is true, and if (9) holds, then all of the experimental 
data should fall on a single straight line when In A o{[In (b/a)]/4aV}4 
is plotted against [V/fa In (b/a)|'. It will be shown later that, 
although (9) satisfies the Rossi- Staub conditions, the Curran-Craggs- 
modified Rose-Korff theory does not correctly describe the ex- 
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perimental results for either the 10% ethanol—90% argon pro- 
portional counter or the methane proportional counters. 

Diethorn4) has derived a somewhat different relationship 
between the gas multiplication factor and the various parameters 
of the counters and gases or gas mixtures: 


V Iin2 V 
In Ag = == in| — if (10) 
AV In (6/a) Kpa \n (b/a) 


where AV and K are constants characteristic of the gas. It is noted 
that this relation obeys the Rossi-Staub conditions. Rearranging 
(10), we obtain 


| In Ao In (b/a) ] In 2 : | V | | In2In Kk ] oe 
——— I > a 4 
V AVL pa In (6/a) AV al 


A plot of [In Ag In (b/a)\/V versus In [V/pa In (b/a)| should yield a 
straight line if the experimental data are to verify the use of the 
Diethorn expression. It will be shown below that the Diethorn 
expression indeed does represent correctly the experimental results 
of these investigations. 

The two parameters which should be characteristic of the 
gaseous countertube filling are AV and K. AV will be obtained from 
the slope of the plot made according to the above-given directions 
and K from the intercept. The slope is given by In 2/AV and the 
intercept by —In 21n K/AV. 

An order of magnitude value of AV can be calculated. Since AV 
is the mean kinetic energy imparted to the electron between 
successive ionizing collisions, and since this energy must be suffi- 
cient to ionize, it must at least be equal to the ionization potential 
I, if the ionizing electron losses all of its kinetic energy in the 
collision. Since excitation of the gas molecules to low-lying excited 
states also is quite probable, and in addition, since the electron 
may not lose all of its kinetic energy in a collision, AV is expected 
to be considerably greater than J, and possibly nearer to the value 
of W, i.e., about 30 V. Such an approximate value of the electron 
energy has also been taken by others, e.g., Korft °). hen 

Another approach to an order of magnitude calculation of AV 
is to consider AV to be proportional to the critical field, E,. Then 
for a proportional counter voltage of about 2000 V. 


AV = 2000 Le/r¢ In (b/a), (12) 
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where 7, is the radius of the critical field for gas multiplication. 
Since (7¢/Le) 10, and In(b/a) ~ 6 for many of the proportional 
counters used in this study, 

AV ~ 33 (in V), (13) 


in good agreement with the previois estimate. It will be seen from‘ 
the results that both of these estimates are in excellent agreement 
with the experimental data. 

To estimate an order of magnitude for K, we need to note that 
according to Diethorn K < #/p. Assuming E to be given by 
V /re In (6/a), 

K <V/rep In (b/a). (14) 

Assuming 7, ~ 0.010 in, 6 = 100mm Hg, and In (b/a) ~ 6, at 
a voltage of 2000 V: 

K < 2000/6 =~ 300 (in V/inmm Hg). (15) 


We shall see later that this estimate also is in reasonable accord 
with the experimental findings. 

It was the purpose of these investigations, then to determine 
values of Ao for various proportional counter gases and gas mixtures 
and to use the experimental findings to evaluate these proportional 
counter theories. As the Diethorn expression was found to be the 
most useful, an attempt has been made to determine the significance 
of the two characteristic parameters, AV and K , for these counters. 
The values of AV and K determined are tabulated tor these gases 
and provide a very convenient basis for calculation of the necessary 
voltage to produce a predetermined value of Ao for any given 
counter and wire diameters and pressures for the gases and gas 
mixtures studied. 


§ 2. Measurement of the gas multiplication factor Ao. The gas 
multiplication factor Ag is given by 
| Ao = (N-/N2), (16) 
where N, = number of electrons collected in the proportional pulse 
initiated by N;, initial electrons. 
The magnitude of the pulse appearing on the centre wire is 


J = Ne (a/C) (17) 


Ao = CJ /QNi, (18) 


Or 
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where gq is the electronic charge, 1.602 x 10-19C, and C is the 
distributed capacitance of the system, in F. It has here been assumed 
that the effect of the movement of the positive ion sheath away 
from the centre wire after the electron collection is negligible. 
Although this assumption is reasonably valid for small values of 
Ao, it becomes poorer as Ag becomes large, i.e., as the counter 
voltage is increased. 

N; is obtained from a knowledge of the average energy W 
necessary to produce an ion pair for the given gas, and the energy 
E lost in the counter by the initial event: 

Ny, = E/W. (19) 
Then 
Ag = CWI /GE. (20) 


Since we employed additional amplification so that the pulses 
could be analyzed and then registered by a scaler, we must account 
for the electronic amplification G by noting that 


J'= JG (21) 
and therefore 
Ap = CWT /gkG; (22) 


where J’ is the final output voltage. 

By calibrating the electronic amplifiers used with a pulse gene- 
rator, possessing variable characteristics of pulse shape, G may be 
obtained. Thus, the pulse shapes used for calibration were made 
identical to those produced by the counters employed. The results 
of calibration of G for the preamplifier and amplifier employed in 
this study showed excellent linearity. 

In these calibrations we employed X-radiation of 2.82 keV. 
This radiation was obtained from the electron-capture decay of 
argon-37, which was admixed with the counting gas. The average 
energy W to produce an ion pair, varies with the nature of the 
counter gas filling. The values of W for various gases which have 
been used in these investigations are: CH4, 28.9; CeH5OH, 32.6; 
and Ar, 26.5 V/ion pair. 

The capacitance of these counters possessing coaxial cylindrical 
geometry is given by 

0.556 L 


© Tn Oa) 


(23) 
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where L is length of the counter. C, is then given in pF’. Calculated 
and measured values of the counters employed agreed within 
experimental error. The determination of the remaining distributed 
capacitance was carried out by changing the length of the signal 
cable between the counter and the preamplifier. The output pulse 
of the preamplifier was observed as a function of the change in 
signal cable length at a constant counter voltage. The capitance 
of the- Amphenol RG-114/U cable employed is 6.5 pF per foot. 
A plot of 1//’ versus the total capacitance of the unit yields a 
straight line which passes through the origin. An illustration of 
this technique is given in fig. 1. In all measurements of Ao, the 
length of the signal cable to the preamplifier was minimized. 


(JV (arbitrary units) 


{o} 20 40 60 80 ifefe) 120 140 160 180 pF 
TOTAL DISTRIBUTED CAPACITANCE 


Fig. 1. Determination of the distributed capacitance of the proportional 
counter spectrometer. 


Finally J’ was accurately known from a calibration of the pulse 
height analyzers employed. The calibration showed that the zero 
energy of the analyzer was channel 2.0, and that the slope was 
0.865 V/channel. 


Thus 
0,865 CW” 
°~ 1.602-x 10-19 EG 24) 
or * 
Ao = (COJ" EG) x 5.40 x 1018, (25) 


ee , 
where J” is expressed in terms of channel numbers. The values of 
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C, W, J", E, and G are then inserted into (25) and the experimental 
value of Ao obtained. 

The methane, used in the experiments described in this work, 
was obtained from Matheson Company. The methane was of C. P. 
grade and was stated to have a minimum purity of 99.0%. The argon 
was also from Matheson and was stated to be at least 99.9°/, pure. 
These gases were not subjected to further purification when 
withdrawn from their containers. 

All mixtures were blended in approximately two-liter storage 
bulbs in the vacuum system, using manometric techniques. Samples 
were withdrawn when desired from these storage bulbs for filling 
the counters. It is to be noted that in all cases very small quantities 
of argon-37 were added to these gases and gas mixtures. 

All signal cables were of Amphenol RG-114/U. The preamplifier 
were products of the Bay Engineering Company and possessed a 
combined electronic gain range of 1.17 x 103 to 2.15 x 105. The 
noise level of the preamplifier was found to be about 70 nV. 

The stable high voltage supply employed was the John Fluke 
Model 400BDA, with an output variable from 500 V to 5100 V d.c., 
positive or negative, at a current drain of 0 to 1 mA. The stability 
was better than 0.01% per hour. The ripple was less than 5 mV at 
any output voltage and current, and the voltage resolution was 
50 mV at any output voltage. 

For much of this work the RIDL model 3300 100-channel pulse 
height analyser was employed. This analyzer uses the Wilkinson 
type analog-to-digital converter, and information is accumulated 
in a magnetic core memory unit composed of sixteen ten-by-ten 
wafers. Complementing controls permitted the internal automatic 
substraction of background. Also employed was the RIDL model 
33-2 single-channel pulse height analyzer. The analyzers were 
shown, through the use of scintillation counter and proportional 
counter inputs, to possess excellent linearity and stability. 

The Tektronix model 535 oscilloscope, with types 35A and 53/54E 
plug-in amplifiers, and the model 515 oscilloscope were used in the 
calibrations and also for the observation of the proportional spectra. 

The counters which were used were constructed specifically for 
this work, except for 8334, which was obtained from N. Wood 
Counter Laboratories. The detailed parameters of the counters 
used are given in table I. The two-mil diameter tungsten wire was 
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obtained from Sylvania Electric Company. The five-mil diameter 
platinum wire was a J. Bishop and Co. product. All wires were 
cleaned before insertion into the counters with an absolute ethanol- 
soaked cleansing tissue. Centre wires always were pulled and main- 
tained taut. Every effort was made to achieve good coaxiality. All 
counter shells were carefully cleaned before assembly. Counter 
2182 was sealed using polystyrene end-plugs and Apiezon-W wax. 
No effects were noticed from the possible degassing of these plastic 
closures. Throughout, the stopcocks and all vacuum seals were 
greased with Apiezon-N. During the measurements the counters 
were maintained in either a brass or an aluminium electrostatic 
shield. The resolution of the KX-ray from the decay of argon-37 
was 12-14% in the counters used. 


TABLE 1 


Physical constants of the counters employed 


Internal Centre 
Counter Shell Wall Cathode shell Centre wire Length 
No. thickness radius wire radius (in.) 
(in.) (in.) (in.) 
ie Pyrex 0.010 external 0.48 tungsten 0.0010 10.2 
Ill Pyrex 0.010 external 0.51 tungsten 0.0010 8.3 
XV soda-lime 0.039 external 1.00 tungsten 0.0010 15.0 
2182 brass 0.066 brass 0.94 platinum 0.0025 10.5 
8334 Pyrex 0.039 silver 0.44 tungsten 0.0010>.| 10.2 


§ 3. Comparison of the modified Rose-Korff and the Diethorn 
theories with experiment. The results of the determinations of the 
gas multiplication factors for methane are given in tables II and III. 
These results are shown graphically in fig. 2, using the Curran-Craggs- 
modified Rose-Korff theory. It is obvious from the fact that one 
single straight line is not obtained that this theory does not correctly 
describe the experimental results, although the theory does satisfy 
the Rossi-Staub conditions. These same experimental results are 
plotted in fig. 3 using the Diethorn expression, and it is readily 
observed that this expression accounts for the experimental results 
in good fashion. 

Diethorn 4) also studied the methane case, and although he 
used distinctly different counters and pressures, his data and the 
data presented here are in excellent agreement. Further, the results 
of Rossi and Staub!) for their 85% methane (—15%?) agree 
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TABLE It! 


The gas multiplication factors for 99.8% CH4-0.2% Ar 


Counter IT Counter II Counter II Counter II 

P= 159mm Pp = 301 mm p = 357 mm Pp = 450 mm 
V In Ao V In Ao V | InAo V In Ao 
1300 6.801 1600 6.370 1750 6.136 1900 6.250 
1350 7.185 1650 6.685 1800 6.399 1950 6.513 
1400 7.586 1700 6.969 1850 6.789 2000 6.822 
1450 7.975 1750 7.352 1900 FAliZO 2050 7.192 
1500 8.421 1800 7.674 L950! 4 7.534 2100 7.505 
1550 8.854 1850 8.055 2000 7.916 2150 7.840 
1600 9.306 1900 8.420 2050 8.350 2200 8.202 
1650 9.752 1950 8.804 2100 8.755 2250 8.571 
1700 10.182 2000 9.232 2150 9.147 2300 8.935 
1750 10.638 2050 9.616 2200 9.532 2350 9.300 
1800 11.084 2100 10.023 2250 9.938 2400 9.683 
1850 11.556 2150 10.401 2300 10.345 2450 10.055 
1900 12.064 2200 10.789 2350 10.725 2500 10.427 
1950 12.521 2250 11.163 2400 11.130 2550 10.798 
2300 11.551 2450 115523 2600 11.160 
2350 11.966 2500 Le Sz 2650 11.509 
2400 12.488 2550 12.226 2700 11.821 
2750 12.150 

TABLE III 
The gas multiplication factors for 99.8% CHa-0.2% Ar 

Counter II Counter III Counter XV Counter XV 

p = 597 mm p = 357 mm p = 233 mm p = 359 mm 
V In Ao "4 In Ao V In Ao Vv | IMAo 
2250 6.544 1700 6.057 1650 6.430 1900 5.938 
2300 6.879 1750 6.347 1700 Gaia 1950 6.256 
2350 7.160 1800 6.697 1750 7.065 2000 6.683 
2400 7.457 1850 6.994 1800 7.409 2050 6.947 
2450 7.784 1900 7.352 1850 7.762 2100 7.265 
2500 8.079 1950 7.741 1900 8.134 2150 7.565 
2550 8.400 2000 8.189 1950 8.507 2200 7.894 
2600 S127 2050 8.527 2000 8.885 2250 8.237 
2650 9.010 2100 8.916 2050 9.269 2300 8.566 
2700 9.313 2150 9.324 2100 9.655 2350 8.920 
2750 9.610 2200 9.674 2150 10.061 2400 9.269 
2800 Oot 2250 10.077 2200 10.449 2450 9.609 
2850 10.228 2300 10.472 2250 10.851 2500 9.962 
2900 10.535 2350 10.845 2300 11.240 2550 10.322 
2950 10.827 2400 11.228 2350 11.644 2600 10.664 
3000 11.126 2450 11.552 2400 12.049 2650 11OSZ 
3050 11.431 2500 11.932 2450 12.441 2700 11.363 
3100 11.736 2550 12.278 2750 Meci2Z 
3150 12.026 2800 12.038 
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fairly well with our data for 99.8% CH4-0.2% Ar, particularly in 
considering their statement that, “... no effort was made to reach 
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Fig. 2. Test of the Curran-Craggs-modified Rose-Iorff theory using methane. 
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Fig. 3. Test of the Diethorn expression using methane. 


any high degree of accuracy in obtaining the experimental data 
presented...’ Finally, the data presented by Kumabe and 
Sonoda ®) for pure methane in their counter B, a cylindrical 


PARAMETERS OF PROPORTIONAL COUNTERS I 193 


coaxial Maze counter, agree quite well this data, as shown in table 
IV, where their data are compared with values of Ag calculated 
from the values of AV and K given. The value of 190 for AV is that 
obtained by Diethorn. Considering that both Rossi and Staub’s 
work and Kumabe and Sonoda’s work were done at low values 
of Ao, using Po-« particles, and this author used argon-37 while 
Diethorn used iron-55, the agreement is considered excellent. 


TABLE LV 


The gas multiplication factors for a methane counter 
with a = 0.00197in., 6 = 0.453in. and » = 400 mm Hg. 


gas multiplication factor Ao 


My : Calculated 
Kumabe and Sonoda £) (AV 38.3; K = 190) 
700 1.2 0.71 
800 1.6 0.96 
900 -} 1.8 1.4 
1000 | 2.0 
3.0 
4.8 
FAS 
12.6 
PA 
37. 
64. 
118. 
210. 


It is noted here also that the results given by Rose and Korff 2) 
for 100°%4 methane do not agree with any of the results described 
in this paragraph and that the results presented by Rose and 
Ramsey”) for methane are insufficient for purpose of com- 
parison. 

The results of the determinations of Ao for the 7.99% CH4-92.1% 
Ar mixture are given in table V. In fig. 4 these results. have been 
plotted using the Diethorn expression. Again, a good fit of the data 
with a single straight line is possible. The values of In Ao for the 
76.5% CH4-23.5% Ar and for the 90.3% CH4-9.7% Ar mixtures 
are tabulated in table VI. Unfortunately the results presented by 
Bertolini, Bisi and Zappa§8) for 10%CH,-90% Ar are only 
relative and therefore cannot be compared with our results for 
7.9% CH4-92.1% Ar. 
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TABLE V 


The gas multiplication factors for 
7.9% CHs-92:1%, 


Counter II Counter 2182 

p = 995 mm p = 592mm 
Vv In Ao Vv In Ao 
1250 | 5.645 1950 6.023 
1300 6.052 2000 6.299 
1350 6.452 2050 6.561 
1400 6.852 2100 6.899 
1450 Uno. 2150 er 
1500 He Mls) 2200 7.605 
1550 8.180 2250 7.992 
1600 8.659 2300 8.390 
1650 9.111 2350 8.806 
1700 9.575 2400 9.208 
1750 10.026 2450 9.660 
1800 10.483 2500 10.083 
2550. 10.526 
2600 10.981 
2650 11.458 
2700 11.891 
2750 12.376 
2800 12.851 
2850 13.428 
2900 13.938 
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Fig. 4. Diethorn plot for 7.9% Methane — 92.1% Argon. 
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Rose and Korff 2) determined values of Ao at various counter 
voltages for 50, 75 and 90° CH, counters, the diluent in each case 
being argon. However, the five different sets of data for 90°/ CH4— 
10°% Ar do not fit a single straight line when plotted in terms of the 
Diethorn expression. Two of these sets are at the same pressures 
and yet appear as distinctly different relations. The very small 
counters which they used may be the cause, in the absence of any 
other plausible explanation, of the poor fit of the experimental data 
by the Diethorn expression. 


TABLE VI 


Gas multiplication factors for other CH4—Ar mixtures 


76.5% CHa-23.5% Ar 90.3% CH4-9.7% Ar 

Counter 8334 Counter III 

Pp = 591 mm p = 503 mm 

V oe ee eee In Ao 
2200 6.114 2000 6.293 
2250 6.477 2050 6.645 
2300 6.7 2100 6.947 
2350 7.107 2150 7.320 
2400 7.427 2200 7.683 
2450 7137 2250 8.029 
2500 8.065 2300 8.401 
2550 8.401 2350 8.784 
2600 8.772 2400 9.167 
2650 9.131 2450 9.532 
2700 9.473 2500 9.904 
2750 9.836 2550 10.265 
2800 10.173 2600 10.678 
2850 10.553 2650 11.062 
2900 10.904 2700 11.427 
2950 11.260 2750 11.791 
3000 11.599 2800 12.106 
3050 11.938 2850 12.437 
3100 12.241 
3150 12.557 
3200 12.811 
3250 13.048 
3300 13.271 


Van Duuren and Sizoo 9) recently attempted to verify the use 
of the Rose-Korff theory, using their experimental results on the 
proportional operation of counters filled with 10% ethanol-90% 
argon. They found rather large discrepancies between the theory 
and their results, especially for low values of E/f, and considered this 
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as probably due to the nature of the simplifying assumptions used 
in the theory. Since, in general, the values of Ao determined in this 
work ranged from about 400 to approximately 40000 whereas the 
values in van Duuren and Sizoo’s studies ranged from slightly 
greater than one to about 1000 or so, it would be most interesting 
to see if the Diethorn expression would hold for their ethanol-argon 
studies. The orginal data of van Duuren and Sizoo were recalcu- 
lated and plotted in terms of the Diethorn expression. The resultant 
graph is shown in fig. 5. It is observed that their data can be 
readily interpreted using the Diethorn theory, except at extremely 
low values of Ao (below approximately Ap = 3). 
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Fig. 5. Diethorn plot of Van Duuren and Sizoo’s data for 
10% Ethanol—90% Argon. 


It is concluded, therefore, that the Diethorn expression more 
correctly describes the experimental values of the gas multiplication 
factor than do the Rose-Korff and the Curan-Craggs-modified 
Rose-Korff theories. We shall now examine the values of AV and 
K, the characteristic parameters of the counting gases, and discuss 
their physical meaning. 
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§ 4. The characteristic parameters, AV and K. Earlier in this 
paper we obtained approximate values of AV and K which we 
expected to be in reasonable agreement with the experimental 
results; ie., AV ~ 30 V (equation (13)) and K ~ 300 V/in. mm Hg 
(equation (15)). In table VII are summarized the various valeus of 
AV and K which have been obtained from Diethorn plots of the expe- 
rimental data, along with values of W for the gases or gas mixtures. It 
is immediately seen that the values of AV are in excellent agreement 
with the predicted approximate value of 30 V. The fact that AV 
was expected to be near the value of W is also shown in table VII, 
where it is seen that for these proportional gases AV >W. It is 
noted then that AV >W for these proportional counting gases, 
and this fact may be used in predicting the values of AV for other 
proportional gases. If AV is estimated to within 10°, the value of 
Ap would be correct to within a factor of about 2. If then K could 
be predicted, one would be able to calculate conveniently the 
operational characteristics of any desired proportional counter. 


TABLE VII 


Characteristic parameters of proportional counting gases 


Filling AV (V) | K(V/in mm Hg) | W (eV) °) 
99.8% CH4-0.2% Ar | 38.3 225. 28.9 
100% CH4 (Diethorn)") | 40.3 190. 28.9 
7.9% CH4s-92.1% Ar 30.2 | 102. 26.7 
76.5% CH4-23.5% Ar 36.2 258. | 28.3 
90.3% CH4-9.7% Ar 28.3 | 287. 28.7 
10.0% EtOH-90.0% Ar *) 27.0 81.5 27.1 


a) See Diethorn 4). 

b) Recalculated results of Van Duuren and Sizoo 9). 

c) Values for mixtures have been obtained using the methods outlined by ELejs Moe; 
T. E. Bortner and G. S. Hurst (J. Phys. Chem. 61 (1957) 422) and G. Bertolini, 
N. Bettoni and A. Bisi (Phys. Rev. 92 (1953) 1586). 


From Diethorn’s derivation, K < #/p when the probability 
that ionization will occur upon impact is proportional to E/p. 
Therefore, we shall assume that 


K = 0.6 E/p. (26) 
However Dw 
E = AV|Le, (27) 
thus 
K = 0.6 AV /p Ly. (28) 
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The mean free path of an electron in a gas is given by 


Le = 5.66 Ly = 5.66/nad? (29) 
and therefore 
K = 0.6 nnd2 AV/5.66p. (30) 
Assuming the ideal gas law to hold, 
K = (0.6nd2 (AV/5.66) (1/RT). (31) 
Then 
d2 = 5.15 x 10-17 K/AV, (32) 


where K is in units of V/in mm Hg, AV is in V, and d? is in cm2, 

From an examination of the data on ionization cross-sections 
for nitrogen, oxygen, nitric oxide, carbon monoxide and acetylene, 
as given by Massey and Burhop !%), we see that the ionization 
cross-section at electron energies equal to W is approximately 
0.5 times that at 75 eV. Essentially the same results are obtained 
from the theoretical results given by Massey and Burhop !%). We 
then correct (32) for this electron energy effect, and obtain 


dys? = 1.03 x 10-16 K/AV. (33) 
However, the cross-section Q is given by 
Q = ar? = nd?]/4. (34) 
Therefore, for 75 V electrons, the ionization cross-section is 
7501 = 8.1 x 10-17 K/Ar. (35) 
Calculation of 750; for methane gives 
750i = 8.1 xX 107!” x (225/38.3) = 4.75 x 10-16 (in cm?), (36) 


which is in good agreement with the value of 4.65 x 10-16 cm? as 
given by Lampe, Franklin and Field 4). 

If we calculate 75Q; for the methane-argon mixtures studied in 
this work and assume the additivity of values of 75Q; as individual 
components of a mixture, we may calculate the value of 75Q; for 
argon. Doing so, we find that 75Q; (Ar) varies from 2.7 to 39.0 x 
10-16 cm? and is in no manner constant. Therefore, the additivity 
assumption is likely incorrect. Upon re-examination of the variation 
of K with concentration, as listed in table VII, we see that K does 
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not vary linearly with concentration. However, at low concentration 
of the organic substance in the inert gas the deviation from this 
assumption is not too serious !2), and accordingly we calculate 
a value of 2.7 X 10-16 cm?’ for 75Q0; of argon from the_7.9% 
CH4-— 92.1% Ar data. This is to be compared with the value of 
3.52 X 10-16 cm? as listed by Massey and Burhop ?!%), It is 
obvious that the data could be made to give still better agree- 
ment, but without any good reason for other choices which might 
be made. 

From the results of the 10.0% ethanol-90.0% Ar data of Van 
Duuren and Sizoo 9), assuming the additivity of values of 750; 
at this concentration to be valid, a negative value of 750; would 
result for ethanol, using the literature value of 3.5 x 10-16 cm? 
for argon. Although Lampe, Franklin and Field !!) do not give 
an experimental value for 75Q;(C2H5OH), the relationship they 
give relating the polarizability «9 of molecules and their ionization 
cross-sections can be used to find an approximate value of 75Q;. 
Taking «9 = 5.63 x 10-24 cm3, 750; (CoH5OH) = 10.0 x 10-16 cm2, 
The negative value of 75Q; obtained above from Van Duuren and 
Sizoo’s proportional counter data then is likely in error. If we use 
the value of K = 130, as determined by Storrs and Kiser 12) from 
Geiger-Miiller counter studies, AV = 27.0, and assume the additivity 
of values of 75Q;, we calculate 750; (CoHsO0H) = 7.5 x 107-16 cm2, 
having taken 75Q;(Ar] = 3.5 x 10-16cm2. This calculated value 
of 75Q;{EtOH] is in fair agreement with the estimated value of 
10 x 10-16 cm?. It is noted that, although the 75Q; additivity 
assumption is admittedly poor, it does allow approximative insights 
into these results. 

It is concluded, then, that for the gases studied and reported 
herein the calculation of 750; from the counting gas parameter K 
is possible. Investigations of other proportional counting gases are 
presently being made, and preliminary results appear to verify this 
conclusion for other systems than those reported here. We have, 
then, a new approach for the determination of values of Qj. 

Alternatively, for gases whose values of Q; are known K may be 
calculated if AV is known. Since AV > W for proportional gases, 
this is possible. From the knowledge of AV and K the operational 
characteristics of a particular counter with a given gaseous filling 
can be calculated using the Diethorn expression. 
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Investigations of other proportional gases are presently under- 
way in these laboratories in an attempt to further test the ideas 


discussed. 
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ON THE SOLUTION OF AN EIGENVALUE 
EQUATION OF THE WIENER-HOPF TYPE IN 
FINITE AND INFINITE RANGES *) 


by R. MITTRA 


Antenna Laboratory, Department of Electrical Engineering, University of Illinois, 
Urbana, Illinois, U.S.A. 


Summary 


The purpose of the paper is to present a formulation of the eigenvalue 
matrix equation of the Wiener-Hopf integral equation defined in finite and 
infinite ranges. The method provides a simple means for obtaining the eigen- 
value equation and indicates a way for obtaining the eigenfunctions and the 
eigenvalue. The important contribution of the paper is the direct rather than 
the transform method of solution. Such a formulation is also helpful in the 
solution of inhomogeneous Wiener-Hopf equations in finite and infinite 
ranges. 


§ 1. Introduction. In this paper we consider the eigenvalue 
problem defined by the equation 


fid 
w(t) = 2 y(t) K|t —7| dr, 0<T<c, (1.1) 
0 


which is encountered in a class of problems in probability theory. 
The origin of (1.1) and a transform method of solution has been 
discussed by Youla !) in a recent paper. The purpose of the paper 
is to show that the eigenvalue problem can be formulated in terms 
of a determinantal equation without resorting to the transform 
method of formulation. The direct method of formulation is simple 
and involves comparatively less amount of work. From the assumed 
form of the kernel it is seen that the method is limited to the 


*) The research reported in this paper was carried out under Contract No. AF 33 
(616)-6079 at the University of Illinois. 
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special type of kernels of the type (1.2) or to those which can be 
expanded in the form of (1.2). 


§ 2. The eigenvalue matrix. In this section we shall obtain the 
eigenvalue determinant for the problem. As a first step assume an 
expansion for g(t) in the form 


Cay, A Comune ora) ) pee ee gale (2.1) 


m=1 


Such a form is dictated by the fact that the integral J, defined by 
i 

1 =|| @ ?™ K lt — al dr, (2.2) 
0 


yields exp(—ym7) multiplied by a constant, plus some other terms 
of the type exp(— yt) and exp(+ A,t). If by adjusting Am and By 
we can make the coefficients of exp(— f;t) and exp(f,t) in the in- 
tegrated expression of 


T 
i; y(t) K |t — t| dr 


equal to zero, we will have the solution to our eigenvalue problem. 
When (2.1) is substituted in (1.1), the evaluation of the resulting 
integrals involves integrals of the type 
op pt —KkKrt Ket + ( —kr)T 
i oo ee Qkr € “Pe | e p 


0 p?— kh? pth, p—khp 


Using the above one has 


1 T 
— p(t) = > 1 Ane * + > Bm ert] =) y(t) K \f — 7| dr = 


A m=1 m=1 


n fi! 
=>} , 4m ew Yt py eT frit—7! oh > NB emt SG eT Frlt—7l qe — 
m=1 m=1 mn 
— 2 Sy krAmCr ee lone e —Kert A nGe ehrt—(kr+ Ym) TL 
m,?r Vm — ky? mr — Ym + Ry mr ky =i vm 
kR B G gaily B C ert B G ekrt—(kr—ym)P 
rk ee Ty (2.3) 


m,? Vm — k,? mr hy + Ym m,r ky — Ym 


If (2.3) is to be true for all ¢, the coefficients of e~’"¢ and e”"* should 
agree on both sides of the equation and the coefficients of exp(kyt) 
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and exp(—;t) must vanish for all 7. Applying this condition we get 


frond (2.3): 
Coeff. of e”* = 0, or, 


S Am x Bm ae ae. (2.4) 
m=1 ky a Vm m ky Sis Ym 

coeff. of e~*? = 0, or, 
See ee a (2.5) 
m=1 ky — Vin m Ry ee 4/7) 


Equations (2.4) and (2.5) are a homogeneous set of 2” equations 
for the coefficients A» and By». 

Also by equating the coefficients of e~’” or e’"' for each m in both 
sides of (2.3), we get 


ey = 1, Oe on: (2.6) 


Equations (2.4), (2.5) and (2.6) are the desired eigenvalue equations. 


§ 3. Routine for solution. The routine for calculating 4 and the 
unknowns in the expansion of the eigenfunction, viz., Am, Bm, and 
Ym is outlined in the following. Noting that (2.6) is an algebraic 
equation of n order for ym? and that the coefficients of this 
equation involve 4, the following steps may be followed for the 
eigenvalue calculation. 

1. Find 1 roots of ym?, viz., y1?, y2?, ..-, yn? from (2.6). Note that 
the roots will be functions of 4. 

2. Substitute y1, ye, ..., etc. in (2.4), and (2.5). Since (2.4) is a 
homogeneous equation, A» and Bm, the determinant A(A) of the 
equation must equal zero. 

3. Using A(A) = 0, solve the resulting equation of 4. For each /, say 
Ap, calculate ymp (m= 1, ... n) from the expressions for y» in step 1. 

4. Substitute these ym p’s in (2.4) and (2.5) and solve for Amp’s 
and Bmp’s corresponding to the pt” eigenvalue Ap. Note that the 
coefficients can be determined only within a multiplicative constant 
(this of course is always the case in an eigenvalue problem). The 
expression for the f¢” eigenfunction is 


Gp = Amp e”"" + Y Bmp 0”. (3.1) 
m=1 
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Although the formal routine is outlined above, it is pertinent to 
point out the difficulties in working out a practical case. Firstly 
the difficulty is in solving for the 1 roots of (2.6) since the coefficients 
involve the unknown 4. Even more difficult is the solution of the 
determinantal equation A(A) = O since it is usually a transcendental 
equation for A. One must therefore resort to numerical methods and 
expect only approximate solutions. 


§ 4. Example. 


To illustrate the routine, an example will be 
worked out in this section. Consider the case 


Kilt — oi eg 


Equation (2.6) for this case of m = | is 


or 


I 2k 


=a) 
A Ls emis 


y= (h2 — 2kaA)b. 


From (2.4) and (2.5) we have 


Hence, 


From (4.5) 


Or 


A : B 
kh—-y k+y ” 
wee Bev 


kt+y ar a 


(4.1) 


(4.2) 


(4.3) 


(4.4) 


(4.5) 
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Substituting (4.2) in (4.6), there results, 


e(k?—2kayir = + (hk (A® : 2kA)') 
k + (k2 — 2kA)! 


(4.7) 


Solutions of (4.7), which is a transcendental equation, are the 
eigenvalues A of the problem. 
For a particular 2, say Ap, we have from (4.2) and (4.3) 


iD (R2 cae 2khp)?, 


k+ yp 
3o eee A 4. 
Deine: (4.8) 
Hence, 
k 
Pp — Ay Je! + imams 2 ort | ‘ (4.9) 
cc Yop 


Equation (4.9) rearranged reads 


k 

Yp 
where the constant factor has been dropped. The same solution 
was obtained by Youla!) by using a different method of formu- 
lation. 


§5. Upper limit infimty. It is of interest to consider the case 
when 7, the upper limit of the integral equation (1.1), is infinity. 
The formulation discussed above is still valid, but there results 
certain simplifications of the process of obtaining A and qg. This is 
the subject of the discussion below. 

We notice first of all that because of the infinite range of the 
integral equation, continuous eigenvalues will result for the type 
of kernel considered. In order for the integral 


[ce Geers (A, e ™ 4. B, e\ at 
0 


to converge, it is essential that, if Re (yr) = yri(yr1 > 0), then yni < 
< ki, ky real. It has been assumed that ki < ko <...< ky» and 
yu <... <yni. It is to be noted that since yr1 > 0, all y,’s are 
admissible. 

Since the y’s involve the eigenvalue A, this sets a limit to the 
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values that 4 can take. Consider again the simple example in which 
Kit —7| = ee, 


Then the substitution of 


(Cae Meme TS. (5.1) 
in the integral equation 
ot) = iJ g(r) e “#7! dr, k real, (5.2) 
0 
yields 
l DrAe "Ae? Orbe ~ be 
ee Bete es — (53) 
A ye heb Eyark. 9 yk Se ya 
Hence, 
a: ex = 0 (5.4) 
A * yt — 
and 
A B 
= 10) (5.5) 
alee eo mtu ie 
From (5.4) 
y = VR? — QR. (5.6) 
In (5.5) A can be arbitrarily chosen, and solving for B we get 
—k 
B= A. (5.7) 
Yaa 


Note that (5.5) can be satisfied for all y’s by the choice of B/A. 

Therefore the eigenvalue equation (5.5) is satisfied for a continuous 

range of A. The solution q(t) is 

Vk? — 2kA —k 
———————————— € 

Vk? + 2kA +k 


p(t) =A | e-vie=an | Vk2—2ak ( f (5.7) 
Note also that if Re 2 < 0, then Re (y) > k; hence negative values 
of Re (y) are inadmissible. Equation (5.2) has also been solved by 


Wiener-Hopf technique and appears as an example in the book by 
Morse and Feshbach 2). 
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§ 6. Conclusion. In this paper we have considered the eigenvalue 
problem for the finite and infinite function range Wiener-Hopf 
equation with a kernel function K |t| which can be expressed as a 
series of exponentials. 

The equation occurs in the field of probability theory, the details 
of the origin and certain applications have been given by Youla 4), 
and the discussion in this paper has presented a method of solving 
the eigenvalue problem in terms of a set of simultaneous equations 
derived in a rather simple manner. The technique outlined here is 
also useful in solving the inhomogeneous Wiener-Hopf equation 
with finite and infinite ranges without resorting to the method of 
Fourier transforms. The details of this and the contents of the 
paper have been published in a technical report 3) by the author. 


Received 16th November, 1959. 
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HEATING OF AN IONIZED GAS SHEATH BY 
MICROWAVES *) 


by MAHENDRA SINGH SODHA 


Physics Division Armour Research Foundation Chicago, Illinois, U.S.A. 


Summary 


In this communication the author has discussed the heating of an iso- 
thermal rigid uniform sheath by the incidence of microwaves, a problem of 
importance in space physics. The physical processes considered are as follows: 
The temperature of the sheath rises due to the absorption of microwaves, 
which in turn increases the electron density and thereby affects the ab- 
sorption. This continues until the absorbed microwave energy equals the 
energy lost by radiation. 


$1. Introduction. The study of the interaction of electro- 
magnetic energy with an ionized gas occupies a prominent place 
in space physics. Since 1933 considerable effort has been devoted 
to the study of phenomena induced in the ionosphere by radio- 
waves, particularly the Luxemburg effect. However, these investi- 
gations were concerned with radio-waves of low energy. In this 
communication the author has considered the incidence of high 
energy microwaves on a plasma sheath. The physical processes 
involved can easily be visualized. The temperature of the sheath 
rises due to absorption of the microwaves, which in turn increases 
the electron density and thereby affects the absorption. Thus the 
temperature of the sheath continues rising until the absorbed 
microwave energy equals the energy lost by radiation. 

A straightforward method for analysis would be to attempt the 
solution of the hydrodynamic equations, involved in the formation 
of the plasma sheath, as modified by the electromagnetic energy. 
Besides being very difficult to obtain, this solution would strongly 


*) Work supported by Rome Air Development Center and Air Research Development 
command under contract number AF 30(602)—2034. 
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depend on the way the sheath is formed and hence be of little value 
in other cases. Hence the author has taken recourse to a rather 
idealized model in the hope that the results obtained will indicate 
the orders of magnitude and the importance of various parameters 
which are involved. 

It is obvious that a sheath left to itself will dissipate by diffusion, 
and this is certainly not the case for sheaths one may possibly be 
interested in. The confining hydrodynamic forces keep the sheath 
unchanged in form or in other words, rigid. It is conceivable that 
absorption of electromagnetic energy will change the form of the 
sheath. However, we can as a first approximation assume the sheath 
to retain its form even under the influence of high energy micro- 
waves. To simplify analysis we may further assume the sheath to be 
uniform and isothermal and the microwaves to be incident normally. 


§ 2. Basic equations. The basic equations and implied assump- 
tions are as follows: 
1. Rigidity and absence of doubly and multiply charged ions 
require 
No + (Ne + Ni)/2 =N, (1) 


where No, N, and N; denote the numbers per unit volume of neutral 
molecules, electrons and ions. N denotes the number of neutral 
molecules in the absence of ionization. 

2. Electric neutrality of plasma requires 


N= Ny. (2) 

3. Thermodynamic equilibrium requires 
Ky = NeNiP/No(Ne + No + Ni), (3) 
where K is the equilibrium constant and P is the pressure given by 
P= (Ne + No+ Ni) AT, (4) 


k and T being the Boltzmann constant and temperature respectively 
Further, Saha’s equation provides 


Ky = AT®?? exp (— B/T), (5) 


where A and B are characteristic of the element of which the sheath 
consists. 
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4. If the microwave is a plane wave described by 
Ey x exp{ilwt — (a — 16)x}}, (6) 


Margenau’s ) results may be expressed as 


w2 
2a2 = os {L1 — (Asa;/e) ]? + (2200,,/@)?}1/2 + Es. [1 — (420;/)} (7) 


and 


a2 
202 = oe {{1 — (Anai]o)]® + (2700,/c0)?}1/? — ——[1 — (4mai/o)] (8) 


where o, — to; is the a.c. conductivity of the gas given by 


Ne? 1 br ch ( yu3 ) 
= 9 
oe 3m Nv? dv \ v2 + w2 , dai (9) 


2 iy. Ae 3 
ffm Nee é ; ( wv i (10) 
3m v2 dv \x2 + w2/7 


E is the electric vector, w is the microwave frequency, e is the 

charge of an electron in e.s.u., m is the mass of electron, v is the 

electron velocity, v is the collision frequency of the electron and 

< > denotes the average over the electron velocity distribution. 
The collision frequency of an electron is given by 


w= Vor Vad, (11) 


where the subscripts 0 and e,7 refer to collisions with neutral 
molecules and ions and other electrons. 
The collision frequency v9 is given by 


vo = NovQ(v), (12) 


where Q(v) is the cross-section of collision and is tabulated for most 
gases as a function of v. 
For singly charged ions y¢,; is approximately given by 2) 


Ves = (4ce4/m2)(1/1.432)(m/2koT)%-778 N; In A/vi-444, (13) 


where In A is tabulated by Spitzer 3) for various values of N, and 
T and may be treated as a constant (~ 10). 

The calculation of the distribution function with all these sources 
of scattering, appreciable absorption and multiple reflections is 
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rather complicated and we will not attempt to treat it here. 
Moreover, since we are interested only in orders of magnitude, 
in our crude model a Maxwellian distribution should suffice. 
It may be easily seen that the coefficient of intensity reflection 
at the boundary of the sheath and vacuum for normal incidence 
is given by 
Ic)]2 2 
pa Baer +e a 
[a + (w/o)? + & 
It is obvious that the coefficient of intensity absorption is 20. 
5. Taking into account the multiple reflections at the boundary 
of the sheath, it may be shown that the energy absorbed in the 
sheath per unit time per unit area is given by 


@=1(1 —R/1 Elia ee al (15a) 


1 — R e-20l 
where J is the intensity of the microwave or the energy incident 
per unit area per unit time and / is the thickness of the sheath. If 


one of the boundaries of the sheath is a metallic wall with perfect 
reflection, expression (15a) should be replaced by 


e—4b1 (| — R) ] ) 


1 — Re—40l 


In what follows we shall use only (15a). 
6. The energy equation for the sheath may be written as 
3kl(No + Ne + Ni) dT /dt = © — 20(T4* — 714), (16) 
where 3k(N 9 + N. + Ni) is the heat capacity per unit volume of 
the sheath, d7/dt is the rate of rise of temperature, and 20(74 — 
— T;3) is the energy lost per unit area by radiation from the two 
surfaces, assuming the sheath to be a black body. The last term 
in (16) has to be modified if one of the boundaries loses heat by 
conduction to a thick metallic surface. 


OPS Tt =P} E = (15d) 


§ 3. Solution. From (1), (2), (3), (4) and (5) one obtains 
oo) omer Pests 
N; => q¥ « er EY T3e —- 


A 


3/2 1/2 


k 
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and 
No = N — Nz. (18) 


Using (6) to (150) and (17) and (18) we can calculate ® as a 
function of T for given N, w,/ and J. Hence from (16) we may write 
the solution as 


Sion 
— — aun 19 
es fu- fea — 20(T4 — T;4) ae 


The integration can be performed numerically in a straightforward 
manner since ®(7) and Nz are known functions of 7. 

The maximum or steady state temperature may be obtained by 
putting d7/d¢ = 0 in (16) and solving for T graphically. 


§ 4. Discussion. When / is small, the power loss by radiation is 

given by *) 
54) 10G27N AT? 

per unit volume. Hence 20(74 — 7 4) must be replaced by 1.54 x 
x 10-27N,271/?] in all the equations. 

The present treatment is very crude but it 

i) brings out the important parameters in the problem. 

ii) gives the order of magnitude of the temperature that can be 
reached under given conditions. 

iii) gives the order of magnitude of the time needed to reach a 
given fraction of the steady state temperature so that laboratory 
experiments with pulses of microwaves can be planned. 


Received 18th December, 1959. 
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PROPAGATION OF ELECTROMAGNETIC PULSES 
IN A HOMOGENEOUS CONDUCTING EARTH 


JAMES R. WAIT*) 


Newmont Exploration Limited, Danbury, Connecticat, U.S.A. 


Summary 

A general analysis for the electromagnetic response of conducting media 
due to pulse excitation is presented. The treatment is based on the Laplace 
transform theory. First, a survey of the field is made and the limitations and 
scope of the previous work are pointed out. The theory of propagation of a 
plane wave pulse in a conducting and homogeneous medium of infinite 
extent is then reviewed. The form of these results enable one to evaluate the 
relative importance of the conductivity and the dielectric constant. It is 
indicated, for sufficiently large times in the transient response, that displace- 
ment currents may be safely neglected for sea water and for most geological 
media. Under this assumption, the waveform of the electric field in a con- 
ducting medium is illustrated for the case where the source is an electric dipole 
energized by a step-function current. Results are also presented for ex- 
ponential and bell-shaped source functions. The pulse shape of the field 
components is profoundly modified as they propagate through the medium. 
It is suggested that this property may be utilized in measuring distances in 
the earth’s crust. The more difficult problem of propagation in non-infinite 
conducting media is also considered. To account for the presence of the 
interface in a conducting half space, (i.e. homogeneous flat ground) a rather 
involved analytical expression for the transient fields is required. Certain 
special cases, such as a horizontal electric dipole at the interface, are illustrat- 
ed by numerical results. The transient excitation of a wire loop lying on the 
surface of a homogeneous ground is also considered. Finally, transient 
coupling between pairs of parallel insulated wires grounded at their end 
points is treated as an extension of the earlier results. 


§ 1. Introduction. It is traditional in the theoretical study of 
electromagnetic waves to assume a time dependence of the form 
exp(iwt). The resulting solutions are thus valid only in the steady 
state. In many applications this assumption is justified in a crude 
sense even when the signal is a “‘burst’”’ of a continuous wave such 


*) Present address: National Bureau of Standards, Boulder, Colorado, U.S.A. 
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as a radar pulse. However, if one is interested in the precise form 
of the leading edge or trailing edge of the pulse, the solution for 
harmonic time dependences tells you exactly nothing. The problem 
becomes rather critical when the wave suffers dispersion such as 
would be the case for propagation in a conducting or ionized 
medium. 

It is the purpose of the present paper to consider the propagation 
of an electromagnetic pulse signal in conducting media under 
various assumptions. Taken together it is believed that these 
results shed some light on the behaviour of pulse propagation in 
actual terrestrial media such as soils and rocks and sea water. 
There has been some attention already given to this general problem 
and it seems desirable to review this past work and mention any 
limitations of the results. 

Using an operational approach Riordan !) calculated voltages 
during transient conditions in a grounded wire lying on the earth’s 
surface due to a suddenly applied current in a second grounded 
wire. In his treatment, the displacement currents in the air and 
the ground were neglected. Furthermore, his starting point was a 
formula due to Foster?) for the mutual impedance between 
grounded wires which assumed that the insulation was perfect in 
the sense that the current in the primary wire was constant through- 
out its length and the induced terminal voltage was the line 
integral of the electric field along the length of the secondary wire. 
Since Foster’s results are valid when typical dimensions D in the 
problem are small compared to the free-space wavelength, the 
formulae of Riordan are valid at times ¢ much greater than D/c 
where c is the velocity of light in vacuo. Many interesting related 
problems are discussed by Sunde 8) in his text. 

The author 4) has derived explicit formulae and presented 
numerical results for the fields of electric and magnetic dipoles 
which are excited by a step-function current. The surrounding 
conducting medium was assumed to be infinite and homogeneous, 
and displacement currents were neglected. The results are thus not 
valid for small times. Under similar assumptions the transient 
fields of a magnetic dipole over a layered conductor were calculated 
under various conditions >). The author has also presented an 
exact solution for the fields of a magnetic dipole with step function 
current excitation in a homogeneous conducting medium 8), In 
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this work displacement currents were accounted for and it was 
shown that at sufficiently large times (after the initiation of the 
source pulse) the previously derived approximate formulae were 
regained 4). 

More recently, a series of papers by Bhattacharyya have 
appeared dealing with this subject. Since they are closely related 
to the above described work they will be mentioned in turn. In his 
first ’) and second 8) paper, he presents a solution for the transient 
fields of an electric dipole excited by a ramp current source and 
located in an infinite homogeneous conducting medium. This 
ramp source is a current which rises linearly with time ¢ from 0 
to ¢; after which it is a constant. In these solutions displacement 
currents are neglected. Bhattacharyya illustrates that the 
electric and magnetic field intensities exhibit time gradients 
varying with the shortness of the rise time ¢;. This author prefers 
the ramp source as a theoretical model in preference to a step 
function source. In fact, he says “‘an electric pulse rising instantane- 
ously from one value to another is not physically realizable’. It 
is only proper to point out, however, that Bhattacharyya’s 
ramp source is also not physically realizable as there are disconti- 
nuities in the derivatives at both ¢= 0 and ¢ = 7%). Actually, the 
response calculated for a step function source is more basic since the 
response for arbitrary excitation may be computed readily by 
superposition therefrom. 

In a third paper Bhattacharyya ®) has presented formulas for 
the fields of a small loop (i.e. magnetic dipole), lying on the surface 
of a conducting half-space, energized by ramp-function source 
currents. For zero rise time these results reduce to those given by 
Wait >). Displacement currents are again neglected. 

In a fourth paper, Bhattacharyya !%) discusses the fields of an 
electric dipole energized by a step function current. The conducting 
surrounding medium is assumed infinite and homogeneous, but 
displacement currents are considered. The inversion of the relevant 
Laplace transforms is carried out by numerical means. The trans- 
forms are similar in form to the results given by Wait for the 
corresponding problem of a magnetic dipole. Finally in a fifth paper, 
Bhattacharyya 4) obtains results for the fields of a small loop 
on the surface of the conducting homogeneous earth, taking full 
account of the displacement currents in both the air and the 
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ground. Again the inversion of the Laplace transforms is carried 
out partly by numerical means. 

It should be emphasized that in both these latter two papers 
of Bhattacharyya !°)!) and an earlier paper by Wait ®) the 
conductivity and dielectric constant of the medium are assumed to 
be constant with respect to frequency. In the case of sea water this 
is agood assumption, but on the other hand the electrical “constants” 
of soils and rocks are very frequency-dependent. In fact, in the 
region of 10 Hz to 10 kHz, the dielectric constant varies approxi- 
mately as the inverse of frequency for many geological media !%). 
This fact should be borne in mind in the interpretation of electrical 
transient measurements in situ. 

A further paper on the subject by Richards 1%) has appeared 
recently. The stated purpose of his paper was to extend Wait’s 
result for the electric fields of a transient magnetic dipole to give 
explicit expressions for the magnetic field components. Richards 
results are given in the form of convolution integrals and thus are 
not really “explicit”, although they appear to be consistent with 
the results of Bhattacharyya and Wait when specialized to 
step-function source functions. Richards also points out that for 
ranges of interest in most practical problems the waveforms of the 
received fields are not influenced by the displacement currents. 

Recently a paper by Grumet !4) has appeared which considers 
propagation into a semi-infinite conductor when a step-function 
electric field is applied to the plane interface. How this is to be 
accomplished is not stated. The problem as formulated is one- 
dimensional and is entirely equivalent to calculating the voltage 
at any point on a uniform transmission line whose series resistance, 
series inductance and shunt capacitance per unit length are speci- 
fied.45), 

In addition to the investigations mentioned above, there are a 
number of recent papers 16-21) which deal with the propagation 
along the surface of the earth to great distances. Usually these are 
confined to the radiation field of the antenna, and attention is 
limited to the space above or on the surface of the earth. As has 
been pointed out very recently by Keilson and Row 22), how- 
ever, the convolution theorem may be applied to calculate the 
waveform at some subsurface point in terms of the field at the 
surface. In the example they used, the electromagnetic disturbance 
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postulated at the interface was a pure Zenneck surface wave. Such 
a wave bears little similarity to that set up by a physical source. 
Despite this fact, the conclusions reached by Keilson and Row, 
in the main, are valid. 

The possibility that transient electromagnetic waves may be 
used in geophysical prospecting has been discussed quite frequently 
in recent years. White 2%), in particular, has proposed that the 
buildup of the voltage between two grounded electrodes resulting 
from a suddenly applied current at two other electrodes is indicative 
of the sub-surface features. This problem has also been studied in 
some detail by Wait ?4) who treated the transient electromagnetic 
response of a stratified conductor >), thin slabs 25) and spheres 26) 
for various sources. Transient coupling, between pairs of parallel 
insulated wires grounded at their end points in a conducting 
medium, was also considered 27). 

The geological and geophysical applications of transients have 
been discussed extensively by Belluigi 28-31) in Italy and similar 
studies have been made by Yost 32) in the U.S.A. 

The use of transient electromagnetic pulses to probe geological 
structures is apparently highly developed in the U.S.S.R. A number 
of papers, mainly theoretical, have appeared in the Russian literature 
in the last decade. Their developments have been apparently carried 
out independently of that done elsewhere. Virtually no references 
are given to the “‘western”’ literature, although very similar problems 
have been treated. Tikhonov 33)84), in particular, has treated 
formally the electric transient fields on the surface of both a homo- 
geneous and a layered half space for both plane wave and dipole 
sources. Skugarevskaya #°)8§), in collaboration with Tikhonov, 
has further developed the theory and was able to evaluate approxi- 
mately the infinite integrals corresponding to small or large times 
in the transient response. Chetayev 3”), also in the U.S.S.R., has 
published a solution for the transient fields of a loop lying on the 
surface of a homogeneous conducting half space. He also developed 
an approximate correction term to account for the presence of a 
layer. He gave no numerical results. 

In the above mentioned Russian work on this subject, the dis- 
placement currents are consistently neglected and the conductivity 
is assumed to be a constant with respect to frequency or time. For 
this reason, it would appear that the suggested interpretation of 
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experimental data as proposed by Skugarevskaya *) should be 
considered with a certain caution. The variability of the electrical 
properties of the geological materials could very well give rise to 
anomalous results 12). Nevertheless, the results of Russian workers 
are very valuable and are leading to a better understanding of 
transient electromagnetic waves in conducting layered media. 


§ 2. Propagation of transients in unbounded media. The simplest 
case to consider is when the fields only depend on one coordinate. 
Furthermore, if the medium is homogeneous with conductivity o, 
dielectric constant ¢ and permeability w, the field components for 
a time harmonic plane wave may be represented by 


H,(iw) = Ho(iw) e~”* e'” (1) 
and 
(o + tew) Ez(iw) = yHo(iw) e~”* e'” (2) 
where 
y = [iol + iec)}!, (3) 


w is the angular frequency and Ho is the magnitude of the H, field 
at x = 0. The cartesian coordinate system (*, y, z) has been chosen 
so that the direction of propagation is parallel to the x axis and the 
magnetic and electric field vectors are parallel to the y and z 
directions respectively. 

Now if in the plane x = O the y component of the magnetic field 
is specified as some function of time, say /o(¢), then the problem is 
to determine the form of the magnetic field h,(¢) and electric field 
ez(t) at some finite value of x. This may be accomplished by re- 
presenting the transient fields as Fourier integrals and then using 
the known results for the corresponding time-harmonic problem. 
For example, o(¢) may be written in the form 


++ co + too 
] ; : ] 
ho(t) = Se | Heotio) eda = sme | Ho%s e* ds (4) 
and thus y mh 
Ho(tw) = f ho(t) ered = fho(t) e~* dt = Ho(s), (5) 
0 0 


assuming that /o(t) =O for ¢ <0. As is indicated above, the 
quantity s can be identified with iw. In this s notation, Ho(s) is the 
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Laplace transform of ho(t), which may be written symbolically as 


H(s) — Lho(t) (6) 
or 
ho(t) = L-Ho(s). (7) 
The formal results for the field components are thus 
y(t) = L1H,(s) = L-1Ho(s) e 7?" (8) 
and 
éz(t) = L-LE,(s) = L-! H(s) Ho(s) e77(s)z (9) 
7(s) 
where 
y(s) = [us(o + es)]¥. (10) 


It will now be assumed that the driving function /o(t) is a unit 
impulse, that is 
ho(t) = Hod(t) (11) 


where 6(t) is the Dirac function at ¢ = 0. Thus 


and 
hy(t) = L-1Ho e~”** = L-1H exp{—[s(s + a)]#R}, (13) 
where 


k = (eu)'x and a = o/e. (14) 


Consulting the tables of Laplace transform pairs in Magnus et al.38) 
or Campbell and Foster 9) it is possible to write down the result 


hy(t) = Ho e-** 8(¢ — k) + 
=tat Ty [3a(?? 7m k?)?] 


es u(t — kh), (15) 


+ Hoake 


also 


ea(l) = (uje)tHo e~ # 6(¢ — k) + 


Hoa e*@ [ t f 
 (u}e)t—— lanaciganpetaos dle 


Sip Ee (2 ay] a 293) (16) 


220 JAMES R. WAIT 


The corresponding responses fy,(t) and @,(¢) for an arbitrary 
excitation /o(?) may be expressed formally in terms of the impulse 
responses quoted above as follows: 


Owe zy | hy(r) ho(é — 7) dr (17) 


and 
t 


few eo(¢ — 7) dr. (18) 


0 


1 
é(t) = Ho 


For example if the exciting magnetic field in the plane x = O isa 
stepfunction, that is if 


ho(t) = Hou(t), (19) 
the corresponding step-function responses are given by 
t 
hy(t) = f hy(r) dr (20) 
0 
and 
t 
é2(t) == ./ e,(r) da, (21) 


being simply integrals over the impulse responses. The resulting 
integration over the impulse functions is simple, 1.e. 


[ole ao Rl dy =u ee, (22) 


leading to a step-function. The integration of the second factor in 
the right of (15) apparently is not expressible in closed form. 
However, integration of the right hand side of equation (21) may 
be easily carried out and the result is 


&(t) = (u/e)tH e~** Tol ha(t2 — k2)*] u(t — 2). (23) 


This is an exact result. It is interesting to study the limiting case 
of this formula when the medium is highly conducting since this 
sheds some light on the nature of approximations that are used 
later in more complicated situations. If 


(2 — k2)8S 2elo, (24) 
the Bessel function J) may be replaced by the first term of its 
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asymptotic expansion, thus 
é2(t) ~ (u/o)*Ho(at)—? exp(— our2/4t). (25) 


This is the result which could be obtained if displacement currents 
were neglected at the outset. For example if ¢ was set equal to zero 
and the exciting magnetic field on the plane x = 0 has the form 
Hou(t), then it follows directly that 


éz(t) ~ L-1(u/o)* Hos? exp[—(ous)*x], (26) 


which is consistent with (9) above. 


§ 3. Transient fields of dipoles in unbounded and homogeneous 
media. 

3a. Exact Solutions. The fields of a dipole in an infinite and 
homogeneous conducting medium may be expressed formally in terms 
of Bessel functions in the same manner as in the previous section. 

The electric dipole of length ds is located at the centre of a 
spherical coordinate system (7, 6, ¢) and oriented in the polar 
(6 = 0) direction. The expressions for the Laplace transforms of 
the field components may be written down immediately since 
they have the same form as the corresponding time-harmonic 
expressions. Thus 


LIS) dS ate Gr 
EAs) = = is Se (1 + yr) cos 6, (27) 
I(s)ds_ e-” 
Ea = nS = ge ay abz,%) sin 0, (28) 
I(s) d } 
Hg(s) = a Bra Diy yin, (29) 


where y = [us(o + es)] and J(s) is the transform of the current 
7(¢) in the dipole. If 

z(t) = Ipd(t), (30) 
then, of course, J(s) = Ip. The magnetic field response as a function 


of time is then to be obtained from 


n 6-@(t), (31) 
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where be geteh 
@(t) = L-1 e-Vae+ak [1 + Vs(s + a)h]. (32) 


This transform was inverted in a previous paper ®) and the result 
may be written as 


P(t) = E + i 7p 2) ei 6(¢ — k) + Re #* OE — fk) + 


a2k3 e— 84 
To [4(t2 — k?)8a] u(t — Rk), 33 
4 (62 — k2) 2 [a )Pa} u( ) (33) 
where 6’(¢ — k) is the doublet impulse function *) at ¢ = k. 
The expressions for the electric field components are not ex- 
pressible in closed form. They may be formally written in terms 
of convolution integral as follows 


t 


Iod 
Cr(b) a cos 6 ent | ent P(r) dr (34) 
0 
and 
t 

Iod OC eal 
FA grate | eon | e"* P(r) dr | sin 0. (35) 

4ner Lor r 


0 


The function @(f) also occurs in the solution for the electric field 
é4(¢), produced by a magnetic dipole or small loop of area da 
excited by a step-function current Jou(t). Explicitly, 


—pulo da 
Anr2 


From the viewpoint of the reciprocity theorem this is not at all 
surprising. The corresponding magnetic field components are 
formally given by 


if wk da 
es cos 0 (37) 


ied d pa : i (zr) ar | sin 0, (38) 
0 


&,() = P(t) sin 0. (36) 


and 


Anr 


which are obtained by an integration of Maxwell’s equations. 


*) Formally, Ld’(t —- k) = s e—ks, 


PULSE PROPAGATION IN A CONDUCTING MEDIUM 223 


36. Approximate solutions for high conductivity. It 
is possible to simplify the results in the previous section when the 
conductivity is high and the response times are not small. As 
mentioned earlier, the simplification amounts to the neglect of 
displacement currents. In the case of the electric dipole the Laplace 
transforms of the field components may be written as 


I(s) ds 
E,(s) = ———— (1 + as!) exp(—as?) cos 0, (39) 
2073 
I(s)d 
E,\§) == (s) 3 (1 + as? + «2s) exp(— as!) sin 0, (40) 
4zor3 
I(s) d 
Hy(s) = a (1 + as?) exp(— as?) sin 6, (41) 


where «? = our?. For a step-function current source, [(s) = J0/s, 
the transforms may be readily inverted as was demonstrated in an 
earlier paper +). The responses are given by 


Iod a 
é,(¢) = ee A ( mA ) u(t) cos 0, (42) 
Iod a p 
é9(t) = ae 5 B( ar ) ato sin 6, (43) 
hg(t) = 2S A ( = ) ao sin 0, (44) 
where 
A(x) = erfc (x) + x erf’(x) (45) 
and 
B(x) = erfc(x) + (% + 2x) erf’(x), (46) 
with 
erfc(x) = 1 — erf(x) = igh [ .-v dy (47) 
fT J 
and 
d 2 - 
ert (4) "== aes erl(x) = a, -- (48) 


The error function and its derivative occurring in the above ex- 
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pressions are extensively tabulated; the argument x is the real 
quantity «/(22?). 

The corresponding expressions for the fields of a magnetic dipole 
or small loop excited by a step-function current are very similar. 
Explicitly 


hag ee A ( = ) ao cos 8, (49) 

hit = ae ( ) uo sin 0, (50) 
VS * a “ A ( = )u(o sin 0 

ee male Gar sin 6. (51) 


where the A and B functons are as given above and the new C 
function is given by 


ae 
wien. (52) 


It? 


Ca) = 44 en) 


The response functions A, Bb and C characterize the field re- 
sponses for an electric and magnetic dipole source with step- 
function excitation of current. They are approximate in the sense 
that displacement currents have been neglected. This restricts the 
range of application to times ¢ such that 


(t2 — k2)!S 2e/o where k = (en)? r. (53) 


The relatively simple analytical form of the Laplace transforms 
in (39) to (41) enables one to investigate more realistic source 
functions. For example if the source current in either the electric 
or magnetic dipole has the form 


I(t) = Ip e~* u(t), (54) 
the transform for the source function is 
I(s) = AD (55) 
s+ B 
The required a may be effected by using the known result 39) 
— = L Re e~* e~ #8 erfc & 2 ip) u(t), (56) 
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and the following results are obtained by differentiating the above 
with respect to « and ¢, respectively: 


oe 
“ Walon vib | Re LocBt e~Pt ete orfe i — ips) ae 
2 —xijae | _™ 
= = e ee u(t) (57) 
and 
ats eas? if a 
ana F aR | — o«2Be* Re eee erfc eS 4: ipo) | = 
4 etd 


Re indicates that the real part is to be taken. The explicit expressions 
for the electric field components of the electric dipole are then 
given by 


To ds 
fo A(p, t) cos 6 (59) 
2no0r3 
and 
Io ds s 
Ey = B(p, t) sin 6, (60) 
Anor3 
where 


A(B, t) =|R e| em ~Bt g—iB¥a (1 4 5B ) erie (=. — put) | + 


and 


Bipot Re | en eta (1 4. ite — Bo?) erfc oe — ip) 2 


gallo} « 


The magnetic field components of the magnetic dipole or small 
loop excited by the exponential current have the same form: 
I 0 da 


rvRe A(B, t) cos 0 (63) 


Va l= 
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and 
H Io da 
Oameanys 


B(, t) sin 0. (64) 


Two interesting special cases are immediately deduced. If the 
time constant of the exponential is very large (i.e. 6 very small), 
the response for the step-function current source is recovered, that 
is 


A(B, t) = Ald (65) 
Lim p-0 

and 
B(B, t) = Bi). (66) 
Lim p—-0 


If the excitation is of the form exp(zwt) u(t), then the response 
functions are simply A(t, ¢) and B(zm, t), respectively, and they 
are functions of the angular frequency w. The corresponding steady 
state solutions, denoted by A(w) and b(w), are then recovered by 
noting that 


A (iw, t) = A(w) = (1 + yr) e™ (67) 
Lim too 
and 
Bio, t) = B(w) —— (1 + yr ae 272) en”, (68) 
Lim t—co 
where 
i (tw) Po = (topw)}y. (69) 


The responses for an exponentially rising step may also be easily 
computed, for example if the source current has the form 

I(t) = Io(1 — e~*) u(t). (70) 

The corresponding responses for the 7 and 6 field components are 


respectively given by 


U(B,t) = A(t) — A(B, 4) (71) 
and 

V(B, t) = BY) — BEB, t). (72) 
As the time constant becomes small, the step-function responses 
are again recovered. For example, 


U(B, t) = Alt) (73) 
Lim f—co 

and 
V(B,t) = Bi). (74) 


Lim f-+oo 
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3c. Illustrations of certain features of the transient 
response in an infinite medium. Some of the characteristics 
of transient propagation in a conducting medium are best illustrated 
by a graphical presentation of results. The functions A(¢) and B(é) 
characterize the step-function response of the y and 6 components 
of the dipole fields, respectively. They are shown plotted in fig. 1 
as a function of x?/4 or ¢/our?, which is a time parameter. It is 
interesting to note that the function A(x) corresponding to the 
radial field component rises monotonically with time and approaches 
the static value of unity. On the other hand, the function B(x) 
corresponding to the tangential field component rises much more 
rapidly and tends to overshoot the static value by about 40%. It 
then decays monotonically to its static value. 


A(t) AND B(t) 


TIME. PARAMETER, +; 
opr 


Fig. 1. Transient dipole field functions for step functions current source. 


The corresponding dipole field responses A (A, t) and B(§, t) for an 
exponential source function may be calculated from (61) and (62) 
or directly from the superposition of the step-function responses. 
An example is shown in fig. 2 where A(f, ¢) and B(f, ¢) are plotted 
as a function of ¢/owr? for an exponential current source given by 
I =Ipe * where 6 = 1/our2. Here it may be noted that both 
functions go to a maximum and eventually diminish to zero at very 
large times. 

Another interesting case is when the source current in the dipole 
is a half-cycle of a sine wave. For example, /(t) = Jo sin Bt for 


228 JAMES R. WAIT 


0 < ft <a. The half-period length 2/6 is taken to be equal to 
0.9/cur2 for purposes of illustration. The resulting response functions 
A,(t) and B,(t) for the radial and tangential field responses are 


A(B,t) AND B(8,t) 


BOB,t) 


Source Function 
et 


jp wr Tee) “OG OS) M10e Plime nie kenemerekaS 
TIME PARAMETER, —> 
opr 


Fig. 2. Response of a dipole energized by an exponential current I = Ig e—'F, 
where B = 1/opr?. 


U4 eager ale all [acc imal asl lca 


Source 
Function 
Sin Bt 


A,(t) AND B,(t) 


TIME PARAMETER,—-; 
opr 


Fig. 3. Electric dipole energized by a half sine wave current J sin ft, for 
half period = 0.9/ozr?. 


shown in fig. 3 for this example. It can be noted here that the radial 
field response rises to a broad maximum and diminishes monotoni- 
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cally to zero. On the other hand, the tangential field response rises 
to a more pronounced maximum and then “‘undershoots”’ the zero 
axis to form a “‘tail’”’ to the pulse. 


TIME, MILLISECONDS 


Fig. 4. Transient dipole field function for rectangular current source pulse. 
Source pulse time + = 1073s, Eg = (J ds/4zor3) B,(é) sin 0. 


— Value of optr2, 10? 


D(+) 


“0 0.5 1.0 15 2.0 205 
TIME, MILLISECONDS 


Fig. 5. Transient dipole field function for rectangular current source pulse. 
Source pulse time +r = 0.5 x 1073s, Eg = (I ds/4zor3) B,(t) sin 0. 


A further illustration of the nature of the dispersion of the pulse 
is shown in figs. 4 and 5 for a rectangular source pulse. The specific 


form of the current is 
I(t) = Io[u(t) — ult — 7)] (75) 


where 7 is the length of the source pulse. The corresponding tangen- 
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tial field response B,(t) is thus given by 
B,(t) = Bit) — B(é — 7). (76) 


This is the function which is plotted in fig. 4 and 5 for 7 = 1.0 and 
0.5ms respectively. The appropriate values of the parameter 
our? are indicated on the curves. These curves illustrate the increas- 
ed dispersion as the pulse travels to greater distances. 


fog r2=xlo° 


0 0.5 1.0 15 20 
T, TIME, MILLISECONDS 


Fig. 6. Parameter our? versus T. 


The following values would be typical of sea water 
o = 4 mhos/m, 
e = 80 X 8.854 x 10-12 F/m, 
B= 4a X 10-CHm. 
Then for a distance 7 of, say, 20 meters, it follows that 
OL 2 et 10-% (77) 
which is one of the curves plotted in fig. 4 and 5. It should also be 
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noted that for this example 


k == (en)? ==10.6 x 10-85, (78) 
and 
if@ = so == 1.27 10-105. (79) 


Thus the response curves shown in figs. 4 and 5 are not valid within 
a few microseconds of the leading and trailing edge of the source 
pulse. 

The possibility exists that the shape of an electromagnetic 
pulse in a conducting medium is an indication of the distance to 
its origin. A useful criterion in the case of the rectangular source 
pulse is the time T from the end of the source pulse to the instant 
where the electric field passes through zero. This is indicated in 
fig. 6 where our? is plotted as a function of 7. The quantity T 
appears to be almost a linear function of opr?. 


§ 4. Transient fields in a semi-infinite conducting medium. Aa. 
Horizontal electric dipole excitation. The propagation 
of electromagnetic pulses as discussed in previous sections is based 


(INSULATOR) 
(CONDUCTOR) 


“ (0,0,h) 


OBSERVER 
AT (x, y,Z) 


Z 


Fig. 7. Coordinate system for horizontal electric dipole in conducting half 
space. 


on the idealization of an infinite medium. The effect of an interface 
between a non-conducting and a conducting medium is now 
investigated. The model adopted initially is a horizontal electric 
dipole located in a semi-infinite conducting medium at depth h 
from a plane interface. Choosing a cartesian coordinate system, the 
conducting medium is defined by the space z > 0 whereas the 
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insulating region above it is the space z < 0. The coordinates of the 
electric dipole are (0, 0, /) and it is oriented parallel to the x axis 
as indicated in fig. 7. 

The formal solution of this problem for harmonic time dependence 
is well known. As shown by Sommerfeld *), the fields may be 
derived from a Hertz vector which has both an x and a z component. 
To simplify the subsequent analysis somewhat, the displacement 
currents are neglected. As discussed in previous sections, this is 
justified for low frequencies in the time harmonic problem or large 
times in the transient problem. With this simplification, Sommer- 
feld’s expressions for the components of the Hertz vector are 


To PCR ene Chea e ” 
Iz = ae ee 
a A 
0 


(+h) 
sree Jo(Ap) 4 aa | ; 


Ano v0 
IIy = 9, (80) 
Idi a Pe— meth) 
Eos 2Qno 0x } uta Jolp) da, (81) 
where 


ro = he he pt re ae pe 
p= [2 + yf, w= (2+ 1%), 
and d/ is the infinitesimal length of the dipole. 
It may be readily verified that 


IT dl (=. 2 fee o3N oN 
a oa Bos 
Ie 40 v0 y2 \ éz2 r 023 ? Oz ) 62) 
and 
ie = IT dl ( 03N e2P ) 
“ Qnay2 \ axdz2 | axdz /’ Bs) 
where 
eae Ueth) 
N = [= Jotap) aa (84) 
0 
and 
e Ueth) 
ee lata Jo(Ap)a da. (85) 


0 
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The integrals N and P are known. From Foster 2) or Magnus e¢ 
al.38) 


N = Iol3y(r — 2) Kolty(r + 2)] (86) 
and from Sommerfeld 2°) 
a ee: (87) 


The transform of the electric field in the conducting half-space 
may be obtained from the relation 


E = — y? Il + grad div II, (88) 


where tw is replaced formally by s. Furthermore, on utilizing the 
fact that N satisfies the wave equation 
( Q2 92 g2 


2 Ps 
ox? . ov? . oz? ¢ )n=o ee, 


it is not difficult to show that 


pea dl He Gag ) Po—P | HA =i (90) 


Ano oy? az Oy20z O28 
I(s) dl i 2 o3N ] 
= - - — 2—___ |, 91 
3 40 oxoy igs OXOVOR a 
__ Ls) di | 2 ] Be 
fe ay Ano L axéz ea tot (92) 
where 
Po = exp[—(ous)*70]/7o, (93) 
P = exp[— (ous)'r]/r, (94) 
and 
N = Io [3(aps)* (r — 2)] Kol3(ops) (7 + 2)]. (95) 


The current in the dipole is taken to be of the form J6(¢) where I 
is a constant. Thus J(s) may be replaced by J. The required 
transform pairs are 39) 
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uWiks . 
bt) = : =) ta exit a oO 


de =. 84) (oie). 
[p(ro, t) is obtained by replacing 7 with 79 in (7, 2)]. 
Carrying out the differentiations, indicated in (90), (91) and (92), 
leads to explicit expression for the components of the transient 
fields resulting from an impulsive current source. These are 


f= Lar —() (po) Jom 
Loz —() -C a) Jorn 


_ +h) Rent | (2) (I1 2+) | exp(—p2/T). 


Lt af is 
(exp — 22 + mer] —[ 2(4 4") — = |e, af, (101) 
4T dl ee 
ey(t) = aula [A(ro, ¢) — P(r, 4). + 


+ 2 (h! = 21 + To) exp(—p2/7) expl— ae + WAT), (102) 


I dl — 1 
el) = t=) tard ee, EES a ney (ion 


UO 


(/NSULATOR) 
(CONDUCTOR? 


OBSERVER 
AT (x,0,Z) 


Fig. 8. Situation where the source dipole is on the surface of the half space 
and the observer is in the y = 0 plane. 
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The argument of the Bessel functions Jo, 7; and Jy’ is p2/T; the 
prime on /; indicates a derivative with respect to the argument. 

To simplify the discussion, the fields in the principal plane y = 0 
are considered and the dipole is located at the surface, i.e. h = 0, 
as indicated in fig. 8. The e,(¢) component now vanishes, which is 
to be expected because of symmetry. The other two components 
may be written in the form 


Idl ( 8 ) 
z(t) = 104 
eal?) 2nor? \ our? fale), ed 
I dl 8 ) 
‘) = x : 105 
eat?) 2aor3 ( our? fale) aS) 
where 
4 cos 6 
felt) = — = [hy (sin29/r) — Fo(sin?9/7)]. 
.exp(— sin26/r) exp(—2 cos?6/7) — 
$ 2 1 
ie" aes oe ) exp(— 2/7) (106) 
I oa Te ct 
and 
fant d phen ge 
flr) ={— 77 (sin 6 cos 6) exp(— 2/7) (107) 
14 7: 
with 


+ = T/r? = 8t/(our?), v2 = 22 + x2, and tan 6 = x/z. 


If the medium is infinite in extent, the corresponding expressions 
are 


ect ae 

and 
cat) = (5) en, (109) 

where 
jy = 02 (1 ee re eB 2) (110) 

and 


Telt) Tate) (111) 
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The latter identity is rather interesting since it indicates that the 
form of the transient is not modified by the presence of the inter- 
face. However, the behaviour of f;(7) for the semi-infinite medium 
and f,9(7) for the infinite medium are quite different. 


RESPONSE, f (tT) 


-08 0" 
005 0 2 03 05 | 2 5 10 
TIME T 


Fig. 9. Response function f,(7) for horizontal field in half space. 


The response functions fz(7), /r°(r) and f,(r) are shown plotted 
in figs. 9, 10 and 11 respectively. The abscissae in each of these 
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curves is t, which is proportional to time. The angle to the observer 
in the conductor is @ and indicated on the curves. 0 = 0, of course, 
corresponds to the situation where the observer is directly under the 
source dipole. On the other hand, = 90° corresponds to the observer 
being at some other point on the surface. 


(1) 


° 
x 


RESPONSE, f 


TIME, + 
Fig. 10. Response function /,9(7) for horizontal field in infinite space. 


It may be noted that the waveform for the horizontal electric 
field in the half space (proportional to f;(7)) undergoes a conside- 
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rable change as 0 varies from 0 to 90°. This is to be compared with 
the waveform for the horizontal electric field in the infinite space 
(proportional to f,°(z)). In these two cases the waveforms are similar 
for propagation steeply into the conductor (i.e. smaller values of 6) ; 
there is a considerable difference, however, in the case of propaga- 
tion in the horizontal or near horizontal direction (i.e. 9 near 90°). 


0.05 01 0.2 0.5 l 2 3 10 
TIME, Tt 


Fig. 11. Response functions f,9(7) or f,(r) for vertical field. 


In fact, at 0 = 90° it is not difficult to show that 


eer) (112a) 


and 


2 . 
fa (7) aes + e- 7" x4(z), (1120) 
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where 0(7) ia a unit impulse function defined such that 


+e 

Lim / 6(r) dr = 1. 

e>0 0 
The presence of the impulse function is related to the presence of the 
insulator interface. Since all displacement currents have been 
neglected, the immediate arrival of a disturbance at the observer 
is reconciled. For any depth of the observer (i.e. 6 < 90°), the unit 
delta impulse is replaced by a pulse of finite duration and finite 
“rise time’. This is illustrated clearly in fig. 9. 

It is rather interesting that the vertical electric fields behave 
the same way in both a conducting half space and an infinite con- 
ducting space. This is indicated by the identical analytical forms for 
fz(r) and f2°(z). 

The theoretical development in this section has been restricted 
to an impulse current excitation. Unfortunately, the inversion of 
the relevant Laplace transforms is only possible in this case. 
However, the response for other source functions may be obtained 
by invoking the principle of superposition. For example, in the case 
of a stepfunction current source, the responses are obtained in the 
usual way by integrating the impulse responses with respect to 
time from 0 to ¢. 

In the case where the source dipole is located at the surface 
and the observer is at (x, 0, z) the step-function responses may be 
obtained from 


T ds fr 
=! 113 
— Onor3 falr See 
and 
I ds Jr 
114 
 Dror8 felr ( ) 


The first of these integrals cannot be evaluated in closed form as 
far as this writer has been able to ascertain. However, if 6 = 90°, 
corresponding to the observer as well as the source being on the 
surface of the half space, it easily follows that 


Efe} 09 
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where the function A(x) has been plotted in fig. 1 as a function of 
1x2 or t/(cur?). The square bracket term on the right hand side of 
(115) thus varies from unity for small times to 2 for large times. 

4b. Wire loop or magnetic dipole excitation. Another 
obvious method to excite transient fields in a semi-infinite medium 
is by a closed wire loop lying on the surface. When the area be- 
comes small, the loop may be represented adequately by a magnetic 
dipole. For sake of generality the loop is taken to have a finite 
radius a as indicated in fig. 12. 


(INSULATOR) 
(CONDUCTOR) 


Fig. 12. Cylindrical coordinate system and the circular wire loop lying on 
the surface of the half space. 


In terms of a cylindrical coordinate system (p, ¢, z) the conductor 
fills the half-space z > O and the loop is defined by p = aandz = 0. 
For a constant current J exp(iwt) the harmonic solution for the 
electric field may be written for z > 05) 


Ey = OF /ép, (116) 
where 
Fe tuma2l | 2A ny eae 
pre Cas fo(A) e~* Jo(Ap) da (117) 
0 
with 
2] 1(Aa 
nies oe 
a 
and 


w= (BEF YA), uy = (RB + yo}, 


y? = tala + teow), yo? = iuw(ieow). 
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The solution for the insulating space (i.e. for z < 0) has the same 
form except that e“* is replaced by e*™”. 


Now, since 
Lee a ‘ 
—(p——]+ 22 | Jo(4p) = 0 (118) 
p Op \ @p 


(— i emt 


m\(m + 1)! 22+} ? 


and 


(119) 


it follows that 


12" Jo(2p) =| += (¢ =) Folds) (120) 
and 


jak /2)2m k ra) m 
folda) Joltp) = & —VAN™ | : (><) Toldp). (121) 


m=0 m!(m + 1)! p 
Therefore 
oe 1q)2m ers) 0 m 
pe Mi MRD Pind fb) Tre = » 9h 
m=0 m!\(m + 1)! Lp @p Cp 
where 
a2] 
G = = [uw — Aye“ AJo(Ap) da. (123) 


0 
Equation (122) may be written operationally as F = IG where 
I signifies the required summation and differentiation. When a <p, 
corresponding to a small loop only, the term m = 0 is important. 
Then F ~G, which is the contribution of the magnetic dipole. 
Higher terms in the series correspond to the multipole terms. It is 
seen that the field of the finite circular loop is thus easily calculated 
from the field of the magnetic dipole by suitable differentiation 
with respect to p. 
The basic function G may be expressed in terms of the known 
integrals N and P introduced in the previous section. This readily 


leads to 
a2I [ 0e2P 0 ( 02N )] 
re es pete fy 2s = 
Biatiay 3a Bite 022 


21 atPalaw Cvhalid of® 
== | aie eV (124) 
20 022 dz \p Op op 
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For an impulse current in the loop [i.e. J(¢) = Jd(é)], the transient 
response is then expressed as 


pp Ble) 95 
eg(t) = eee (125) 
where 
a2 62h). «el iN Oa tee 
7 mal az? + (- =) mt], ice 


in terms of the functions m(¢) and (¢) used in the previous section. 
Closed form expressions for the field eg(¢) are obtained after the 
differentiations have been effected. The response for a step-function 
current is then given by 


&s(t) =f eg(t) dt. (127) 


It appears that this integration must be carried out by numerical 
means in the general case. However, if the observer is in the inter- 
face (i.e. = 0), the step-function response é(¢) may be expressed 
in simple form: 

I da 


a 2nop* 


na 200 ge)-[ +26) Toe (Gs) om 


and « = (ou)*p. The function H(t) is shown plotted in fig. 13 asa 
function of the time parameter ¢/oup2. It is simply a unit directional 
pulse starting at a value of 3.0 and decaying gradually to zero. 


25(2) H(t) u(t), (128) 


where 


§5. Transient coupling in grounded circuits of finite length. 

Sa. Infinite medium case. In the foregoing discussion it has 
been tacitly assumed that the current elements have dimensions 
which are effectively infinitesimal. When other. dimensions in the 
problem are not relatively large, it is necessary to consider the 
finite size of the source and receiving antennae. This is particularly 
true in applications to geophysical prospecting where the source may 
consist of two electrodes located in a bore hole, which are energized 
by a current pulse. The transient voltage response is developed 
between two additional electrodes. 
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An expression is now developed for the transient fields due to 
a step function of current in a wire of length B—A embedded in an 
infinite medium of conductivity o and permeability w. The coordi- 


H(t) 


RESPONSE, 


st 
0 0.2 0.4 0.6 0.8 1.0 1.2 


TIME, 


t 
ou p? 
Fig. 13. Electric field response of a small loop lying on the earth’s surface. 


P(p,2z) 


¥ 
Ll | 


Fig. 14. The coordinate system for the finite current element extending 
from A to B in a conducting medium of infinite extent. 


nate system is shown in fig. 14. The fields at the point P(p, z) due 
to a current 7(s) dS at (0, S), in transform notation, is 
@2(s)/i(s) == dS[P(r) + (2/252) Q()] (130) 


and 
€,(s)/2(s) = AS[eQ(r)/ASép], (131) 
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where 
P(r) = ws exp(— yr)/4ar (132) 
and 
Q(r) = exp(— yr)/4aor. (133) 


This follows from (27) and (28) when cylindrical coordinates are 
used. The expressions for the field transforms at P due to current 
transform 1(s) throughout the length of the wire is given by 


€z(S)/1(s) ae ee, dS + [(8/02) Q(r) $= 4 (134) 
and : 
e,(s)/1(s) = [(2/@) O(*IE—a- (135) 


The current in the wire will be assumed to be constant throughout 
its length and is of a step function type 


i(s) = LUTu(t) |= Is: (136) 
Then 
éa(S)i == 
B 
= n/4xexp[—(ons)'r\iras — = {a/éz exp[— (opus)*7]/nB_ 4 (137) 
A 
and 
] 
ep(S)/E = = {0[ép expl— (ous)'r]/7}B4- (138) 


The expressions for the fields using (137) and (138) are then 


Balt) = ns ait Bh acl exp(— our?/4t)dS+ 


-domlt-o[S YL, 0 


E,(t) = ne (0/ép) a erf be (A) rf . (140) 


Ano gaa 


and 


The integral in the above expression is now evaluated: 


B 
Lexp(— our?/Ai) dS = exp(—f%) fexp[— pS — 2)®] 4S, (141) 


A 
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where 72 = p? + (S — z)2 and B2 = ou/4t. Then 


IE am B(B—z) 
[exp per?) dS = gee | exp(— x?) dx = 
A ° B(A—z) 

Va exp(— Bp?) 


= {erf [6(B — z)] — erf [B(A — z)]}. (142) 


Using the above relation and carrying out the differentiations in 
(139) and (140), the complete expressions become 


E,(t) = ul/(8xt) exp(— 6%p?){erf[a(B — z)] — erf[p(A — 2)}} + 


+ (1/420)[M(r1) — M(re2)] (143) 
and 
E(t) = (1/42e)[N(r1) — N(re)], (144) 
where 
M(r) = (z — S)/r[1 — erf(6r) + fr erf’(6r)], (145) 
N(r) = p/r?[1 — erf(6r) + Br erf’(6r)], (146) 


11 = [(A — 2)? + p?}, 
ea) 


The physical counterpart of this case could be a linear insulated 
wire which is grounded at its end points. The step function current 
generator is anywhere between its end points The assumption that 
the current is constant throughout its length implies that the 
propagation constant is negligibly small for important times in the 
transient response. This is certainly the case for most types of 
insulation where the shunt admittance is relatively small. 

It can also be shown that the insulation has a negligible effect on 
the radiation from the wire into the conducting medium as long as 
the over-all radius Ro of the insulated wire is such that Ro < 
< (2t/ou)* where o and yw are the properties of the external medium 
and ¢ is the time that the transient is measured, following the appli- 
cation of the step function current. This follows from the fact that 
the radial wave impedance at the insulation-medium boundary is 
almost identical for the insulation material and conducting medium 
when Ro satisfies the above inequality. 

An interesting check on the above method is to find the expression 
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for the fields when the source wire is infinite. When —A and 2B 
go to infinity, the fields become 


E(t) = (1/82) (on|t8)8 exp(—B2p2) f exp(—Bx®) dx = 


= (ju/4xt) exp(—f%p?). (147) 
and 
E(t) = 0. 
Now since 
L{Ez(t)|T] = w/2x{Kol(ops)!p]}, (1.48) 


it follows that 
e2(s)/i(s) = (15/2) Kol (ous)4p). (149) 


If the current is of the form J exp (tt), then the steady state field 
is 
ez(tw) exp(tt)/I = (tuw/22) Ko[ (toum)*p] exp(tat), (150) 


which is well-known. 

The transient voltage response in one finite grounded circuit due 
to a step function current in another similar circuit, which is itself 
parallel to the first, is now calculated. The circuit consists of an 
insulated wire embedded in an infinite and isotropic medium with 
a conductivity o and magnetic permeability u. The wire is grounded 
at the points A and B as shown in fig. 15. 


P(p,z) 


p 


Fig. 15. Illustrating two parallel insulated wires grounded at their end points. 


By some means a unit step-function current is caused to flow 
in the wire throughout its length. The open-circuit voltage v(é) 
induced in a finite insulated circuit, grounded at the points a 
and b and separated from the first circuit by a constant separation 
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p, 1s then 


ot) = f E,(2) dz. (151) 


a 
This can be rewritten in the following form: 
b 


Soman lie | erfc(frg) erfc(671) ] i 


, 
J CZ 


a 


b 
+ (u/8xt) exp(— Bp?) / {erf[B(B — z)] — erf[B(A — z)]} dz. 


a 


15 
oF i (152) 


The following integral relation can be easily verified: 
B f erf(Bx) dx = Bx erf(Bx) + ferf’(Bx) = y(Bx), (153) 


and this defines the function »(éx). Employing this result, the 
required integrations can be carried out to yield 


u(t) = (I/4z0) se 
erfc[BA -a] erfc(BB-a) erfc(BA -b) | 
Neao 4 NB A:b pr 


v4 3 
+ (4) exp er tyta — a) + vipa — 91 - 


ot 
— y[B(A — a)] — y[B(B — d)]}, (154) 


where the dot between the points signifies a linear dimension equal 
to the actual seperation of the points. That is 


B-b = [p? + (B — b)2}}, etc. (155) 


The above rather complicated expression will give the open circuit 
voltage, in volts, in the circuit ba for a suddenly applied current of I 
amperes applied to the circuit BA which is parallel and at a separa- 
tion p. 

A common electrode array used in resistivity prospecting in wells 
or drill holes is the three electrode collinear array of equal spacings. 
This is represented by the following special case of the general 
formulation: 


B=+0,A —a=21,A —b=/ and p=0. 


The current line in this case is assumed to act in an equivalent 
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manner as a semi-infinite wire. This is effected by positioning the 
electrode B at a sufficiently great distance from the other electrodes. 
The voltage developed in the circuit ba is then measured by a high 
impedance voltmeter. The voltage v(t) corresponding to this case 
is given by 


v(Z) 


—' 8x0) —. > 
vA 
= 2 erfc(Bl) — erfc(2Bl) — 462/2[1 + (p(Bl) — p(26l))/Bl}. (156) 


The quantity on the right hand side of this equation is plotted in 
fig. 16 as a function of the parameter 4¢/ou/?, where ¢ is the response 
time in seconds, / is the electrode spacing in meters and o is the 
conductivity in mhos per meter. This quantity approaches the 


value one for long times and represents the static condition of 
current flow. 


RESPONSE, “EERE 


Ol 0.2 N54 PLO <2 X) 0 2 50 M0200 500 


4t 
TIME, one? 


Fig. 16. Transient voltage developed in circuit ab due to a step function 
current in the semi-infinite wire grounded at A. 


5b. Semi-infinite medium case. The method used in the 
previous section may be applied to the case where the wires are 
in the interface between the air and a conducting half-space. 
Choosing an (x, y, 2) coordinate system, the half-space is defined by 
z > 0 and the insulator (i.e. the air) by z<0. The coordinate 
system is shown in fig. 17. The source is taken to be a linear wire 
extending from A to B in the interface z = 0. 


The fields at the point P (x, y) in the interface due to a current 
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element 7(s) dS at (0, S) may be written as 


€z(s)/i(s) = ASLP(r) + (02/aSax) Q(r)| (152) 
and 
ey(s)/2(s) = dS[ée2Q(r)/eSax], (158) 
where 
aes l 
Sp 2Qnar3 eye e 2; (159) 
Q(r) = = and y? = ous. (160) 
A B ‘ 
j a b 


y 


Fig. 17. Illustrating two parallel insulated wires lying at the interface z = 9 
and grounded at their end points. 


This follows from § 3a or more directly from the work of Foster?) 
Again the source current is taken to be a step function Ju(t). 
The transient field at P(x, y) may then be written as 


B 
I ez] l Tal OD y] 
= argh sprees rd Aa idea 161 
SU pene ex se ent [2 ( , oe 


A 


pet weap exp(— opr2/4t) Jas, 


Carrying out the integration leads to 
ar f [ B—x A—x 
0 = 2a LE BOT PT A Ha 


4+ O(x — A) — Ox — B)| u(t), (162) 


a. 
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where 


O(u) = 


erf (BV y? + w2) — si e PV" erf(Bu) (163) 


u 
Wag Wie 
with 2 = ou/4t. If —A and +B approach infinity, it is seen that 


Ee) = lle MUP 


which is the field parallel to an infinite wire carrying a step-function 
current. 

Returning to the general case, the other field component is 
given by 


meats A a FS : eel berry (164) 

dno \[y? + (B— x)? ~ [y? + (A — 2) 157] 
which, to the extent that displacement currents may be neglected, 
is a positive step at ¢ = 0. This appears to be rather an interesting 
result and suggests that the transverse field in the interface follows 
the form of the current in the source wire to a high approximation. 

The transient coupling between two parallel grounded circuits 
may also be calculated in a straightforward manner. Again neglecting 
all displacement currents the voltage v(t) induced in the linear 
insulated circuit, grounded at points a and b and separated from 
the first circuit by a constant separation y is then 


y= 


v(t) — f Ealf dx. (165) 


Following Riordan!) the integrations may be carried out to 
yield 


ve 
= 5 [Wb — A)— yl — B)—yla—A) + y(a—BYu(d), (166) 
where 
Ji pete Vt ot eveee a — 


mol Vy2 + U2 
uU 29,2 
a ev" erf (Bu). (167) 


If again +B and —A tend to + oo, the result simplifies con- 


PULSE PROPAGATION IN A CONDUCTING MEDIUM S| 


siderably to 


v(t) = ———~——_ (l—e ?™“’)u(2). (168) 


The latter formula is applicable in an approximate sense to parallel 
wires if one of the wires is long compared to the other. For the 
general case it is necessary to employ (166). 


§ 6. Concluding remarks. While the problems treated in this paper 
are idealized, it is felt that they may help one to understand the 
nature of pulse propagation in actual conducting media such as 
sea water or rocks and soils. The main feature of an electromagnetic 
signal in conducting media is that it changes its shape or waveform 
as it propagates away from the source. The consequence is that 
steep leading edges of transmitting pulses are not preserved and 
thus radar-type distance measurements are virtually impossible. 
On the other hand, the distortion of the pulse shape is a possible 
criterion of distance of travel. This phenomenon may find applica- 
tion in detection of buried objects in the ground or the distance of 
geological substrata. 

The extension of the theory to more complicated structures such 
as a layered conducting half space and spherical conductors is 
desirable. Some progress has already been made in this direction 
as mentioned in the introduction. Unfortunately, the integrals 
which are involved in the formal solutions are exceedingly compli- 
cated and they apparently are not expressible in terms of tabulated 
functions. With the availability of large automatic computers it 
is possible to evaluate many of these integrals by numerical methods. 
This would seem to be the direction in which to proceed. 
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SPHERE AND CIRCLE THEOREMS INVOLVING 
SURFACE DISCONTINUITIES OF POTENTIAL 


by G. POWER 
Nottingham University, England 


and Hl We fACKSON 


Nottingham Technical College, England 


Summary 


New sphere and circle theorems are presented which allow for discontinui- 
ties of potential at the surface of separation and are thus of special importance 
in heat problems where the ‘radiation’ boundary condition applies. Moreover 
these theorems permit results to be obtained in particular cases which 
agree with those deduced from previous theorems. 


§ 1. Introduction. Yeh, Martinek and Ludford 4) have given 
a sphere theorem of sufficient generality to cover most boundary 
conditions in hydrodynamics, heat, magnetism and electricity 
when the fields under consideration are harmonic. The correspond- 
ing theorem in two dimensions has been given by Power and 
Jackson 2). However, the results depend on the continuity of 
potential distribution across the boundary surface and hence 
cannot be used for heat problems in which the ‘radiation’ boundary 
condition applies. The term ‘radiation’ is perhaps a little misleading 
but is used in most classical works when there is a rate of transfer 
of heat between two surfaces in contact proportional to the tempera- 
ture difference. 

Sphere and circle theorems are here presented which not only 
allow for this type of boundary condition, but which also can be 
employed to deduce, in special cases, results which agree with those 
given by previous theorems. The usual uniqueness theorems hold. 


§ 2. Sphere theorem. With the usual notation, let ¢o(7) = 
= ¢o(7, 9, w) be the harmonic potential distribution lying entirely 


== 54 ee 
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outside the sphere y= a, and ¢1(7) = ¢1(7, 0, w) the harmonic 
potential distribution lying entirely within this sphere. The function 
d(r) = g(r, 0, w) given by 


blr) = $elr) = do(r) 4 F4o(S) 44) rego )as + 


Yr J0 if 


+ Chit [Glyde ds, Sa 


0) = #0) = du) + (S42 ]™ gg (SJ as + 


Y Ji 


+ edolr) +f fsigolsr) ds,” <a) 


ath. @.2= Go==0. bei Boni. 


F(s) — Pys5 -—— Pos%2, f(s) - Q4s% a Qo2s5%, 
G(s) = Rysv1 + Rose, g(s) = Sis%1 + Ses7e, 
av3(1 +o 1)(1 +21) av3(1 +«2)(1 +29) 
fa Sea orga as P2= 
ya («2—«1) vya9(%1—ag) 
— y3(1 + 21) Eisa y3(1 + 2a) (2) 
1 ”g vo(ag —= “1) f Q2 Ti y(cy “a a2) ’ 
pes + 2y1) pas + 272) 
vi(y1 — 2) rily2 — 71) 
Bh Bea Uo eal yt 2 ys) 
os es ee veye(yv2—Y1) 


where a , «2 are roots of the equation «2 + «(1 + k) — 3/71 = 0, 
v1, ya are the roots of y? + y(1 — k) + va/y2 = 0, where 


k = — (va/yg + v3/v1), and all the integrals are uniformly con- 
vergent, has the following properties: 
V2(¢ — $0) = O for 7 >a, 
V2(¢ — di) = 0 for r <a, (3) 
0 é 
peti ast Babak eae atl th on 7=A4, 
ov or 


Y1, V2, ¥3, v4 being constants. 
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The constants given in (2) are obtained either by assuming 
series expansions for ¢9 and ¢; and equating coefficients or by 
using a method similar to that of Yeh, Martinek and Ludford?). 
It is therefore not necessary to give any detailed working here. 
It is to be noted that the roots «, y are related in general by 
« + y = — 1, although care has to be taken in the use of this 
relationship when dealing with degenerate cases. 


§ 3. Applications. The most obvious use of this theorem is in 
the case of steady heat flow when there is a spherical surface of 
separation of two media of different conductivities. In most cases, 
heat transfer between the two media takes place with the rate 
of transfer between the two surfaces in contact being proportional 
to their temperature difference. Thus the properties (3) are im- 
mediately relevant to this type of problem where v3 = v4 is the 
surface conductance. 

Moreover results obtained by the previous sphere theorem 4) 
with ¢p = ¢; on 7 =a as one boundary condition can also be 
deduced. Consider, for example, the electrical problem in which 
there is a homogeneous sphere of dielectric constant k; set in a 
homogeneous medium of dielectric constant ko with field generators 
in the region 7 >a only. We set $1 = 0, vg = 4, 01/ve = ho/hi, 
and then let »; +0. From (2) we see that there is one finite root 


a1 = — kj/(ko + ki), and one root «, which becomes infinite in 
the limit. The root «; yields 

ein ee ee 

lie cee 

(ki + Ro) (ki + Ro)? 

The root «2 and the constants P2, Q2 combine to give 
eo 2ko — a(ko —— ki) 
(ki + Ro) ” (ki + Ro) 


This is the exterior sphere theorem as given by Power 3). 
If in the above system the field generators are in the region 
r <a, we put dp = 0, vg = 94, 1/992 = ko/ki, and let v1 +0 as 


before. Again there is one finite root yj = — Ro/(ki + ko) and one 
root yg which becomes infinite in the limit. The root y gives 
a Ri(ki — Ro) s aki(ki — ko) 


(hy bea)?” * Shel ee hg)? 
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The root yg and Rs, Se in the limit combine to give 


2h » (hi — bo) 


(ki + ho) ’ (ki + ho) 
This is the interior sphere theorem as given by Power 8), 
Both the external and internal hydrodynamical problems 
involving a rigid sphere at rest in a perfect fluid moving steadily 
and irrotationally are merely particular cases of the above results. 
To obtain the exterior heat solution given in 1) we simply set 
vq = 0, v3 = 71 ah in de. The interior solution is found by setting 
v3 = O, v4 = V2 ah in di. 


§ 4. Circle theorem. Let fo(z) be the complex potential of a 
distribution lying entirely outside the circle |z| = a, and /1(z) the 


complex potential of a distribution entirely within the circle. 
Then w(z) defined by 


wel) = fol) + Afo(=) +f roa() e+ 


+Bhl) +] Ghia, ei Ba 
me) =A) + Ch ( ~)+ f° HoAa(= ~) dt + i 


+ Dials) +f Kojo) at, el <a, 


With Js) 2), A = C=], 


= 2 
ee ek ag Mee Gy ay. 
VI v2 TAL 
H(t) = — (2va/ve)t¥, «=—(1 +h), y = (k—1), 


where & is defined as in § 2, and all the integrals are uniformly 
convergent, has the following properties: 


V2R[w(z) — fo(z)] = 9, when |z| > 
V2R[w(z) — fi(z)] = 0. when |z2| <a, (5) 


a 
R (n ae == K (>. =) = R(vgW~e — vaw;) when |z| = a. 
é|z| alz| 


a, 
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It is to be noticed that in this case a + y = — 2, and 11, v2, v3, v4 
are again constants. Care has to be exercised in using these results 
when logarithmic singularities occur, and slight modification may 
be necessary. 

Although no detailed working need be given, the results can be 
obtained either by considering the real parts of the complex 
potential functions as given or by expanding them in series. The 
properties (5) are again immediately relevant for ‘radiation’ 
boundary problems where v3 = v4 is the surface conductance. 
Also the exterior and interior circle theorems as given by Power 
and Jackson#?) for electrostatics, magnetism, hydrodynamics 
and heat can be deduced as in § 3. 
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A mechanical Hall effect 


We consider a non-viscous gas with conductivity « moving between two 
infinite parallel plates under the influence of a constant driving force P, 
parallel to the plates. We assume a constant magnetic field Bo, normal to 
the plates, applied from outside. The plates are taken to be perfect conductors, 

Furthermore we assume that the gas is electrically neutral and is in 
equilibrium at a constant temperature. The partial electron pressure then 
is $p, and the equations of plasma theory (cf. Spitzer 4)) read (in M.K.S. 
units) : 

divV=0, P+gradp+ Jx B= 0, 


div 0yr Tot. == ih 
P+ gradp JxB 


2en en 


J 
Ee Ve = 
o 


where 7 is the electron number density. The terms on the right hand side 
of the last equation are characteristic of plasma theory proper. They are 
neglected in ‘‘one-component’’ magnetohydrodynamics. 

We take the origin halfway between the plates, the v-axis in the direction 
of P and the z-axis in the direction of Bp. The appropriate solution of the 
equations then is found to be: 


Vv iP iP. 
7 @Bo2 M ‘2neBo ’ 
uP 
B SS SS SS ey B = B , 
x Bo & z 0 
E dp pP2 
Jy=—- = a= - See 
Bo dz Bo 


all other components, including those of B, being zero. Outside the medium 
B, = 0, the discontinuity in B, being connected with the return current 
flowing in the plates. 

It is easily seen that in the ‘“one component” theory the same solution 
is obtained apart from V,, which is zero then. Clearly this solution means 
that there is an angle 9 between the flow and the driving force. We have 


tg 6 — Vy/Va a oBo/2ne. 
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In a dilute gas o can be expressed by means of an effective collision time t 
as o = e2nt/m, where m is the electron mass. Introducing the cyclotron 
frequency w = eBo/m we obtain 


tg 0 = — tort. 


We now construct a rectangular duct by inserting two walls parallel 
to V and the z-axis. The result obtained above then means that a pressure 
gradient P tg 6 across the duct is set up when the gas is driven through the 
field by a force P. This is a mechanical analogue to the Hall-effect. 

Finally we point out that this effect eventually is due to the mass difference 
between electrons and ions. The mass-ratio, however, does not occur explicitly 
in the result. The reason for this is that the equations of plasma theory in 
the form used are not exact but constitute an approximation for large mass 
ratio. 
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A HARMONIC GENERATOR AND DETECTOR FOR 
THE SHORT MILLIMETER WAVE REGION 


by H. W. DE WIJN 


Zeeman-Laboratorium der Universiteit van Amsterdam, Nederland 


Summary 

The design of a millimeter wave harmonic generator and detector of the 
open crystal type is described. The construction of the instruments is rigid. 
Tolerances and backlash of the adjusting mechanism are kept small. The 
operation under different conditions is discussed. 


§ 1. Introduction. It is well-known that below 6 mm wavelength 
the useful effect of microwave harmonic multipliers and detectors 
with commercial cartridge crystals rapidly falls off with decreasing 
wavelength. As previously reported by Klein e¢ al.1), Johnson 
et al.2) and King e¢ al.®), considerable improvement in millimeter 
wave harmonic generation and detection can be obtained if the 
rectifying element is placed directly in the millimeter waveguide. 
This may be realized by introducing the semiconductor crystal 
and the fine tungsten wire separately each from one side into the 
millimeter waveguide, after which the crystal is brought into 
contact with the tungsten wire by means of a mechanical system. 


§ 2. Description of the instruments. A cross-section of the harmonic 
multiplier is given in fig. 1. With a few exceptions all parts are made 
of brass. The primary waveguide (I.D. 7.11 <x 3.56 mm) and the 
millimeter waveguide (I.D. 2.80 x 1.27 mm) are soldered perpen- 
dicular to each other in a housing, after which the whole has been 
gold-plated inside as well as outside. Both waveguides are short- 
circuited at one end with a plunger. The tungsten wire with a 
diameter of 50 u is bent in the desired shape and copper-plated 
and soldered upon a nickel-plated steel pin with a diameter of 0.7 
mm. The point is cone-shaped, 0.2 mm in height, and has at the 


— 261 — 


262 H. W. DE WIJN 


top a radius of curvature of about 2 yp. It is formed by electrolytic 
etching in a 5n KOH solution with an a.c. current from a 6 ve 
50 Hz source. To obtain a sharp point the tungsten wire should be 
cleaned carefully and attention should be paid to the length of the 
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Fig. 1. Cross-section of the millimeter wave harmonic multiplier. The 
millimeter waveguide is perpendicular to the page. Insulating materials 
are indicated by shading with double lines. 


wire immersed in the solution, in this case 0.7 mm. The steel pin, 
which serves as antenna in the primary waveguide, is put into the 
insulated inner conductor of a holder, after which the holder is set 
tight at the bottom of the housing by means of a swivel. The disk 
of the inner conductor is thereby jammed between two mica washer 
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plates near the waveguide in order to obtain a rigid construction. 
The antenna is now terminated at the lower side by a coaxial 
system, 1/4 wavelength in length, acting as a choke for microwaves. 
A plug, electrically connected with the tungsten wire, has been 
fitted to the holder with a bayonet-catch. For a moment the plug 
socket is replaced by an accessory with which the antenna is pushed 
up until the tungsten wire has the correct position in the millimeter 
waveguide, i.e. until the point is at the height of the upper inner 
surface of the millimeter waveguide. The crystals, pieces of silicon 
broken from the slabs of Sylvania 1N26 diodes, have a diameter 
of about 0.5 mm and are soldered upon a cartridge which is screwed 
tight in a differential screw mechanism. The inner axis of the 
differential screw, which has an effective pitch of 50 p, is anchored 
in a slot. The backlash of the screw is reduced by a spring. The 
differential screw is fixed in the housing by means of a second 
swivel. The crystal is centered with respect to the housing by the 
disk of its cartridge, so that defects in the centering of the differen- 
tial screw are of no influence. The crystal and the point of the 
tungsten wire can now be brought into contact by means of the 
differential screw. The instant of first contact is observed with an 
ohmmeter. Further adjusting of the pressure between the crystal 
and the point of the wire must occur when the multiplier is in 
operation. There is an optimum pressure, though not very critical. 

The design of the detector is analogous to the design of the 
multiplier. Except for the housing, which contains only a millimeter 
waveguide, all parts of multipliers and detectors are interchangeable. 
The tungsten wire sticks into the millimeter waveguide through a 
hole with a diameter of 0.3 mm. The detector is adjusted in the 
same way as the multiplier. 


§ 3. Operation of the instruments. The instruments are mechani- 
cally of a rigid and stable construction. Once adjusted they re- 
mained during three months without considerable loss in useful 
effect, even after severe shocks. With a klystron, operating at 
8.2mm wavelength, microwave power at 1.4mm wavelength is 
easily observed behind a waveguide filter with a cut-off wavelength 
of 1.6mm and a length of 40mm, using the conventional video 
detection method. The second harmonic of a 10mm klystron is 
estimated to be obtained with a conversion loss of about 10 to 15 dB. 
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For the second harmonic the largest power is gained if the crystal- 
tungsten wire element is short-circuited for direct current. For 
higher harmonics a bias resistance of several kilo-ohms leads to 
the best results. Experimentally it has been found that the power 
available in the higher harmonics is about proportional to 10, 
A being the wavelength expressed in millimeters. A bias tension 
from a battery did not result in better performance. At a wave- 
length of 5 mm the detector is more than 10 times as sensitive as a 
detector with a commercial 1N53 cartridge crystal, at 4mm about 
50 times as sensitive. Germanium has also been tested as crystal 
material in the detector, but silicon appeared to be superior. 
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A CRITERION FOR THE EFFICIENCY OF IRON 
CORE ELECTROMAGNETS 


by De DE KLERK and C., J. GORTER 


Commun. Suppl. No. 117a from the Kamerlingh Onnes Laboratorium, 
Leiden, Netherlands 


Summary 

A criterion is proposed for the efficiency of iron core electromagnets. This 
criterion is applied to a number of magnets on which data have been published. 
The differences in efficiency are quite high and correspond to a ratio in 
volume (and weight) up to almost one hundred. Short conical pole cores 
(see fig. 4g and 4h) apparently present great advantages. 


§ 1. Introduction. In general the numerical data on the per- 
formance of electromagnets as quoted in the literature cannot be 
compared with each other. The maximum fields are usually given 
for completely different diameters and distances of the pole faces, 
so that it is practically impossible to find out which magnet works 
most efficiently. For this reason we have tried to find an efficiency 
criterion for electromagnets *). 

As early as 1872 Lord Kelvin 1) proved the following theorem: 
If all linear dimensions of an electromagnet (including those of the 
field space) as well as the number of ampere turns are multiplied by 
the same factor, the field strength at corresponding points of the 
field pattern remains the same. 

In 1889 Stefan 2)3) derived a formula for the field between 
cylindrical poles with pole tips in the shape of truncated cones. 
Assuming that the apexes of the cones coincide and that the 
magnetization in the iron is homogeneous and parallel to the axis 
of revolution, he found: 


H = 4nMo|(1 — cos 9) + sin2@ cos ¢ In (72/71)], (1) 


*) This criterion was already given in a simplified form by one of the authors (D. de 
Klerk) in Ned. T. Natuurkunde 26 (1960) 65. 
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where Mp is the magnetization per unit volume of the iron, 9 is the 
halfangle of the pole tip, 71 is the radius of the pole face and 72 is 
the radius of the cylindrical core. 

Stefan’s supposition that the magnetization in the iron is 
homogeneous and parallel to the axis does not correspond to reality. 
It is well-known, for instance, that the optimum angle derived from 
formula (1) is 54°44’, whereas in practice 60° gives better results. 
Further, the application of cylindrical pole cores is not very favou- 
rable in order to obtain strong fields. 

Other models were treated by Bitter 4) and De Klerk 4), the 
latter also finding a linear relation between H/4%Mpo and In 72/71, 
with a different coefficient for In (72/71) *), while Dreyfus ®) 
developed a more complicated relation, which for H > 8%Mo 
does not differ much from linearity. 

As far as we know, the only formula for the case that the apexes 
of the pole tips do not coincide has been given by Walter ”). His 
rather complicated expression was further based on the same 
assumptions as Stefan’s formula (1). For given values of Mo, 71, 72 
and @ the field increases with decreasing distance between the pole 
faces and tends to an asymptotic value when d approaches zero. 


§ 2. In view of the linear relation between H and In (72/71) for 
the case of coinciding apexes of the cones (271/d = 1/3 if g = 60°) 
we wondered whether such a relation would also apply to other 
values of 27;/d(non-coinciding apexes). 

For this reason we plotted the highest fields Hy mentioned in the 
descriptions against log (V/v) for a number of electromagnets **). 
Here V is the volume of the magnet (iron and copper) and v the 
volume of the field space (712d). Since for one magnet log (V/v) isa 
linear function of In(72/71), one should expect to find, for each value 
of 27;/d, a linear relation between Hy and log(V/v), while the use 
of the ratio (_V/v) guarantees that, according to Kelvin’s theorem, 
the same relation is found for magnets of the same shape. 

Fig. 1 shows the data for two “halfring electromagnets” as 
described by Du Bois 8)9) for which rather detailed field data have 


*) An error occurred in the paper of De Klerk. The cos gm in the denominator of 
the formula on page 11 must be removed. 
**) Throughout this paper the natural logarithms are denoted by ln, the Briggian 
logarithms by log. 
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been published. The values are also collected in tables I and II. The 
weights of the magnets were 360 and 200 kilograms respectively. 

Each curve of fig. 1 corresponds to a certain value of 79/71, 
whereas each point of a curve represents a value of 271/d. The 
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Fig. 1. Highest field strengths as a function of log (V/v) for Du Bois’ 
halfring electromagnets. 
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Fig. 2. Deviations from the common tangent for Du Bois’ halfring electro- 
magnets. 
=] 360 kg magnet A 200 kg magnet 


268 


D. DE KLERK AND C. J. GORTER 


TABLE I 


Du Bois’ halfring electromagnet; 360 kg, 272 = 9.3 cm; no cobalt steel pole tips 


2r1 d Viv Ay 2r1/d AH 
0.36 cm 0.05 cm LOS adios 49 700 Oe TZ, 1600 Oe 

0.10 4,52 46 400 3.6 2600 

0.15 3.02 43 800 2.4 3800 

0.20 2.26 41 200 1.8 5300 

0.6 0.05 SAT eNO 47 300 12 600 

0.10 1.63 45 400 6 0 

0.15 1.09 43 700 4 400 

0.20 0.814 41 600 3 1400 

0.50 0.327 33 200 2 6700 

1.00 0.163 24 700 0.6 12800 

V2 0.05 8.16 x 105 41 800 24 1100 

0.10 4.08 40 700 We 0) 

0.15 219 39 300 8 0) 

0.20 2.04 37 900 6 400 

0.50 0.816 32 300 2.4 2900 

1.00 0.408 25 000 IB 7800 

100) 0.273 20 400 0.8 11000 

4.3 0.10 Spi Ss DOE 29 600 43 2300 

0.15 zalek 29 000 28.6 1500 

0.20 1.59 28 400 21.5 1200 

0.50 0.636 26 700 8.6 — 200 

1.00 0.318 23 400 4.3 700 

1.50 0.211 19 800 EXS) 2800 

2.00 0.159 16 700 2.15 5000 


shapes of the curves are in reasonable agreement with Walter’s 
formula, mentioned above. 

The curves of the one magnet fit very nicely between those of the 
other one. The curves have, with reasonable precision, a common 
tangent, and points of different curves with the same value of 
2r;/d are on straight lines, parallel to the tangent. This is illustrated 
in fig. 2, where the differences 14H between the tangent and the 
curves are plotted against log(2r;/d). A single curve is found for 
all the 4H-values derived from different curves of fig. 1. In the 
region 4 < 27;/d < 25 AH is below 1000 Oe. 

At this point we like to make some comments. 

The slope of the tangent of fig. 1 is 7900 Oe. The second term of 
equation (1) may be written as 

ag EO Bp eae 
3 loge 


Ui 
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TABLE Tz 


Du Bois’ halfring electromagnet; 200 kg, 2r2 = 8 cm; no cobalt steel pole tips 
2ry d | Viv Hy 2riid AH 
0.36 em 0.05 em 5.04 x 108 47 200 Oe Tee r 200 Ve 
0.10 2.52 43 800 3.6 3100 
0.15 1.68 41 100 2.4 4400 
0.20 1.26 38 900 1.8 5600 
0.6 0.05 1.82 x 106 45 200 12 600 
0.10 0.908 43 400 6 0 
0.15 0.606 41 700 4 300 
0.20 0.454 39 300 3 1300 
0.50 0.182 31 500 ed 6500 
ee 0.05 4.55 x 105 39 800 24 1100 
0.10 Dee 38 900 12 — 100 
0.15 1.52 37 500 8 — 200 
0.20 1.13 36 600 6 — 200 
0.50 0.455 30 300 2.4 2900 
1.00 0.227 23 700 12 7100 
1.50 0.152 18 500 0.8 10700 
4.3 0.10 1758.53.10? 28 700 43 1200 
0.15 11.8 28 200 28.6 400 
0.20 8.6 27 800 215 — 300 
0.50 3.55 25 700 8.6 — 1100 
1.00 1.78 22 000 4.3 100 
1.50 1.18 18 100 2S) 2600 
2.00 0.86 15 000 2.15 4600 


With » = 60°, 4%Mo = 22000 gauss the coefficient of log(72/r1)8 
becomes 6400 Oe. Since De Klerk’s formula (see § 1) gives a higher 
value for this coefficient, the value 7900 Oe seems not unreasonable. 

The dotted points in fig. 2 were derived from the curves of fig. 1 
which, for some unknown reason, deviate markedly from the tangent. 
It appears that in the region 27;/d < 3 these points do not deviate 
much from the curve. This is important because, in § 3, this part 
of the curve will in particular be used for further computations. 

Some field values were given by Du Bois, using cobalt steel pole 
tips and extra coils between the poles of the magnet. The points 
fall somewhat above the curves of fig. 1, but in general the data 
show the same character. 

Du Bois constructed two more halfring electromagnets, one of 
1400 kg and one of 50 kg. The data for these, however, are less 
detailed. We left them out of the discussion. 
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§ 3. We would suggest that, if other types of electromagnets give 
rise to similar diagrams, the positions of the tangents in the 
Hy, log (V/v)-diagrams might give a useful indication of the efficien- 
cies of the various types of magnets. Unfortunately, however, the 
data published for most electromagnets are very incomplete. Often, 
for each value of 7; there is only one maximum field available, the 
ratio 27;/d being about 1.5 or 2, so that the correction 4H of fig. 2 
is not negligible at all. 

For this reason we adopted a different procedure. We took the 
field values from the literature (preferably data with the highest 
values of the ratio 27,/d), corrected them with the help of the curve 
of fig. 2 and plotted these values in the A, log (V/v)-diagram. The 
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Fig. 3. Highest field strengths, after correction, as a function of log (V/v) 
for several electromagnets. 

Lower line: Du Bois’ halfring magnets (fig. 1). 

Upper line: Uppsala University magnet. 
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TABLE III 


Electromagnet of Uppsala University; 37000 kg, 2 rz = 59 cm; cobalt steel pole tips 


2ry d Vio Hy 2ri/d AH lakers 
0.5 cm 0.2 cm 121 x 108 74 000 Oe 25 2900 Oe 76 900-Oc. 
1.0 0.3 20.2 67 500 3.0 1700 69 200 
2.0 0.5 3.02 62 500 4.0 1000 63 500 
4.0 1.0 0.378 54 000 4.0 1000 55 000 
6.0 2.0 0.084 49 000 3.0 2000 51 000 
12.0 2.0 0.021 | 45 000 6.0 (0) 45 000 
TABLE IV 


Du Bois’ older halfring electromagnet; 175 kg, 2r2 = 8 cm; no cobalt steel pole tips 


arn F eck Viv | Hy | 2ri/d AH VW Heo 
0.6cm | O.1cm | 8.15 x 105 | 36700 Oe 6.0 00Oe | 36700 Oe 
0.5 | 0.2 5.8 36 800 2.5 2900 39 700 
0.3 | 0.2 | tes 38 000 1 es 5900 | 43 900 
TABLE V 


Du Bois’ ringelectromagnet; 275 kg, 272 = 10cm; no cobalt steel pole tips 


a) d | Vio | Hn eA ee eee Se ee 
0.36cm | 0.05 cm 6.91 x 106 46 000 Oe 7.2 |—1000e | 45900 0e 
0.36 0.10 3.45 42 500 3.6 1300 43 800 
0.36 0.15 2.30 39 000 2.4 3200 42 200 


0.30 0.20 2.50 | 38.000 1.5 5900 43 900 


results for several magnets are shown in fig. 3. The data are also 
given in tables III till X. 

The lower line is the common tangent for Du Bois’ halfring 
electromagnets as given in fig. 1. The upper line represents the 
large electromagnet of the University of Uppsala ®)19), constructed 
by Dreyfus. For this magnet some data are available with 27;/d 
of the order of 3, see table III. Within the experimental precision 
the two lines have the same slope (7900 Oe). For most of the other 
magnets the corrections 4H are quite appreciable. 

It appears that an older halfring magnet of Du Bois 14)!2) and 
his original ring magnet 13) (tables IV and V) are below the lower 
line of fig. 3. The well-known Weiss-magnet 14), developed in 1907 
(table VI), is not better than Du Bois’ halfring magnets. The big 
Weiss-magnet at the Kamerlingh Onnes Laboratory 1%) (table VII), 
however, proves to operate more efficiently than Weiss’ original 
model. The points of the big magnet of the French Académie des 
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TABLE VI 
Weiss-magnet; 1000 kg, 272 = 15cm; no cobalt steel pole tips 
2ry d | Viv Hy | 2ri/d ee | Heorr 
0.36 cm | 0.192cm Erba Oe 46 300 Oe 1.88 | 4500 Oe 50 800 Oe 
1.0 0.445 3:66 << 102 36 000 2.25 | 3500 39 500 
2 2.00 swe See Oe 24 100 1-255) 6200 31 000 
TABLE VII 
Weiss-magnet of the Kamerlingh Onnes Laboratory; 
12000 kg, 2v2 = 40 cm, no cobalt steel pole tips 
2r1 d V |v Hy 2nid | AH | Heorr 
0.18 cm} 0.12 cm 5.03mee Os 67 000 Oe 1.66 5200 Oe 72 200 Oe 
0.8 0.6 5/08 x 108 54 000 1.33 6600 60 600 
4 ib Hes So WO 36 400 2.35 3300 39 700 
10 5.0 3.90) x 108 26 000 2.00 4200 30 200 
10 6.0 o2ix< 102 24 000 1.67 5200 29 200 
TABLE VIII 


Bellevue electromagnet; 120000 kg, 2r2 = 75 cm; cobalt steel pole tips 


213i eb Vio By ——|.j2rjd|— As Hore 
0.3cm | 0.2cm 1.08 x 109 70000 Oe | 1.50 | 59000e | 75900 Oe 
6.09.1) | 4 1.30 x 108 39 000 1.52 | 5700 44 700 
25 | 3 1.04 x 104 32 800 8.33 | —100 |_ 32 700 


TABLE IX 
A.D. Little-electromagnet; 2000 kg, 2r2 = 28 cm; cobalt steel pole tips 
2ry d Vio Hn | 2nj@ | 4H | Heorr 
2.5 en | 1.25 em 4.16 x 104 37 000 Oe 2.00 4100 Oe | 41 100 Oe 
14 5 3.3) Sel02 23 000 2.80 2400 25 400 
28 5 8.27 x 101 17 000 5.60 100 17 100 
PRIS) 0.6 8.73 x 104 42 000 4.17 800 42 800 


TABLE X 


Oerlikon-electromagnet; 3000 kg, 272 = 20cm; cobalt steel pole tips 


2r d Vio Ay (Pad a Toe 
0.33 cm 0.2 cm 2.20, 9 10% 60 000 Oe 1.65 5200 Oe 65 200 Oe 
0.6 0.4 3.41 x 106 52 000 1.50 5900 57 900 
ez 0.8 4.26 x 108 46 000 1.50 5900 51 900 
2.4 1.6 5.32% 10% 39 500 1.50 5900 45 400 
3.6 2.4 1.57 x 104 35 000 1.50 5900 40 900 


Sciences at Bellevue 16) (table VIII) and those of the American 
A.D. Little-magnet, constructed by Bitter and Reed 1%) (table IX), 
are higher. The Swiss Oerlikon-magnet 18) (table X) is still higher, 
but it remains well below the line of the Uppsala magnet. 
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§ 4. Fig. 4 shows the cross-sections of the poles and winding 
spaces of the magnets discussed in this paper, the sequence being 
from low to high efficiency. The scales were chosen in such a way 
that v2 (the radius of the basis of the pole tip) has the same value 
for all of them. The pole tips were drawn with the traditional angle 
of 60°, and r2/7; was arbitrarily chosen equal to five. The only 
exception is the A.D. Little-magnet, which is commercially available 
with pole tips of another shape. 

Unfortunately some descriptions in the literature are rather 
incomplete, so that some details in fig. 4 had to be guessed. We are 
not sure that the drawings 8, / and g are precise. Nevertheless, some 
conclusions may be drawn. 

In fig. 3 Du Bois’ halfring magnet and the Weiss-magnet have 
the same efficiency. It may be seen in fig. 4b and 4c that both have 
pole cores of constant diameter, so that, with increasing number 
of ampere turns, saturation starts in the cores and not in the pole 
tips. The relatively thicker yoke of the Weiss-magnet does not make 
much difference, the yokes not reaching saturation. 

The Weiss-magnet of the Kamerlingh Onnes Laboratory (fig. 4d) 
is better than Weiss’ original model (fig. 4c). This may be due to 
the fact that the pole cylinders and the coils are relatively much 
shorter, which apparently influences the saturation in a favourable 
way. 

Pole cores of conical shape are better than cylinders, and the 
steeper and shorter they are built, the higher the efficiency is. The 
Bellevue and A.D. Little-magnets (figs 4e and 4f) are apparently 
better than the Weiss-magnet; the Oerlikon-magnet (fig. 4g) is 
still better, but the most efficient magnet is the one of Uppsala 
University (fig. 42). The pole cores have a slope of 45° and their 
length is hardly larger than 7}. 


§ 5. The quality criterion, as given here, is, for a variety of reasons, 
only a rough one indeed. 

For the diagram of fig. 3 we used, in the calculations, the strongest 
field value given for a certain field space for each magnet. It is not 
certain, however, that the degree of saturation of the cores was 
approximately the same in all the cases. 

The curve of fig. 2, which was used for the calculation of the 
corrections, is valid for Du Bois’ halfring electromagnets. It is not 
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certain, however, that it is justified to apply it (as we did) for other 
types of magnets. This is probably the explanation of the fact that 
in fig. 3, some magnets do not yield nice straight lines. It seems 
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rather improbable, however, that this seriously affects the relative 
positions of the magnets in the diagram. 

Usually the volume of a magnet is not given. For this reason we 
took, in our computations, the weights as given in the literature, 
and divided them by 7.8 (roughly the density of iron and copper). 
We doubt, however, whether a weight, quoted as “‘roughly three 
tons”, is accurate within 10%. Moreover, some magnets have a 
heavy iron foot, and it is not always clear from the paper whether 
this is included in the given weight or not. 

Pole tips of cobalt steel give an increase in the field strength of 
a few kilo oersted, and in some cases it is not stated whether the 
magnet has cobalt steel pole tips or not. 


§ 6. The power consumption of the magnet has been left out of 
consideration in our efficiency criterion. This point entails some 
complications, because the fraction of the time the magnet is in 
actual use plays the predominant role. 

Consider a large electromagnet, used in a low temperature 
laboratory for adiabatic demagnetization work. Let us suppose 
there are on the average two helium runs per week, and ten de- 
magnetizations per run. For each demagnetization the magnet is 
in actual use during at the most half an hour, but not always at 
full power. It is obvious that, in this case, depreciation and interest 
are financially much more important than the power consumption. 

In the case of a smaller magnet, more or less constantly in use for 
Zeeman splittings or resonance work, the costs of power consump- 
tion will outweigh the other running costs of the magnet, including 
writing off. 


§ 7. Let us consider the Uppsala magnet as an “‘efficient’’ magnet 
and the Du Bois and original Weiss-magnets as “‘inefficient’’. It 
follows from fig. 3 that, for a given weight of iron and copper, an 
efficient construction may produce a gain of roughly 15000 Oe. 
Even more impressive is the statement that, in order to obtain the 
same gain in field with the inefficient magnet, one has to increase the 
weight by a factor of almost one hundred! 

The diagrams of fig. 2 and 3 may be useful for the calculation of 
new electromagnets. Suppose one wants to build a magnet which 
gives 30000 Oe in a pole gap of 8cm, and pole faces of 12 cm diameter. 
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In this case we have 27;/d = 1.5, AH = 6000 Oe, A corr, = 36000 Oe. 
For a magnet with the efficiency of the Uppsala magnet it follows: 
V/v =1250, so that a weight of almost 9 tons would be required. 
For a magnet with the efficiency of the Oerlikon-magnet (the second 
best) one gets V/v = 4000, hence a weight of 28 tons. 

It seems that the efficiency criterion could be improved. It is 
obvious, for instance, that the straight lines of fig. 3 cannot be 
correct down to very small values of (V/v). The authors hope, 
however, that the criterion in its provisional form may be of some 
use if one wants to compare the performances of different types of 
electromagnets. 
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THE SURFACE CHARGE OF A SEMI-INFINITE 
CYLINDER DUE TO AN AXIAL POINT CHARGE *) 


by H. A. LAUWERIER 


Mathematical Centre, Amsterdam, Netherlands 


Summary 

In this paper we determine the surface charge density of a semi-infinite 
conducting cylinder due to an axial point charge. The problem can be 
reduced to an integral equation of the Wiener-Hopf type. The relevant 
factorization problem is studied in detail. 


§ 1. Introduction. The problem of the determination of the field 
of an axial point charge inside a hollow infinitely long conducting 
cylinder has been considered by various writers 1). 

If there is a point charge —1 at the origin and if in cartesian 
coordinates (x, y, z) the position of the cylinder is determined 
by — co <% <0o, r= Vy? + 22 = 1 the surface charge at the 
cylinder is 


i 
Realy Pa (1.1) 
272 To(2) 
0 


a(x) 


In this paper we shall consider the equivalent problem for a semi- 
infinite cylinder 0 < * < co, y= 1. This problem is much more 
complicated. The determination of the surface charge o(x), which 
also depends on the position of the point charge on the axis, in- 
volves the solving of a Wiener-Hopf equation of the first kind 


fix — t) oft) dt = g(x), x> 0 (1.2) 
0 


with h(x) ~ — In x? for x +0. If o(x) is known, the electrostatic 


*) This paper is a revised version of a solution of a prize question put by the Wiskundig 


Genootschap in 1955. 
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field V(r, x) may be easily determined (cf. (2.3)). We shall therefore 
confine our attention to the determination of o(x) from (1.2). 
The Wiener-Hopf equation (1.2) cannot be solved by the familiar 
methods since in this case the strip of convergence is absent. There 
is only a line of convergence, the real axis, upon which the Fourier 
transform of the kernel function has a logarithmic singularity 
at the origin. However, the integral equation (1.2) may be solved 
by means of the methods developed by Muskhelishvili 2); cf. 
also 3) and 4). In particular the notion of sectionally holomorphic 
functions plays an important role in the solution of (1.2) °). In 
§ 3 this will be discussed in detail. An explicit expression is ob- 
tained for the Fourier transform of the surface charge o(x) depending 
on the proper factorization of the Fourier transform H(x) of h(x). 
The explicit factorization is carried out in § 4. Various integral 
representations and series expansions are derived. This may lead 
to an expansion of o(x) for small % in §5, or for large x in § 7. If 
the point charge is at the open end (0, 0) of the cylinder 0 < % < oo, 
hes leiweihavele.g: 
26 (x) S038 74 ee 0.527% | = 01782 = 0961 ae WS} 


Special expressions are derived in § 6 for the case that the point 
charge is far inside or outside the cylinder. 


§ 2. Reduction of the problem to an integral equation. The electro- 
static field V(r, x) of a point charge at (0, a) of intensity —1 in the 
presence of a semi-infinite conducting cylinder 7 = 1, 0 < x < oo 
is determined by 


ae =O (2.1) 


1 ll =) , 02V 
‘a 

VanCr Or j 
ViestQie fort Wenolsonii 0s 


V = — [72 4. (% —@)@, te Ol); for 72 (ewe 2, 


The induced charge density at the cylinder is 


1+0 


(2.2) 


Conversely, if o(x) is known, the potential V(r, x) may be deter- 
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mined from 


Vir, x) — —[r? ft (x ws a)2]-3 uh 


+ f a(t) dt fr? + 1 + 2r cos 6 + (x — #)2]-*+. dé 
0 0 
or 


Vir, x) = — [r? + ( — a)2}3 Soi hii x — t) a(t) dé, (2-3) 
0 


hiv, x) = 4[(r + 1)? + x?) K{2r[(r + 1)2 + x2]. (2.4) 
The function K(k) is the complete elliptic integral 
K(k) = f (1 — Rk? sin? g)-* dy = 4a F(f, 4; 1; 2). 


For r= 1, x > 0 from (2.3) the following integral equation for 
o(x) is obtained: 


Ane — t) o(t) dt = g(x), (2.5) 
0 
where 
h(x) = 4(w? + 4)-* K[2(x2 + 4)-4], (2.6) 
and 
g(x) = [1 + (% — a7). (2.7) 


Equation (2.5) is of the well-known Wiener-Hopf type. In view of 
h(x) ~ — In x2, x +0 


the integral equation is singular. 


§ 3. Solution of the integral equation. By F+(z) we shall understand 
a function of the complex variable z = x + ty which is holomorphic 
in the upper half-plane y > O and which vanishes at infinity. In 
a similar way F(z) is holomorphic in the lower half-plane y < 0 
and vanishes at infinity. At the real axis we define 

F+(x) = lim Ft(x% + ty) F(x) = lim F-(x + wy). 
y+0 yt 0 
Consider now the Wiener-Hopf equation (2.5) in the form 


co 


fae —o a(t) apie Cae (3.1) 
0 
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where o(x), « > O and 7(x), x < O are unknown functions. Let H(v), 
) represent the following Fourier transforms: 


y 
a 


S+(z), Gt(z), X-( 
H(x) = fet h(t) dé, 
S+(z) = fel o(t) dé, G+(2) = fe g(t) dt, 
0 0 
0 
X-(e) = fe (é) de), 
(3.2) 


then Fourier transformation of (3.1) gives 
H(x)S+(x) = Gt(x) +X" (x). 


The kernel function H(x) can be factorized as the product of limit 
functions of sectionally holomorphic functions H*(z) and H~(z): 
Nee ea el CA wa Gale (3.3) 
Then (3.2) may be written as follows: 
X-(x) — G*(x) 
AH(a) S* = ce 
(3) Se) — Fa 6.4) 


If the factorization (3.3) is carried out properly, the relation (3.4) 


is of the form 
pt (x) — 6-(%) = (*). (3.5) 


The solution of the problem (3.5) is unique if ¢*, d~ and » belong 
to any finite L?-class, i.e. for —A <x <A for any positive A. 


We have 
] p(t) 
(2) eee y 
silt ape lhe peda (3.6) 
and he 
LoL oe 
+(x a eS ee 
s(x) = dole) +7 sa, (3.7) 
where re 
t ae = 
[9 ai tet tim (| 24 ee a, 
e—>0 


| oe 


(3.8) 
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Thus the following explicit solution of (3.2) is obtained: 


Se Be peed 3.9 
IniH+(z) J H-(t) t— 2° set! 


—co 


From S(z) the surface charge o(x) may be derived by inverse 
Fourier transformation. 


In view of 
leo, 


the right-hand side of (3.9) may be replaced by 


—=0 ie heme ss 0) 


G(t) dt 
5*(2)= Dnt Me aE (3.10) 
where 
i set g(t) dt 
We have ia 
G(x) = 2e Ko (|x]) (3.11) 
and 
H(x) = 4stIo(x) Ko(|x]), (3.12) 


cf. Erdélyi, Tables of Integral Transforms (1.14.13). 
§ 4. Factorization of H(x). Introduce the function 
Lx) 4 21 pax) = 2|x| Lola) Koll) (4.1) 
For x — co we have 
13 


] 
Ly Liz) = ae Fe A + O(x-8). (4.2) 


Then the factorization of H(x) is obtained as follows 


Qn \t mM 1 In L(t) ] 
a) ae dt|,Imz=0, (43 
ae) (2) exp | 4 7 Qn jm—eg ie” a) 


—c 
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co 


2a \3 met I | In L(é) ] 
a (741) he J dt ) I = ©). 4.4 
ae (= )exo| 4 2nt J t—2 ae ore 
From (4.3) we obtain for z > x 
TUL Pee (hy 5G) ] 

7 4 $ a aT dt 5 As 
(x) =2 falolx) Kollx\)itexp| sgn e+ == pat]; (45) 
also 

(a) = a ele (4.6) 
He") = Hay} re 
H-(xe-™) = Hix); j 5Or-a ae): (4.7) 


The asymptotic behaviour of H+(z) may be determined as follows. 
We have 


i In L(t 
ES re 
27 ee 1 sk 
where s = — 2z, Res > O. The first few coefficients are 
l l 
ay = = fin LG) i 0.0280, Co SS 
AL 16 
0 
fe [ L(t) ar Ja 0.00298 bes 
>= —_ — n — = —U, ' => 7 
= - 8/2 dio hpeS 
0 
Hence we have 
2 \* ’ 
2 <2 co! HE) (=) exp SE elt (4.8) 
Ss west 


For H*(«) an alternative expression may be derived in the following 
way. We need the auxiliary function 
Q(x) Sarg [— Yo(x) + iJo(x)], x > 0, (4.9) 
with 0 <2 (x) Sa. Without proof we mention the following 
simple properties of this function: 
2 
vx[Jo%(x) + Yor(x)] | 


Q(x) = (4.10) 


SURFACE CHARGE OF A CYLINDER 283 
For x — co we have 
Q'(x) 1 + ze tL O(x-6 4.1] 
: yah Gye 128x4 ie) aaa 
For x > + 0 we have 
RL y 
Q(x) =———___—_ o(1 =), 4.12 
(Ol spc errno ake 
At the kth zero Bx of Jo(x), k = 1, we have 
2(B, — 0) = 0, Q(B, + 0) =a. (4.13) 
We shall now prove the following formula: 
os pee jeelaitay, (4.14) 
ar x) = — | —— di. : 
2 uJ 12+ 42 
0 
According to (4.5) we have 
Tt 9 { In L(2) 
arg H*(x) dee ee | ee (4.15) 
0 


This odd function is the sine transform of the even function 


] ] 
= ~ feos yt In L() dé, y > 0. 
2y It 


0 
This function may be reduced as follows 


2y my To(?) Ko(t) 
0 
a 1 r Jo’(é) — 1Y0'(é) 
See —Bry ba Fas Gp | yt : 
TR ep Ord Petr BSAC 
0 
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The expression last obtained is the sine transform of the righthand 
side of (4.14). Thus we have 


x1 Qt 
H+(x) = 2[z]o(x) Ko(|x|)]! exp ~ | - a de. (4.16) 


We note that for a purely imaginary z the function H*(z) is real. 
We have from (4.3) and (4.4) 


co 


2a \* Ss hile La) 
Ht(st) = H~(— st) =( : ) exp 5 | os dt. (4.17) 
0 


Finally we shall consider the behaviour of H*(z) near the origin. 
For # > 0 we have 


Z 2 
In L(x) = In 2x + Inln—+0O (in 2) ! 
C4 x 


Since 
Zz lin, De m1 
- dé = 4 In 22 — — , Imz> 0, 
mi J (2 — 22 : 4 
0 
and 
# finin2? 2 2 
: di = 4InIn— + O{In-1—], Imz> 0, 
mt J §2 — g2 7 Zz Zz 
0 
we obtain 


2\5 2 
20, H*(2) = 2| ain 1+ O{ In-! — i (4.18) 
z z 
At the positive real axis we have 
2\3 Jets 
H*(x) =2 € In - I 2 placer o(n-® =) 
% 2 In 4x we] A” 


‘ — 
H-(x) = (= In 4) E& nb He +oftn-2 =) I 
x 


2 In 4% 


(4.19) 


The argument of H+(x) as a function of « is given in table I. 
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TABLEs 

é arg. H+(x) 
0.00 0 1.4 0.739 
0.05 0.278 1.6 0.749 
0.1 0.349 1.8 OL757 
0.15 0.401 2 0.762 
0.2 0.441 3 O72 
0.3 0.506 4 0.778 
0.4 0.554 5 0.779 
0.5 0.593 6 0.780 
0.6 0.624 Fi 0.781 
0.8 0.670 8 0.781 
1.0 0.701 9 0.782 
ee 0.723 10 0.782 

co t/4— 0.785 


§ 5. Expansion of o(x) for small x. The properties of the functions 
H(z) derived in the previous section validate the derivation of the 
solution of the Wiener-Hopf equation (2.5). We have obtained 
according to (3.10) and (3.11). 


fs) f iat Ko(|t|) dé 
oa SPA Je H-@ t—2° Ph 
or rs 
wh ie Sue the aarti din « 
OS aeritpe tapr rea e oe 


The asymptotic expansion of S*+(z) for z + co may be determined 
as follows. 
According to (4.8) we have 


1 (mS NE 
=( Jap BE, 
1 sk 


H*(z) 20 
where s = — iz, Res > O. This may be brought into the form 
bs 
ee) as (5.3) 
H*(z) 2/8 owe 
where 
apo = It ays=S — & = 0.0280, 


42 a3 
Gi ta ae = — 0.0629, a3 = — a3 + aja — “2a = 0.00473: 
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Furthermore we have the asymptotic expansion 


LL (ge MOUS eae ee (5.4) 
TU J H-(t) t—2 osha 
where 
oa - ©/ tka Ko(2) 


0 


or, in view of (4.16), 


je es th | Ald ] 0s te — Al) — at | dt, (5.5) 


A(x) 4 arg H+(x) =— |“) at. (5.6) 
aU 


By means of (5.3) and (5.4) we obtain from (5.1) 


2ROT (Zia afr SpaRS *, ei St (5.7) 
0 
where 
k 
Ck = Sy ajdDK-j. (5.8) 
0 


Accordingly we obtain for the inverse Fourier transform o(x) the 
following expansion, presumably convergent for small x: 


2nG (x) = > I) — CRxk-4, (5.9) 
ound (R=}-.4) 
In the case a = O the first few coefficients are 
bo = OisSz; co = 0.3357, 
by =" <0. 388 Cy PO oS: 
be = —0.614, C2 = —0.586, 
bg => — 1.803, cg = — 1.803, 


so that 
2n0(x) = 0.337 x-* (1 + 1.56% — 2.32x%2 — 2.85x3 sae). (5.10) 


From this we obtain o(x) for a few x values (table II). 
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TABLE It 
x 0(x) x 0(x) 
0.001 | 10.69 0.02 2.46 
0.002 7.57 0.05 1.62 
0.003 6.19 0.1 2 
0.004 5.37 0.2 0.92 
0.005 4.81 0.5 0.57 


§ 6. Expressions for large |a|. We shall consider the case a > 0 
and a < 0 separately. If a > 0, we have from (5.2) 


ss alae 1 ro) hye 
re) — > , (6.1) 
21 9(z) 2nH+(z) 1 (tz + Bx) Ji(Bx) 
where 
hy = H+(tBx). 
The inverse transformation of (6.1) gives 
leaner 
a(x) = oo(x = a) 1 Ds : B(Br, x), (6.2) 


2x 1 Ji(Bx) 


where oo(x — a) represents the surface charge of a double-infinite 
cylinder due to a point charge —1 at x = a, y = 1, and where the 
function B(f, x) is the inverse Fourier transform of 


Or 


B(p, x) =—|e : (6.3) 


If a < 0, we obtain from (5.1) by taking both sides of the negative 
imaginary axis as new path of integration 


co 


ee ern eae! 
are } Sener Dw ame co 
0 
from which 
a= | elt im BC t, x) dt. (6.5) 
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The expressions (6.2) and (6.5) are useful if |a| is large. If, however, 
|a| is small, we may proceed as follows. From (5.1) or (5.2) we obtain 
at once by inverse transformation 


co 


i yee ae Ko(lé|) dé 
a(x) = oo(x — a) 4 | du je" , 
Qn J H*(u) H-(t) t—u 


L —oo 
where L is a contour along both sides of the negative imaginary 
axis. This may be written as 


o(x) = oo(x — a) + — es Sy B(— ti, x) dt, (6.6) 
where ae 
= —iwe dé oa It 
B(bix) = c= e HAG = arg Bp = — - (6.7) 
i 


The functions B(f, «) which are used in (6.2), (6.5) and (6.6) may be 
reduced as follows 
a. f real and positive: 


ce ee ee 
Bie aa Je Io(t) Ko(||) —it —B 


0 
__1) Pogo pitaieiotewet Feptgeh 71 see Se 
= ei |* | lof). |. Kolld)) | = ae 


Lie OHRID fap, l {e Ko'(— &) tH-(—tz) 
al joes R tx 
ATi ae Biches 4x2 ake Ko(— tz) ¢+ 8 a 
0 
and finally C 
| Sica heal asad ox l | $55 etait tte dt 
B x) = — SS Bja = ta 
Cana a all fren sete el KG err pragraernyer te) 
0 
b. PB real and negative: 
In a similar way we obtain 
LS By ye — -P8) ' 
B(B, x) =—— & Bat Ht > 
ome +B 4aJo(B) eet 
real) ge H* (tt) dt 
* 28 JS TeX) + Yo) E48 eg 
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c. B purely imaginary: 

In this case the expression (6.8) may be used. 

The expressions (6.8) and (6.9) are reasonable convergent if x 
is large. For small x we better take the expansion derived in the 
previous section. 


§ 7. Behaviour of o(x) for x co. The behaviour of o(x) for 
x —> co may be determined from the behaviour of S+(z) for z + 0. 
From (5.2) we obtain for small z 


aa I [em H+) dt 


i adeslchtlun acral lip ftlepndoae2 
. 


S*(z) ‘ (7.1) 
where L’ is the real axis with a semi-circular indentation at the 
origin which separates z from the poles ify, k = 1,2... of Ip71(Z). 
Then for z + 0 we obtain from (7.1) in view of (4.18) 


G 2\-3 oie @ 
2nS+(z) = 1 — asf (« In = +O | (im 2) | (7.2) 


] Dis kat) 
C=— [ea O at (7.3) 
271 tIo(2) 
L’ 


For o(x) we find accordingly 
l 


Bat x(In x) 


rele OIE cab aN 5 ga (7.4) 


The coefficient C may be expressed as follows for a > 0: 


© H+(iBy) e~ 
Te ede ACE 


(7.5) 
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SCATTERING OF ELECTROMAGNETIC WAVES BY 
COAXIAL FERRITE CYLINDERS, OF PDIFEERENT 
TENSOR PERMEABILITIES 


by YUTZE CHOW 


Instituto Tecnolégico de Aeronautica, Sao José dos Campos, S. P., Brazil 


Summary 

The boundary value problem of the scattering of a plane electromagnetic 
wave normally incident on coaxial ferrite cylinders of different tensor 
permeabilities is investigated. The expressions for the scattered field are 
derived in terms of Bessel and Neumann functions of different orders. 


§ 1. Introduction. Scattering of an electromagnetic wave by 
coaxial cylinders of isotropic materials has previously been in- 
vestigated 1), the scattered field due to a plane wave normally 
incident upon the coaxial cylinders being symmetrical in nature 
with respect to the direction of incidence. For anisotropic materials, 
however, the symmetry of the scattered fields is no longer preserved. 
The case of scattering by a single ferrite cylinder has been studied 
by Tai et al?). The present paper extends their treatment to the case 
of two coaxial cylinders of different materials. 


§ 2. The boundary value problem. Consider the three regions 
(fig. 1): 

Region 1: air, (uo, €0), p = 8. 

Region 2: ferrite tube, a<p <b, with tensor permeability 
\|u’|| defined by 


M1 tue’ O 
le"ll =|] —tue’ wr’ OO 
0 0 bo 


Region 3: central ferrite cylinder, p < a, with a tensor permeabi- 
lity ||w”|| defined by 


— 290 — 
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uy" TM 0 
le"|| = || —tue” pr” OO |]. (2) 
0) 0 lo 


We assume that the incident plane wave is propagated in the 
positive x-direction and has a time dependence exp(—iw?). The 
electric field of the incident wave is assumed to be along the positive 


* cp A) 


Incident wave 


fPze 
pa? 


Fig. 1. Scattering by coaxial cylinders of different tensor permeabilities. 
Region (1): (uo, €0); region (2): (||u’||, e’); region (3): (||xz”||, e”). 


z-direction (in fig. 1 pointing out of the paper); the incident electric 
field can be expanded into a series of Bessel functions: 


Et — ZE,4 = ZEo exp(tkox) = 
= 2Eo ¥ (i)™ Jm(kop) exp(— im). (3) 


The magnetic field of the incident wave is given by 


H(t) 7 V XE = 


ao? , fy aoe 
= (iow) (D6 ) Bs = pH + My 0 


For our present purpose we are interested only in Hg* which 
is given by 
a « OE Sh ine 
Hl = ilepo)> = ino EoD | (i) Ini hop) exp(—imd), (5) 
where 
Im'(s) = @Jm(s)/@s and no = (140/e0)*, ko = (7080). 


Region 1. The reflected fields in region (1) may be expanded into 
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a series of Hankel functions of the first kind: 


By = 4B == Ey S (i)AmEHm™ (kop) exp(— img) (6) 
and 
Ay’ =ino1£o & (2)™A mH m’' (kop) exp(— 2m). (7) 
Region 2. 
H = (i) |v’ VXE (8) 
with 
V1 ive, O 
[|e"|I-* = |] te" v1! 0 (9) 
O Om ir 
where 
yy = my’ (mr? — poo’?)-1, ve" = — we’ (ur? — we’), v9 = wot. 
Also, we have 
V X (|lu’|| + -V x E) — wecE = 0. (10) 


In our particular case the incident wave has an electric field 
parallel to the z-direction, so (10) is simply 


(w2e + »1'V2) Ezg = 0 
or 


(Vp? + «'2) Ex2 = 0, (11) 
where 


: 2 0 1 @ 
Vp = ea as eS 
Op pop p®_— og? (12) 
K'2 == we'py'—1 = 1ey'2(1 — o’2), icy’? = w2e'uy', a! = we’ my’. 


The solution of (11) is of the form Jm(k’p) exp(— imd), so we can 
write down the general solution in a series form as 


co 


Ez. = Eo S (i)™(BmJm(x'p) + CmNmn(t'p)] exp(— img), (13) 

m= —oco ; 
where By and Cm are coefficients to be determined, and Ny» is 
the Neumann function. 
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The magnetic field of the wave in region 2 is given by 


Hz = (tm)-1-||u’||-1-V x Ea 


yy v2 @) 
= (2) 1 —49 yy! O V X (2E 29) 
O O v9 
or 
H ( i ) 
3 vy We 
p2 : é d 
= (t@)-1 p a Ez. (14) 
H go ( tv! at 
pod Op 


In our case, we are interested in the A gz component: 


= 3 — yom ‘ : : 
HT 49 Se Eines witi™ 2 [Bin] m(«'p) + CaN m(«'p)]— 


1@ m=—co 


— 1k’ [Bir Jim'(k'p) + CaN’) exp(L — imd) = 


l 3... mye 
=——E »& Gm} Bn Tm(«'p) 4 1'k’ Tm’ ( («| + 


tw m= —oco 


+ Ca| =v m(k'p) + vik’ Nm'(K' p) |} expt — ind). (15) 


In region 3. We have 


co 


E3 = 2Ez3 = 2Eg XY (1)™DmJm(k"p) exp(— md), (16) 


m—=—co 


1 A 
Hila Wp? |; 
70) 


(«”p) + yy" X’ In‘ (e's) | s 


-exp(— img), (18) 


u 
2 po | == rou V1 a iF == ey eal —_ a2), Ky? a= wre" uy", a” = Ma” [ur 3 
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§ 3. The boundary conditions. At the boundaries the following 
conditions must be fulfilled: 


(Ez2 — Ez3)|,-4 = 9, (19) 
(Hee He2) peau 4 (20) 
(Ez + Et — Ez2)|,-» = 9, (21) 
(Hyi + Hy” — H4go)|,-» = 0. (22) 


Therefore, from (19) we have 
ByJm(k'a) + CrNm(k'a) — DinJm(R"a) = 0. (23) 
In like manner we get from (20), (21), (22) 


4n/FNy'(b'a) |— Dn Pi(R aye okt In'(ia) | =O (24) 
<== AlgEE, 0) (ob Baan ROLL Cray ble ai snl bot), (25) 


— Amt’ (Rab) + Bm (22) | 2 J (8'8) + 018’ Tn'(H'0) | + 


mys, 


Nm(k’a) + 


= Tl Bia) Bayt! Jnlt’a) | a Fest | 


myo" 


L a pe Nin(B'b) + r1'B'Ny'() | = Jea"{hob), © (26) 
@M 


From these four simultaneous equations the coefficients may thus 
be computed, for example the amplitude of the reflected wave in 
region (1) may be calculated from the coefficients of the series: 


Am = |(™) Fad) [ Fie) (C8 (a) + 
+ Nal t'a)) (7 (w)) — 
— (PE Jul) +S Jnlt’a)) (EE Nig h8)-+-&. Ny’ (0) + 
+ (2 Julia) +S Ju’ (i"a)) (Inte) (7 


oN n'(kb) ) — Nn(h'a) (2% J n(h'b) + "hag (»)))|— 


(R'b) + 


(A’b) + 
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MV9 


— Jm'(Rob) | F(a (Imi (ee Nin(k'a) eR — Nm’ (R a) — 


mys" A 2 
| = Jn(h’a) + : wn) (me Tul ACE 


@ 7 pe a) Neat! .'b)N.(k/a)\ || 
ot 7” Im (hk .)) (mit a) Nim(k b) Tes) Tinlh b)Nm(h “)]) 


for 


om ( 28) Hn (Rob) [ Tk") (( oe Nin R’a) + 


it Bs Non'(B" “)) es Tn(h'b) + — dm (A’ i) — 


(Ra) + 


acs 


sn on Nin(B'd) + e4 Nm ‘w®))) re 


~ : oe — Nin(k'a) (ee (8) + Jn'(k0))) | » 


— Hm 1’ (hob) | TRA) ( Tm(k'd) ee n(R’a) + = Nn'(Ka)) = 


m(k'a) + 


— Nn( hb) (7 (ea))) + (PE Fla) + 


tx Jn'(8°2)) ( Jn (B'@)Nn( 0) — Jn(0.N'9) J 


and 


n =. (vy'e’)-, ne = (vy"e")— —} 
Thus, if all the parameters are known quantities, then the numeri- 
cal calculations may be carried out. 


§ 4. The special case of a dielectric outer cylinder. This special 
case of a dielectric outer cylinder is of interest for two reasons: 
first, the expressions for the coefficients are somewhat simplified, 
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and second, from the experimental point of view it is easier to make 
different sizes of dielectric tubes to fit an inner ferrite cylinder. 
In this case the coefficient Am is given by 


1 J@ 
Am = 3 Tm (a) [Jm'(ka) Jm'(Rob) Nm(R'6) — 
= Tm(k’b) Tm’ (Rob) N m Wek a) 5 ET m(K ‘9) Tm’ (’b) b) Nn’ (A ahi 


— E]m' (ka) Jm(kob)N: eee Jm(Rk"b) + 


tes ca EF mh’) Jon’ hob) Non ('a) — 
— Jintk'a) Jim’ (Rob) Nin'(R'a) + 
+ EJm(hobd) Jm(k’a) Nm'(k'b) — EJ m(Rob) Jm'(k'b) Nm(R'a) | : 
where 
E = (e'/e0)*, 
and 


sn () Jmu(ke"a) [Jon(') Hn (hob) N(R") — 


= J m'(R'a) Ay)’ (kod) Nm(hk’b) ss ET] m'(R'a) Am) (Rod) Nm'(k’b) oc 
ig EH m) (Rob) Tm'(k’b) Nm'(k'a)] > 


iS nee +” Tn’ (Wa) | EFA) Hn (bb) Nin(R'0) — 


— Fim(h'b) Hm" (Rob) Nm (R'a) + Em (Rod) Jm'(k'b) Nix(k'a) — 
— $m (hob) Jm(k'a) Nm'(h’d)], 


while the coefficient By is given by 


Bm = > (Jm(hob) Hm’ (hob) — Jm'(hob) Hm (hob) 


(=) Tinh") Nm’ (Ra) — 


— (222) sa(h"a) Na) — (2) Im'a) Ninth) J 
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the coefficient Cm is given by 


l 
Cm = A [J m' (Rod) Hm (Rob) ane J m(Rob) Hm" (Rod) | 


() Tm(B"@) Tm’ (R'a) — 


x (2 : -) Tnlk’a) Jin(R"@) ~(2)) m('a) J mera) | 


a) ) 
n 


[Jm(R'a) Nn'(R'a) — Jm'(h'@) Nm(R'Q)). 


and Dm is given by 


D m 


1 
SAT [Hm®’ (kod) ) Jm(Rob) — Hm (Rob) J m'(Rob)] ( 


$5. The special case of a perfectly conducting inner cylinder. In 
this case, the calculation is much simpler than in the previous case. 
The coefficient A» is given by 
l 
Leen | J m' (Rob) (J m(k'a) Nm(R'6) — Jm(R'6) Nn(R'a)] — 
my, 
al eo J mkob) ( S ) (Jm(k’a) Nm(R'b) — Jm(R'b) Nimn(h'a)) + 
o : 
xa i (Jin(R’a) Nmm'(k'b) — Jm'(h'b) Nm(h'a)) 


and the denominator is given by 


4 -() Hm (Rob) ( a) (Jn(h’a) Nin (’b) — Ja(h'B)N lB’) + 


(a2) 
cal , 
4] 


— Hn’ (Rob) LF nl’) Nmn('b) — Jn(B'B) Nmn(’a)], 


) (Jm(h’a) Nn’ (R'b) — Jim’ (R'b) Nn(t’a)) | = 


the coefficient Bm is given by 


Bn = = Nm(k’a) LJ m(kod) Hm (Rob) — Im’ (Rob) Hm (hob) ] 
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and the coefficient Cm is given by 


Cn = F(a) Fn’ hob) Hn (Rob) — Jon (ob) Ha (hob) 
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PLASMA DYNAMICS IN AN ARC FORMED BY 
LOW-VOLTAGE SPARKOVER OF A LIQUID 
DIELECLEIG.*) 


by P. K. ECKMAN 


Jet Propulsion Laboratory, California Institute of Technology 
Pasadena, California, U.S.A. 


and E. M. WILLIAMS 


Electrical Engineering Department, Carnegie Institute of Technology 
Pittsburgh, Pennsylvania, U.S.A. 


Summary 


An algorithm is derived for the physical conditions in a low-current 
electrical discharge initiated by low-voltage sparkover between plane 
electrodes immersed in a liquid dielectric. Calculated results are concerned 
with column-pressure, temperature, voltage gradient, electron density and 
column radius for a discharge in a liquid nitrogen dielectric. Of these only 
column radius can be studied experimentally ; experimental results are shown 
to compare reasonably well with predicted results. 


§ 1. Introduction. This paper is concerned with the physical 
phenomena accompanying the radial growth of the ionized gas 
columns of electric arcs formed by low-voltage sparkover of gaps 
between closely-spaced electrodes immersed in a liquid dielectric. 
The period of interest in this work is the first microsecond after arc 
formation. Some previous works 1)2) have dealt with the results of 
experimental studies of the electrode phenomena at the termini 
of the discharges; this paper deals with deductions from physical 
theory concerning the state and dynamics of the ionized column 
itself. 


*) Work supported in part by the National Science Foundation, U.S.A., under Grants 
G3072 and G10520. The work described is abstracted from a dissertation submitted by 
P. K. Eckman in partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at Carnegie Institute of Technology. 
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Electrical sparkover between metallic electrodes immersed in.a 
liquid dielectric is followed by a high current density arc discharge, 
the removal of electrode material and the formation of well-defined 
and characteristic electrode craters. The associated phenomena 
have been the subject of experimental studies )4), originally with 
emphasis on the formation of colloidal suspensions of the particles 
eroded from the electrodes, and, more recently, in connection with 
‘electrical’ machining 5) processes in which the electrode-material 
removal is adapted for purposes analogous to those encountered in 
conventional machine tools. Despite the development of an ex- 
tensive art in electrical machining the physical phenomena involved 
have been incompletely understood. Moreover, although refined 
experimental techniques!) are available for the study of the erosion 
of the electrodes, there is very little possibility of a direct experimental 
investigation of the discharge dynamics. These considerations have 
led to the study, the results of which are reported in this paper. 


§ 2. Rationale of solution. This study commenced with the 
selection of a model configuration for the electrodes, discharge 
path, and dielectric channels as encountered under simplified 
circumstances in the relevant technology. This configuration, 
shown in fig. 1, comprises two plane-parallel electrodes, separated 
by a small spacing, with a cylindrical discharge column centered in 
the space between the electrodes. These elements are immersed in a 
liquid dielectric. 

The object of the methematical analysis is the description of the 
system after initial sparkover and formation of the discharge 
column. The liquid dielectric surrounding the discharge was assumed 
to be imcompressible. The analysis proceeded by applying the 
Navier-Stokes equations, written for a cylindrical coordinate 
system, to a gas column expanding radially from the centre of the 
model configuration. Conditions of the material within the gas 
column were determined by approximating an energy balance 
between the power delivered to the gap and power dissipated from 
the discharge column. The expanding gas column is considered 
to be of high enough temperature, pressure and density so that 
it may be treated as a plasma. Quasi-equilibrium equations permit 
calculation of the state of the gas-column as the expansion 
continues. 
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---+--- 
oped iS 


Ct ee be 9 
fa 
1 ' 


(a) 


Level of 
dielectric 


(b) 


Fig. 1. (a) Configuration selected as a model of a discharge column formed 

in a liquid dielectric by sparkover between closely-spaced plane-parallel 

electrodes, (b) coordinates used in analysis. The radius of the discharge 

column is v; and v; and a; represent the velocity and acceleration, respectively, 

of the boundary of this column. v(v) and a(v) represent the velocity and 

acceleration, respectively, of the fluid outside the discharge column at a 
radius y from the center of the column. 


§ 3. Details of solution. The general expression of the simplified 
Navier-Stokes equation for imcompressible-fluid flow is given as ®) 


p< (o) =F — grad p + 1020, (1) 
in which 

p = mass density, 

4 = viscosity 

» == pressure, 

@ = velocity (generalized), 

F = body forces (generalized). 
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The continuity expression 
div @ = 0) (2) 
is also used. 

For the configuration employed, cylindrical coordinates are most 
suitable, and 7, 0, and z will denote the radial, anguiar, and axial 
coordinates, respectively. If we assume (a) radial flow only, (0) 
zero viscosity and (c) no body forces, then 


7) C 
Bid Ris 
OD» Oz 
UU; Fy; Ig, Lz = 0, 


M9, Wz = O, 


? 


and we obtain 


CMy CMr ) — opr 
fs 2s 3 
o( ety gy or (3) 
and 
Ow, Or 
ce soe 4 
or Y (4) 


Using the dimensions of fig. 1. 


0 ov =O 
o| a +H 7 |- : a (5) 
and, since 
vf) =u, 
Yr 
(4) becomes 
ov(r) ViNG 
Tiga yi ain (6) 


in which v, 7; are not functions of r but only of ¢. Thus (5) becomes 


ov(r) vane? op(r) 
‘ls 9 |=- aia (7) 


Since 


a(r) __ ov(7) W OV; % Ui Or; 
ot a 7 2208 
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and 

Ov; Or; 

—_ — Qj, 2 — a) 

ot t x 
(7) may be written 

ari Ue? 042742 Op(r) 
p | < ach Lacie (8) 
y r ee or 


Integration of (8) from r = 7; to r = 7o yields 


ae ( ; L ( ; 2 
—— = air; In| — } + v,?] In -=- 3 9 
p uv vi v rj 2re2 2 ( ) 


Solving for a; we find 


in which 79, p and fo are fixed, £; varies as 7%, and 7 and v; vary 
with dj. 


§ 4. Computation methods. Results have been calculated with an 
IBM-—650 Data-Processing System. The computation procedure has 
involved a systematic study of the effects of various parameters 
upon discharge column growth. 

Using (10) and assuming that (7;)9 and v;(0) are specified, we can 
find 7; and v; at any time ¢ > 0 by a purely iterative process, taking 
increments of ¢ small enough so that none of the significant para- 
meters of the problem changes by more than a few percent with each 
iteration. For most of the computation (v;)9 is assumed to be zero 
(sample calculations have shown that the initial choice of (v;)o and 
(r;)o have a negligible effect on the solution for ¢ > 10-8 seconds). 

The major problem is to relate #; to the size of the gas column. 
To do this, three quite general equations are used: (a) the ionization 
equation, (b) the resistivity equation, (c) the total-radiation 
equation. With the extremes of current-density and pressure of this 
problem, three independent variables in these equations enable us 
to describe the discharge conditions. This is in marked contrast to 
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the complexities encountered under other discharge conditions. 
As developed in the Appendix, these equations are for (a), (6) and 
(c) respectively 
N-2 
: n 
Egy) ee x i 
SS Oo —— es ; 
ee oy ane 


E-J =1.42 <10-ON 27, (13) 


eV; 
é 


E = electric-field intensity and |E| = Vq/2s, 

J =ccurrent density, and |J| = I/xr;?, 

2s = length of electrode gap, 

Vg = the positive-column gap voltage, 

I = the total discharge current, 

kK = Boltzmann’s constant, 

Ne = the density of electrons in the discharge column, 
Ny = the density of neutral atoms, 


T, = the electron temperature, 
é =the electronic. charge, 
V; = the ionization potential of the dielectric material. 


We also have the continuity relations 
No = Ne =— Nn (14) 
and 
(No)e = (No)o (ri)o?/ (ri), (15) 


in which No = the total density of the particles in the dielectric. 

It is assumed, at the start, that ¢ = 0 is the instant at which 
breakdown has occurred. That is, conduction is present and. the 
current flowing is determined by the properties of the energy source, 
circuit, and the arc drop. The formative period 1) of the spark has 
passed (25-50 x 10-9 seconds). 

If we start by specifying the initial voltage across the gap and 
assume that the initial particle density (No)o is the same as that of 
the liquid prior to breakdown, the simultaneous solution of (11) 
through (14) will yield (7)o, (J)o, (Ne)o, (Le)o and (f;)o. Assuming 
that (vi)o = 0, it follows from (10) that aj = f (pz, v4, 7;) and the 
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growth of the discharge interface can be calculated by choosing 
small increments of time A? and letting 

‘j+1 = 15 + vjAt a 4a;(At)? 
and 

Uj41 = V; a. ajAt. 

At the end of each 4? interval (11) through (14) are again solved, 
and new values of J, Ne, Te, pi, and a new Vy are found. From (10) 
a new 4; is found, and similar successive iterations permit determi- 
nation of 7; as a continuing function of time. 

Most of the calculations of this work were carried out for a liquid- 
nitrogen dielectric. Liquid nitrogen was advantageous for use in 
both the theoretical and experimental work of this study because 
its ionization potential (15.4 volts) and initial particle-density 
(3.49 x 1028 m-3) are more accurately known than those of the 
hydrocarbon-mixture dielectrics commonly employed in electric- 
spark machining. 


§5. Discussion of approximations employed. 

A. Assumption of non-viscous flow. The fluid-flow problem 
has been treated with the assumption of zero viscosity. The validity 
of this assumption can be tested by calculating the pressure drop 
across the fluid due to viscous flow (in the steady state) and compar- 
ing this with the pressure drop found in the non-viscous solution. 
Such considerations show that the pressure drop across the liquid 
between the electrode gap (see fig. 1) is 


SriVi 0 


Y 
pi —po=—S win, (16) 
u 


while a continuous check of the quantity #; — fo during the various 
stages of the problem-solution has shown that the viscous pressure 
never exceeds 1° of the column pressure for the dielectric and 
configuration employed. 

B. Assumption of symmetry in the discharge configu- 
ration. In the model chosen it was assumed that the discharge 
occurs along the axis of symmetry. Although discharges seldom 
occur at the exact centre of the configuration, it is clear that if the 
discharge column diameter is small compared with the electrode 
diameter, the electrode configuration approximates that of two 
infinite planes in any case, symmetrical or asymmetrical. 
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C. Zero arc-formation interval. This work is confined to 
the phenomena encountered after the arc is established; it is impli- 
citly assumed that the formative time of the arc is zero. The solution 
is thus unrealistic in the vicinity of f = 0; however, since the forma- 
tive time is very much smaller than the time interval under study, 
the solution becomes more realistic, in so far as this assumption is 
concerned, as time increases. 

D. Potential, distribution between the anode and 
cathode. The potential difference between electrodes comprises 
three rather distinct parts, the cathode drop V¢, the anode drop Vq 
and the discharge column drop Vy, which is necessary to maintain 
an electric field inside the plasma or ionized gas between the anode 
and cathode. 

The voltage-drop V¢; occurs over a distance of an electron mean- 
free-path from the cathode surface (corresponding to the very high 
gradient necessary to account for the extremely high current- 
densities measured in typical instances)!)*)8), while the voltage drop 
Vq covers a distance of several mean free paths from the anode 
surface. Both V, and Vq are of the order of 6 to 8 V, generally of 
the same order as the ionization potential of the electrode material, 
and remain relatively constant during a discharge. 

The major component of the gap-voltage drop Vy occurs across the 
‘positive column’ of the discharge. This voltage is expected to vary 
with time, depending upon the initial over-voltage across the gap, 
the dielectric particle density, current density and the radial ex- 
pansion of the discharge column. 

E. Conditions in the plasma. In the discharge column the 
E field is relatively uniform over the entire length. The power 
developed in the column is 


oT 
ExJd =) Praa+H ane rig : (17) 
in which Pyaq = “‘free-free’’ radiation (from a plasma). 


A uniform current density within the arc channel is assumed. 
Furthermore, by assuming zero viscosity and infinite thermal 
conductivity (in the plasma), it has been implied that particle 
density (and drift velocity along the discharge axis) is constant 
across the discharge cross-section. 

Some question might arise as to whether there is temperature 
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equilibrium in the classical sense. In low-pressure discharges, it is 
often true that equilibrium does not exist between the electrons, 
ions and gas molecules. However, at higher and higher pressures the 
electron temperature and gas temperature approach the same value. 
Spitzer) considers an electron-proton gas, the velocity and 
distribution of which is arbitrarily altered (perhaps by sudden 
changes in the £ field, density and/or temperature) and shows that 
equipartition will be established between electrons and protons 
in a time 


eo 1OoL St © hich Q 3 Gas i 

tg. = , In which Q = —- , 

th NeInQ 2e \ aNe 
Calculation of the equipartition times throughout the problem has 
shown that these times are of roughly the same time scale as the 
time increments used in the computation. As long as 


ONe s Cle 
my At <N, and Ft Yi <aTs 
a 0 


ae At <E 
ot : 


and the increment 4¢ is as great or greater than ¢gg, we may apply 
the thermal-ionization equation with reasonable accuracy. Recently 
Braginskil®) has applied such equilibrium conditions to the 
growth of sparks in a high-density gas and found excellent agreement 
with experiment. 

F. Heat losses. In the simple cylindrical model chosen, heat 
loss will occur by conduction into the electrodes at the ends of the 
column and by conduction and mixing at the boundary between 
the plasma and the surrounding fluid. Both phenomena act to re- 
tard column growth. 

It has been assumed that the rate of heat loss to the electrode is 
of the form 

01 =. Ad, (18) 
in which 
h, =a heat conduction coefficient at the electrode, 
A =cross-sectional area of the discharge column, 
§ = temperature difference between the column and the electrode 

surface. 

Values of h, may be obtained by considering the heat flow into a 
semi-infinite slab at a point on its surface. It can be shown 8) that 
if a steady heat flow Qj is begun at ¢ = 0, then at any later time /, 
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at a distance y from the source, the temperature of the slab is 
increased by an amount 


ina (Se\[i—a(S)] 09 


in which 
ic] 
oii fos 
De? 
and 
p, = density, 
c =electrode thermal capacity, 


he = electrode thermal conductivity. 

Since there is little evidence 1)?) of electrode melting (except for 
electrodes with melting points below about 700°C), we can place 
an upper bound on Q; at any time by means of (19) and an upper 
bound on /, by (18). For short-duration discharges, values of 4; as 
high as 1 x 104 J/m%s°C may occur. 

At the interface between the discharge column and the liquid 
dielectric conditions are quite obscure. Certainly there are turbulent 
and mixing effects and other phenomena occurring. An estimate 
for heat loss here has been made in the form 


Qe — h2(2z71) (2a) I b> (20) 


in which hg is an interface heat conduction coefficient. Such a 
correction has been applied to the calculation of radial growth. 

G. Single-multiple ionization. All calculations are based 
on an assumed single ionization of the dielectric material. The 
extent of any multiple ionization varies during the discharge and 
depends upon the temperature, electron density and partition 
function of a stage of ionization (which itself is temperature- 
dependent) and may be calculated by use of the general Saha 
ionization equation.. However, the complete calculation increases 
the number of individual computations by at least an order of 
magnitude. This refinement would not be justified in view of the 
many other approximations. and uncertainties inherent in the 
simple configuration and analysis employed. 

H. Pinch effect. The material pressure f; in the discharge- 
column is modified by a certain amount because of the “pinch 


PLASMA DYNAMICS IN AN ARC 309 


effect” 4). The magnetic pressure py» is a direct result of the inter- 
action of the current in the plasma with the magnetic field caused 
by that current. The pinch pressure in the plasma is 


Pm = B/8xp (21) 
and 
B = 2ul/r. (22) 


Radius of discharge column in mm. (rx 10°) 


0 0.3 0.6 0.9 ee ES 
Time (microseconds) 


Fig. 2. Curves showing the dependence of the computed discharge-radius 
upon the duration of the discharge for various currents and heat-transfer 
constants and a curve of measured crater radius. The additional curve of 
measured data is for a kerosene (K) dielectric. Rough estimates of heat- 
transfer for copper electrodes suggest that a reasonable value of /, is in the 
range 1 x 103 < hy <1 x 104. No very satisfactory basis has been found 
for estimating fz. All data except the single curve for kerosene, are for a 
liquid-nitrogen dielectric. 


Hence the magnetic pressure at the interface is given by 
f  IN NOs iP (23) 


In the calculation performed, pm has been found to be negligible 
compared to #1 throughout the duration of the discharge sonsidered. 
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§ 6. Results. Fig. 2 shows computed curves of discharge radius 
as a function of discharge duration for cases in which negligible 
thermal losses are assumed and cases in which more ‘realistic’ values 
of thermal loss have been taken into account, together with curves 
of measured discharge radius. Some of the discrepancies between 
measured and computed values may be accounted for by the ex- 
perimental situation, as discussed below. The theoretical work of 
this study suggests no explanation for the markedly smaller discharge 
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Electron temperature, Ta, (degrees Kelvin) 


3 a cs 
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Time (microseconds) 
Fig. 3. Calculated time-variation of electron temperature with time, in a 
discharge in a liquid-nitrogen dielectric, for two values of current and two 
conditions of heat-transfer. 


column radius encountered in the hydrocarbon dielectric, which 
is regarded as too chemically complicated to be analyzed by the 
methods of this paper. Calculations have indicated that initial 
particle density will have relatively small effects on discharge radius, 
for instance. Although one expects higher particle densities to 
result in higher values of ;, the ‘temperature’ in the discharge is 
less, so that higher particle densities result in only slight increases 
in column radius. 
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Curves of current density versus discharge duration are not 
shown, since current density can be calculated directly from current 
and discharge radius. A discharge column of 10 A and 0.04 mm 
radius corresponds to a current density of approximately 2 « 109 
A/m?, for example. 

Figs. 3, 4, 5 and 6 are concerned with various conditions within 
the discharge. In computing these data, heat transfer has been 
either neglected or treated somewhat less thoroughly than in the 


Electron density, N., (electrons per meter>) 


Ce nO se ROC ee Ole O47 nO.) 0.6 


Time (microseconds) 
Fig. 4. Calculated time-variation of electron-density in a discharge in a 
liquid-nitrogen dielectric. Heat transfer has been neglected in this example. 


data of fig. 2, since the authors were concerned primarily with 
orders of magnitude. . 

The variation of electron temperature with time suggests some 
limitations of the analysis employed. Starting with values of T of 
the order of 3 x 105 °K (fig. 3) the temperature falls as the discharge 
column expands and electron densities (fig. 4) drop rapidly. The 
“free-free’”’ radiation equation (13) is not accurate at temperatures 
below 40000-50000°K since Stefan-Boltzmann (black-body) radi- 
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ation becomes first a significant factor as the temperature is reduced 
and, subsequently, a dominant factor. Thus the validity of solutions 
shown here is open to question after the time at which such low 
temperatures are reached. 

By the time that the temperature has dropped to 30000 °K the 
percentage of ionization is down to 95% and is falling rapidly. This 
is clear from the points of inflection in the N; vst and E£ vs ¢ curves 
(figs 4 and 5). 


(volts per meter) 


Electric field intensity 


Time (microseconds) 


Fig. 5. Calculated time-variation of potential gradient in the discharge- 
column drop-region in a lquid-nitrogen dielectric. 


Fig. 6 shows the material pressure ~; during typical discharges. 
The pressure £; begins at high values, about 106 atmospheres, 
gradually falling (as both 7, and N- are reduced) to values in the 
range of | to 10 atmospheres for microsecond pulses. The pinch 
pressure, while large for small values of ¢, never becomes an ap- 
preciable fraction of #;, and its effect on column growth is negligible 
for the range of currents considered here. It would appear that for 
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high currents (J > 1000 A) and longer pulses the effects of pinch 
pressure should be included in finding the net column pressure. 


§ 7. Experimental investigation. Experimental tests were con- 
ducted to study the effects of single, unidirectional current dischar- 
ges in a liquid-nitrogen dielectric. The magnitudes and durations of 
the pulses employed have been limited to a range in which electrode 
melting will be negligible and in which the column temperature will 
remain high. 

In the procedure used, sparkover was initiated in a liquid dielectric 
between polished, plane-parallel, cylindrical electrodes of 1.27 cm 
diameter, and the applied voltage was adjusted over the range from 


Pressure, p,, (newtons per meter<) 


OFF 0:2 704 0.6.7,.0.8'4 LOWali2 


Time (microseconds) 


Fig. 6. Calculated time-variation of the discharge-column pressure in a 
liquid-nitrogen dielectric. Heat transfer has been neglected. 


50 to 3000 volt. The circuit was arranged to deliver, following 
sparkover, a single current pulse of substantially constant amplitude 
and of adjustable duration from .015 to 1.50 microseconds. A 
“pressure head’’ from 1.25 to 7.50 cm of dielectric was maintained 
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above the gap level (see fig. 1). The apparatus utilized has been 
described previously by Smith and Williams!)?) who were 
concerned with a kerosene dielectric. 

Following each discharge, the diameter of the electrode craters 
formed by the discharge was measured. It is usually assumed that 
the crater diameter is equal to the maximum discharge diameter. 
There is, of course, no assurance that thermal processes such as 
melting (and subsequent solidification) do not take place after the 
discharge itself has ceased. However, it seems even more likely that 
the growth of crater area may lag the growth of the discharge 
column. In fact, a clearly defined area of surface discoloration 
commonly surrounds the crater and is perhaps of twice the diameter 
of the craters themselves. Whether this discolored area is due to 
thermal processes in the electrode itself or to a column diameter of 
larger size is not known. It seems most reasonable that at any instant 
during the discharge the crater area will be less than the actual 
area of the discharge column. It has been observed that the electrode 
gap, 1.e. discharge length, has no effect on electrode crater-area 
within the range of electrode gaps studied. The only experimental 
difficulty encountered was in keeping the polished electrode 
surfaces free from frost during immersion in the nitrogen. 


§ 8. Conclusions. It is clear from the comparison of calculated 
and measured values of discharge column radius that the analytical 
results are accurate to better than an order of magnitude. It may 
be inferred that other results, such as calculated pressures, tempe- 
ratures, and electric field intensities, for which direct experimental 
measurements are not feasible, are of comparable accuracy. It is 
expected that the results presented can be used to improve under- 
standing of the perplexing process of electrode erosion in the short- 
duration low-current electrical discharge which is initiated by 
sparkover of a liquid dielectric. Also, the reasonable success of the 
analytical study, as demonstrated experimentally, may contribute 
to the growing development of analytical methods in the field of 
plasma dynamics. 
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APPENDIX 


A. Ionization equation. The ionizing effects of the molecular 
collisions, radiation, and electron collisions which occur in gases at 
high temperature are generally classed as ‘thermal ionization’. If 
the gas is considered as being in a state of dynamic equilibrium 
with “‘chemical’’ changes occurring in two different directions, we 
may use a thermodynamic treatment to determine the relative 
number of electrons (and ions) and excited atoms for a given gas 
as a function of its absolute temperature and pressure. Saha 12) 
first developed such a treatment in which the temperature and the 
ionization potential of the material are used to characterize the 
state of the gas which ‘dissociates’ into electrons and ions. The 
results have an important bearing, not only on discharge problems 13) 
but also in the field of astrophysics 14)15), 

In its most general form, the relationship found by Saha and 
later derived more rigorously by Menzel!®) is 


Noes f @ 5040 Vout )| feud 
Sh sly RO vee (24 
i a i bide ie BalTe) oe 


in which 
Pie RING ig (25) 
Nq = density of particles in the gth stage of ionization 
V, = the ionization-potential of particles in the qth stage. 
The correction term 
aBenlTy 
Ba(Te) 


is a function of temperature for any given atom, depending on the 
number and type of energy states. The term may be computed from 
atomic theory, and published tables %)!5) are available which give 
this correction factor. In practical calculations the correction is 
frequently omitted 13)17). If we write the ionization equation as 


Ni ( — 5040 V1 ) 
—. P, = 3.35 x 10-274 ex (26) 
No € e Pp fe 
and substitute (25) in (26), we obtain 
. — 5040V 
Ne’ = 2.43 x 1027 exp( Et). (27) 
0 e 
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This assumes that N; = N, (single ionization only) and is the form 
of the ionization equation actually used in this paper. 

It is important to keep in mind the limitations imposed by the 
assumptions made in deriving the equation. The gas is assumed 
to be homogeneous. Walls, turbulence and other factors are assumed 
not to interfere with the ideal thermal equilibrium. Ample indirect 
evidence from investigation of arcs 18) seems to justify the thermo- 
dynamic treatment, even in cases where, instead of pure thermal 
equilibrium, a small energy flow is present in the gas. 

B. Resistivity equation. The resistivity of a gas supporting a high- 
current discharge is of the form: 


RoE eR Te 
Leds Siein td Ge i ). (28) 
Joanela Ne 


From the definition of o, we may use 
o = J/E (29) 


We shall determine o in an electron gas as follows. 

The force on one electron due to an electric field is e& ; this causes 
an electron to move parallel to the E field with an average drift- 
velocity vp. The electron loses a certain momentum every time it 
collides with an ion; the ions are considered stationary because of 
their much larger mass and limited mobility, and the average 
momentum lost per collision is mevp. If there are # such collisions 
per unit time, then the average retarding (viscous) force is given by 
Bmevp. The drift-velocity vp adjusts itself, so that the force owing 
to the E field and that owing to viscosity are equal, 


eE = Bmevp or 


MeP 


é 


tin = Ee (30) 
In their random motion, the electrons have an average or mean free 
path A, and an average thermal velocity 3. The number of collisions 
per unit time f is given by 
so that we can find 

eAekt 


vp = ——— = mE, (32) 
Med 
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in which jue is defined as the mobility of the electrons and 
be = CAe|med. (33) 


Now, knowing the drift velocity and the charge density eNe, we 
can obtain the current density 


[ = UpleN.) = eNeuek. (34) 
A definition 
o = eNoelte (35) 
is consistent with the usual definition of o. Since 
o = e2NeAe/med, (36) 
the problem now is to find d and A. From kinetic theory 
© = /3kT/me, (37) 
and it can easily be shown (19) that 
e = 1/(NoQo + N+Q4), (38) 


in which NV, = density of positive ions, Q+ is the effective cross- 
section for electron-positive ion collisions and Qo is the effective 
cross-section for electron-atom collisions. Thus, the conductivity 
is given as 


e2N, 
pM ae : (39) 
V3mekT (Noo + N+0+) 
If a plasma is actually present, No < N,, and 
Ae = 1/N4 Ox (40) 
Thus, for a plasma 
2 
e2Ne (41) 


o = ee 
V3mekT N404 


Various authors 29)21) have derived expressions for Q+ by calcu- 
lating the deflection of electrons as a result of the Coulomb forces 
of the positive ions. On the average, in a homogeneous, uniform, 
positive column the electric fields of separate electrons and positive 
ions will neutralize each other and the average space charge is 
equal to zero. But at distances of the order of magnitude of the 
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average interval between ions, these fields are still noticeable. In 
such calculations it is necessary to assume a finite distance at which 
the field of a single positive ion is negligible compared to the other 
nearby ions in order that the resulting integrals converge. Thus, 
the results of such calculations vary in their numerical coefficients, 
but agree in general form and order of magnitude. 

For purposes of numerical computation the relationship originally 
proposed by Gvosdover??) has been retained. Gvosdover reasons 
that if Nz positive ions are in a unit volume, then the greatest 
distance d over which the field of the ion is spread is 


a@ = (N)+. 
When distances are smaller than d, we can assume that the interac- 
tion of ions and electrons take place according to Coulomb’s law. 


By choosing d as the “‘cut-off’’ distance rather than the classical 
Debye-Hiickel shielding distance, he arrives at the value 


Q+ = yet/(RT)? (42) 


Stee) 43 
A aaa 4 n e2N 44 . ( ) 


Using this value, we obtain 


1 aV 3mee2 (see) 
In 


o A(kT@)! ene 


in which 


(44) 


In this derivation it has been implicitly assumed that there is: 
1. Single ionization of a gas without boundaries, 
2. No < Ne, and hence Nz = Nx, 
3. A uniform current (and hence ion) distribution. 
It should be noted that the expression given here for resistivity 
depends primarily on 7, and N¢, and neither the kind of gas nor the 
configuration appears explicitly in the equation. This expression 
for resistivity then holds, providing )a) T, is sufficiently high to 
yield an ionization of about 30% or more and (b) the power in- 
put is assumed equal to that dissipated (quasi -equilibrium). 


C. Radiation equation. The dissipation of energy in the column 
is assumed to be 
Jo 2nrBN 2T t dr (45) 
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in W/unit length. This follows from an expression by Cillie 28) for 
the power radiated per unit-volume in a high-temperature plasma. 
The value of the constant is B = 1.4 x 10-49, if Nz is electrons/m? 
and T° is in degrees Kelvin. This expression begins to break down 
for temperature below the range of 105°K. 

The expression is of this form because at higher temperatures 
recombination radiation (electrons becoming captured, thus 
emitting radiation) is negligible compared to bremsstrahlung (free- 
free transition-radiation). Assuming a Maxwellian velocity distri- 
bution, the total amount of energy radiated per unit volume is 


ms N-Ni725e8 ( 2nkT , ) 
<< —- BShm.c? 


46 
3Me aa 


If we have only single ionization, the nN, = N+ 
and 
Dy = 142 10-4 NAT 627 fF ergs/cm?s 


or the power radiated is 


= 1.42 x 10-40N,2T,$ W/m. 
This is based on the Born approximation 24)?5), 
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CHARACTERISTICS OF RIDGE WAVEGUIDES 
by FREDERICK YOUNG and JERE HOHMANN 


Carnegie Institute of Technology, Pittsburgh, U.S.A. 


Summary 


The cut-off frequencies, impedances, mode separations and power capaci- 
ties are accurately calculated from Maxwell’s equations for several double 
and single ridge waveguides. For the particular guides considered the ridge 
dimensions are varied over a wide range to include many cases previously 
not available in the literature. Waveguides having width to height ratios of 
1: 1 and 2: 1 are considered in great detail. 


§ 1. Introduction. The ridge waveguide is useful in various 
microwave applications because it can be operated at a lower 
frequency and has a lower impedance and a wider mode separation 
than a simple rectangular waveguide. In this paper the single ridge 
and double ridge waveguides shown in fig. | and fig. 2 respectively, 


are considered. 
alert ec aed 
| | . 


Fig. 1. The cross-section of the single ridge waveguide. 


Cohn}) calculated the approximate value of the cut-off frequency 
and impedance of the single ridge waveguide operating in the TE 10 
mode by consideration of the discontinuity capacitance between 
the edge of the ridge and the opposite wall. The values of capacitance 
he used are given by Ramo and Whinnery 2). Cohn’s formulae 
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yield accurate results if }(a — d) > 6. Mihran$) extended Cohn’s 
analysis by including a term for the capacitance between the ridge 
and side wall of the guide. 


eee ee 


oan 


b 


ro 


Fig. 2. The cross-section of the double ridge waveguide. 


The solutions of Cohn and Mihran are both attempts to solve 
a field problem by lumped circuit techniques. Because an electro- 
magnetic field is equivalent to an infinite number of lumped circuit 
elements, the lumped circuit approaches mentioned are limited 
in accuracy. The methods of Cohn and Mihran ypield little in- 
formation about the power capacity of the waveguide and offer no 
direct means of analysis for higher modes. 

A more sophisticated method used by Ereteza and Spangen- 
berg 4) approximated the ridge waveguide by a large array of 
inductances and capacitances arranged to satisfy the finite differen- 
ce form of Maxwell’s equations. Inherent in that system are un- 
desirable losses in the circuit elements and coupling problems. 
Economic and practical considerations discourage the use of that 
method. 

It is the purpose of this paper to derive from Maxwell’s equations 
the cut-off frequencies, impedances, mode separations and power 
transmission capabilities of the single and double ridge waveguide. 


§ 2. Method of solution. It is assumed that the fields vary sinusoi- 
dally with time and propagate along the length of the waveguide in 
the z direction. Then 


E'(x, y, 2, t) — E(x; y) eiotare. (1) 
H'(x, ve t) = H(x, y) elot—yz. (2) 


When Maxwell’s curl equations are combined and (1) and (2) 
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are substituted, the Helmholtz equation 
Vay'p + (uew? + y?)p = 0 (3) 


results, provided the medium bounded by the waveguide is isotropic 
and lossless. Here the operator 


Voy 

se Ox? Oy? 4) 
and y is the axial component of either the electric or magnetic field. 
In this particular problem the Helmholtz equation is subject to 
either the Dirichlet or the Neumann boundary conditions depending 
on whether a TM or TE mode is being considered. By a simple 


variational principle it can be shown that 


SIV cy? dx dy 
J Jp? dx dy 
where K? = yew? + y?. The cut-off frequency of any mode is given 

by 


K2 = (5) 


K 


ae Ne 


(6) 
Because the wavefunction y is not known except in trivial confi- 
gurations, (5) cannot be used directly to find the eigenvalue K?. 
Instead a trial wavefunction obtained by careful estimation is 
inserted in (5) and K? is calculated numerically. The eigenvalue 
obtained and the assumed wavefunction are substituted into 


V ey? + Ki2yy, = Ri. (7) 


If the assumed y; is correct, Rj; = O everywhere within the wave- 
guide. If the residual R; is not zero at all places, the assumed 
wavefunction must be adjusted accordingly. The new trial wave- 
function y;+1 is calculated at each point inside the waveguide by 
the equation . 
Ry 3 
Ee ake a dice Kg Neus (8) 
Here h/ is the distance between mesh points. 
The number of points considered in the waveguides are between 200 
and 1000 depending upon the dimensions of the ridge. The derivati- 
ves and integrals are easily calculated by well-known finite difference 
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methods. The best value of g is near 1.3 and is best determined by 
trial and error because it varies with the configuration. It is also 
useful, for reasons not well understood, to make g an order of 
magnitude larger in one out of every 10 or 15 iterations, Such a 
procedure speeds the reduction of the residuals. When g = 1, this 
is the Rayleigh-Ritz method which converges too slowly to be 
useful in this problem. With the modified Rayleigh-Ritz method 
described above, about 30 iterations reduce the residuals to a 
negligible fraction of the wavefunction at each point in the mesh. 


§ 3. Calculation of higher modes. Only TE and TM modes are 
considered in this paper because all other modes may be expressed 
as a linear combination of these. Assuming that the waveguide 
walls have infinite conductivity, the following boundary conditions 
exist: for TM modes the axial electric field equals zero at the con- 
ductor surface (y = 0 on S), and for TE modes the normal derivative 
of axial magnetic fields equals zero at the conductor surface (¢w/én=0 
on S). These conditions are known as the homogeneous Dirichlet 
and Neumann conditions respectively. The double subscript notation 
used to designate modes, such as TEmmn follows the notation of 
Ramo and Whinnery 2). The first integer m denotes the number 
of half wave lengths in the long and the number in the short 
dimension of the cross-section of the waveguide. The waveguide 
is always oriented so that the long dimension lies parallel to the 
% axis. 

Four modes have been considered, TE 10, TEO1, TE20 and TM 11. 
Because of symmetry only half of the area bounded by the con- 
ducting surface S must be considered in the single ridge case. For 
the double ridge waveguide only one quadrant of is needed. Fortu- 
nately, symmetry reduces the number of mesh points needed by 
the numerical process. 

The variational technique employed yields the absolute minimum 
value of K? when the trial function yo is the exact solution to (3), 
In the case of the transverse electric mode, where the entire cross- 
section of the waveguide was used, the Neumann condition applies 
at all boundaries. In that case the lowest possible mode (TE 00) 
yields 

H2(%, y) = 0 (9) 


everywhere inside S. To avoid this trivial solution the problem is 
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set as in fig. 3 and fig. 4. A similar situation occurs for the TM 11 
mode for which more useful boundary conditions are given in fig. 5. 


Fig. 3. The boundary conditions of the TE10 mode. 


The corners of the waveguide are rounded because the finite 
difference techniques yield solutions to rounded configurations with 
fewer mesh points than they would for perfectly square configura- 


Fig. 4. (a) The boundary conditions of the TEO1 mode, 


(b) the TE20 mode. 


tions. Only with an infinite number of mesh points can square 
corners be treated. The use of a finite number of mesh points 
automatically introduces an uncertainty which rounds the corners. 
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In practice sharp corners are not desirable because the high electric 
stress in the vicinity of the corners causes breakdown at low power 
levels. 

For the TE20 mode the boundaries of fig. 40 all satisfy the Neu- 
mann condition. The direct attack based on symmetry yields the 
trivial solution of (9). The wave functions for higher modes are all 
orthogonal to wo as well as to each other. A variational principle 
may be obtained for K,?, the eigenvalue greater then Ko? but less 
than Ks? by restricting the admissible trial wave functions to those 
orthogonal to wo. Then 

I/ pry dxdy — 0: (10) 
The minimum value of (5) for trial functions subject to the above 
condition is Ky2, the corresponding eigenfunction y;. This process 
may be continued to obtain Ke? by further restricting the possible 
trial functions to those orthogonal to wo and 1. 


E=0 
Fig. 5. The boundary conditions of the TM11 mode. 


For the case of the TE20 mode yo = constant. Then 
SS pr dx dy = 0. (11) 


Between iterations the trial function is adjusted so that at each 
mesh point 
Leow. 


Y'4g = Yig — Pre Vig: (12) 


Here y;,j is the trial function evaluated at the jth mesh point after 
the 7th iteration, y’;,; is the adjusted trial function and m’ is the 
total number of mesh points. . 


§ 4. Cut-off frequencies. To facilitate the presentation of the 
results, they are given in terms of dimensionless ratios. The relative 
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cut-off frequency &m,» of the ridge waveguide is the ratio of the cut- 
off frequency of the ridge waveguide to the cut-off frequency of an 
identical waveguide having no ridge. 


Kim,n 
xV (ma)? + (n/b)2 
Here m and depend upon the mode being considered and Ky,» is 
the eigenvalue of the ridge waveguide. The curves of relative cut-off 
frequency versus the ratio of ridge width to waveguide width for 


various values of the ratio of ridge to waveguide depth are shown 
in figs. 6 and 7. For both the single and double ridge waveguide 
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Relative cut-off frequency 


0) 0.25 0.50 0.75 1.0 

Ridge width/ Guide width 
Fig. 6. The relative cut-off frequency characteristics of the single ridge 
waveguide operating in the TE10 mode. (In this and all subsequent figures 


the solid lines and the dashed lines represent a guide width to depth ratio of 
1 to 1 and 2 to 1 respectively) 


slightly lower relative cut-off frequencies can be obtained, in some 
cases, by the use of a 2: 1 rather than a 1 : 1 width to height ratio. 
It is interesting to note that for a given ridge depth to guide depth 
ratio the lowest relative cut-off frequency occurs when the ridge 
width to guide width is between 0.35 and 0.5. 
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Fig. 7. The relative cut-off frequency characteristics of the double ridge 
waveguide operating in the TE10 mode. 


§5. Power capacity. The power capacity of a waveguide is 
limited by the maximum electric field its dielectric can tolerate 
without breakdown. In most cases the maximum electric field 
occurs at the corners of the ridges and must be kept below the break- 
down strength of the dielectric. It can be shown that the power 
transmitted by the lossless guide through the lossless dielectric is 


aie? nal. as: (14) 
In this paper the surface integral of (14) is replaced by a summation 
of H,? over all the mesh points. The power capacity of the ridge and 
its corresponding rectangular guide are calculated by the finite 
difference equivalent of (14). The ratio 7 of ridge waveguide to 
rectangular waveguide power is formed. 


_ K fs Har? dS 


Sek ao 


(15) 


Here K and K;, Hz and Hz, are the eigenvalues and axial magnetic 
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fields for the rectangular and ridge waveguides respectively. In (15) 
the power carried by each guide is evaluated close to its cut-off 
frequency. Before 7 can be calculated by (15), Hz and H,, must be 
normalized so that the maximum value of the electric field in each 
of the waveguides is the breakdown field of the dielectric. In figs. 
8 and 9 are plots of relative power pacacity 7 versus the ratio of 
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Fig. 8. The relative power capacity of the single ridge waveguide operating 
in the TE10 mode. 


ridge to guide width for various values of the ratio of ridge to guide 
depth. As would be expected the ridge waveguide having the 
greatest cross-sectional area has a slightly greater power capability 
than the square one. The peak relative power capacity for a given 
ratio of ridge to guide depth lies between a ridge to guide width 
ratio about 0.7 and 1. 


§ 6. Mode separation. In many applications it is imperative that 
one mode be transmitted and the others quickly attenuated. This 
occurs if the operating frequency of the guide is above the cut-off 
frequency of the first mode and below the cut-off frequency of the 
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Fig. 9. The relative power capacity of the double ridge waveguide operating 
in the TE10 mode. 
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Fig. 10. The mode separation between the TEO1 and TE10 modes of the 
single ridge waveguide. 
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Fig. 11. The mode separation between the TEO1 and TE10 modes of the 
double ridge waveguide. 
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Fig. 12. The mode separation between the TE20 and TE10 modes of the 
single ridge waveguide. 
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Fig. 13. The mode separation between the TE20 and TE10 modes of the 
double ridge waveguide. 
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Fig. 14. The mode separation between the TM11 and TE10 modes of the 
single ridge waveguide. 
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second mode. The mode separation s, i.e., the ratio of K» to Kpy1, 
for a ridge waveguide is considerably greater than that of a rectangu- 
lar waveguide. Plots of mode separation factor versus the ratio of 
ridge to guide width for various values of the ratio of ridge to guide 
depth are included in figs. 10 through 15 inclusive. For a given ridge 
to guide depth the maximum mode separation occurs at roughly the 
same ridge to guide width as does the minimum cut-off frequency 
of the TE10 mode. 
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Fig. 15. The mode separation between the TM11 and TE10 modes of the 
double ridge waveguide. 
§ 7. Impedance. The impedance of a ridge waveguide is customarily 
expressed in the following manner for TE modes: 


rie w2ue \—* 
zo =a VE (1 ) : (16) 


The concept of 29° was introduced by Cohn and was used by 
Mihran and Erteza. For a rectangular guide zo” is unity. For a 
ridge waveguide z9” may be either greater or smaller than one 
depending upon the size of the ridge and the mode considered. The 
earlier workers evaluated zo” by calculating the voltage across the 
guide and dividing it by the current flowing down the walls. 
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When the field distributions within the guide are accurately 
known better, results may be obtained from (17): 

zo = B?/n. (17) 

Here f2 is the maximum relative voltage obtained by dividing the’ 

maximum value of /E,dy for the corresponding rectangular 

waveguide. In (17) all quantities must first be adjusted so that the 

maximum electric field is the breakdown field of the dielectric. For 
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Fig. 16. The relative impedance of the single ridge waveguide operating 
in the Te 10 mode. 


the TEO1 mode the voltage line integral is evaluated along lines 
AB and A’ B’ in figs. | and 2. In higher modes care must be taken to 
choose the proper path of integration. The impedance curves are 
given by figs. 16 and 17. It is interesting to note that the single ridge 
guide possesses, for a given ridge to guide depth ratio, a value of 
ridge to guide width ratio which minimizes the relative impedance 
whereas the double ridge waveguide does not. 


§ 8. Experimental evidence. Cohn examined experimentally a 
double ridge waveguide with a width to height ratio of 3.7. The 
ridge to guide width ratio was 0.4 and the ridge depth to guide 
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height ratio was 0.65. For the TE10 mode the measured value of 
cut-off frequency was 1675 MHz as compared to a value of 1685 
MHz calculated by the modified Rayleigh-Ritz method. For the 
-TE20 mode the cut-off frequency measured was 5200 MHz, while 
the calculated value of 5170 MHz is obtained here. 
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Fig. 17. The relative impedance of the double ridge waveguide operating 
in the TE10 mode. 


Anderson) measured the cut-off frequency of a waveguide 
having a guide width to height ratio of 2, a ridge to guide width ratio 
of 0.29 and a ridge depth to guide height ratio of 0.34. The experi- 
mental value of the cut-off frequency of the TE10 mode was 4200 
MHz compared to our calculated value of 4180 MHz. In each case 
the difference between the measured and calculated values are of 
the same magnitude as the errors made in interpolating graphs. 


§ 9. Conclusions. The most important parameter in the design of 
ridge waveguides is the ratio of ridge to guide depth. At the cost 
of lower power capacity the relative cut-off frequency of the lowest 
mode can be made to approach zero by letting that ratio approach 
unity. How low in frequency a practical ridge waveguide can operate 
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is not known but may well be limited by mechanical and machining 
considerations. The ratio of ridge to guide width does not influence 
the characteristics of the ridge waveguide as much as does the ridge 
to guide depth ratio except in the cases of very narrow or wide ridges. 

It is significant that the relative cut-off frequency, relative power 
capacity and relative impedance curves of the single ridge waveguide 
having a width to depth ratio of 2: 1 are almost identical to those 
of the double ridge waveguide having a width to depth ratio of 1 : 1. 
However, the single ridge waveguide while twice as large as the 
double ridge waveguide has better mode separation properties than 
the double ridge waveguide. 

The double ridge waveguide having a width to depth ratio of 2 : 1 
possesses the lowest relative cut-off frequency for the TE10 mode 
of the waveguide considered here. It also exhibits the greatest 
relative power capacity, and has the most favourable mode separa- 
tion properties. In all cases the mode separation factor is strongly 
dependent upon the ridge to guide ratio. For very small values of 
that ratio the mode separation factor is small and almost independent 
of the ridge to guide width ratio. As the ridge gets deeper the ridge 
to guide width ratio becomes more important. 

From the curves presented it can be seen that for a given ridge 
to guide depth ratio the ridge to guide width can be adjusted to 
optimize any of the characteristics except the relative impedance. 
However, it is harder to adjust the width to obtain the best combi- 
nation of those characteristics. In specific cases the design data 
presented in this paper can be used to obtain the most desirable 
dimensions for the ridge waveguides analysed here and might 
develop insight into other unsolved cases. Using the method 
described here a new ridge waveguide can be analysed by a large 
high speed internally programmed digital computer (e.g. IBM 704) 
in times ranging from two to twenty minutes depending upon the 
ridge to guide depth ratio. 
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THE MAGNETIC SUSCEPTIBILITY OF Ag-Mn AND 
Cu-Mn SOLID SOLUTIONS BETWEEN 
1.2°K AND 368°K 
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Instituut voor Lage Temperaturen en Technische Fysika, Leuven, Belgium 


Summary 

The magnetic susceptibility of Ag—Mn and Cu—Mn solid solutions contain- 
ing between 0.25 and 5.3 at % Mn has been measured between 1.2 and 
368°K. The alloys obey a Curie-Weiss law up to and including liquid nitro- 
gen temperatures and fer, effective magneton number, values derived 
for the manganese atom are discussed and compared with other published 
values. At liquid hydrogen temperatures the alloys no longer obey a Curie- 
Weiss law. It has been found that some of the alloys show a transition from 
a paramagnetic into an antiferromagnetic state. This occurs at a certain 
temperature, known as the Néel temperarure Ty. The field dependence of 
the susceptibility was also investigated. No field dependence occurs as long 
as the temperature at which measurements are done, is far above the Néel 
temperature 7. Once in the neighbourhood of this transition temperature 
Ty field dependence is observed. 


§ 1. Introduction. Preliminary measurements on the same subject 
have been described in a paper 4) .Since then some refinements in 
the experimental set-up have taken place which are described in 
another paper 2). The magnetic susceptibility of the solid solutions 
has been investigated as a function of temperature and magnetic 
field. 

§ 2. Experimental. 2.1. Preparation of the alloys. The 
alloys were prepared from spectroscopically standardized silver, 
copper and manganese delivered by Johnson-Matthey and Co 
(London) and the American Melting and Refining company. The 
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constituents were accurately weighed (Sartorius balance) and placed 
in a silica tube, which is then evacuated. 
The alloys were prepared in a high frequency furnace, the follow- 
ing scheme being applied: 
1) degassing of the constituents for one hour under continuous 
evacuation ; 
2) melting for a period of about one hour at 1300°C; 
3) homogenising and quenching in distilled water. 
The homogeneity of the alloys is examined by measuring the sus- 
ceptibility of specimens taken at different places of the ingot. 
2.2°Method=and ‘calibration of the. balance. Ife 
magnetic susceptibility of the alloys is determined using a microgram 
balance and Faraday’s method. For a detailed description we refer 
to papers 3) and 2). The following expression is obtained: 


CAI? = myH aH /dx. 


Al?: the variation of J? between H = O and the value H 

m: mass of the sample 

C: constant of the microgram balance 

H: magnetic field 

4: mass susceptibility 

At room temperature the measurements are carried out in vacuum 
(10-3 mm Hg). At low temperatures the sample is suspended in an 
atmosphere of carefully purified helium gas at a pressure of 2 mm. 
We determined at first the position where C, = C(H dH/dx)-1 isa 
minimum or H dH/dx a maximum. The values obtained for C; at 
different magnetic field strengths are given in table I. The calibra- 


TABLE I 
H(@) Czy X10 c¢.g.s.u. 
6875.6 1.3994 
8727.6 0.8761 


11202.5 0.5604 
13759.4 0.4224 


tion has been carried out at room temperature with spectros- 
copically standardized niobium, delivered by Johnson-Matthey and 
Co (London). As value of the mass susceptibility at room tempera- 
ture 2.39 x 10-6 has been taken. The susceptibility of niobium is 
field-independent. The results obtained for Cy have been checked 
afterwards with iron ammonium alum. 
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§ 3. Discussion of the results. A. Investigation of the sus- 
ceptibility as a function of temperature. From measure- 
ments on the susceptibility as a function of temperature it has been 
possible to determine the transition between the paramagnetic and 
antiferromagnetic state. This transition takes place at a certain 
temperature Ty, known as the Néel temperature, below which the 
alternating arrangement of the spin starts. 


X10 erg/g gp?) 


Fig. 1. The mass susceptibility of Ag—Mn alloys as a function of 
temperature. 

0.5 at % Mn 

1.24 at % Mn 

1.67 at % Mn 

1.75. at. Mn 
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5.30 at % Mn 
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This transition takes place, for certain values of the concentration 
of manganese in the alloys, in the temperature region 1.2°K—20°K. 
For low concentrations of manganese it appeared that the lowest 
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temperature attainable (1.2°K) with our set-up was not low enough 
to detect this transition. The results are plotted in figs 1, 2, 3 and 4. 

Figs 1 and 3 give the change of the mass susceptibility over the 
whole temperature region for Ag—Mn and Cu—Mn alloys. Figs 2 and 
4 give the mass susceptibility as a function of temperature for the 
region 1.2-20.4°K. It is from these figures that the transition 
temperature Ty has been determined. 
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Fig. 2. The mass susceptibility of Ag—Mn alloys as a function of 
temperature. 

0.5 at % Mn 

1.24 at % Mn 

L.67 atio6 Min 

1.75 at % Mn 

3.50 at % Mn 

5.30 at % Mn 


<a, €. EL Be 


In tables II and III are given the values of Ty for the alloys. 
There is an increase of the Néel temperature with increasing con- 
centration of manganese; in other words, the antiferromagnetic 
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at % Mn 


TABLE II 
Néel temp. Ty (°K) 


0.50 
1.24 
1.67 
1.75 
3.50 
5.30 


none 

none 

none 

1.2 and 1.9 
6 

11.4 


between 


TABLE III 


at % Mn Néel temp. Ty (°K) 


0.25 none 

1.40 4 

1.61 between 1.9 and 4 
257 10.6 


4.82 11.5 


state sets in at higher temperatures when the concentration of 
manganese is increased. 

If now the results obtained for Ag—Mn and Cu—Mn are compared, 
we see that, for an equal concentration of manganese, antiferro- 
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Fig. 3. The mass susceptibility of Cu-Mn alloys as a function of 
temperature. 
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magnetism sets in earlier in the Cu-Mn than in the Ag—Mn alloys. 
One of the reasons is probably the smaller lattice spacing in copper. 
In silver the lattice spacing is 4.08 A, for copper 3.61 A, so that the 
dissolved manganese atoms for an equal concentration in silver 
and copper, are closer to each other in copper than in silver. 
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Fig. 4. The mass susceptibility of Cu—Mn alloys as a function of 
temperature. 
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B. Determination of the Curie constant C and the 
Curie temperature for the temperature region where the 
alloys obey a Curie-Weiss law. The results are shown in figs. 
5 and 6 as graphs of 1/y plotted against T. All these graphs are 
linear between 64°K—368°K, showing that the magnetic behaviour 
is well represented over this temperature range by a Curie-Weiss 
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law ¥ = C/(T — 6). At liquid hydrogen temperatures this law is no 
longer obeyed. The values of C and 6 calculated from our results 
by the method of least mean squares are given in tables IV and V. 
As can be seen from these tables, there is also an increase of the 
values of C and 6 with increasing concentration of manganese. 


TABLE IV 
Ag—Mn 
at % Mn | C x 104 (erg deg./g @2) | 6 (°K) 
1.24 4.48 —3,2 
1.67 | 6.15 2.3 
3.50 13.0 13.8 
5.10 18.8 18.6 
5.30 19.6 20.6 
TABLE V 
Cu-Mn 
at % Mn C x 104 (erg deg./g @2) | 6 (°K) 
1.40 5.47 | 0.3 
1.61 6.21 3.0 
2.57 9.9 | 9.8 
4.82 18.1 Wy 520.7 


The values of C and 6@ given above refer to the alloys, but we 
were interested above all in the magnetic behaviour of the manganese 
atom. So it was first necessary to correct the measured susceptibili- 
ties for temperature-independent diamagnetism. This has been done 
in the conventional way by assuming that the main diamagnetic 
contribution comes from the silver or the copper. The measured 
susceptibilities were thus first converted into gram-atomic suscepti- 
bilities y4 and the corrected susceptibilities yz determined from the 
formula 


Xa = %pt (1 — Cun) 4448 or X4 = %B+ (1 — Con) 44%, 


where Cyn = atomic concentration of Mn, %,48=—19.56 x 10-6 
e.m.u. (g atom)-1! and %,4°4% = —5.276x10-* e.m.u. (g atom)7?. 
It was found that the %g values obey also a Curie-Weiss law in the 
same temperature range as for the alloys. 

The values of C and 6 calculated by the method of the least mean 
squares are given in tables VI and VII. The values obtained for 
Ag-Mn correspond to those of Gustafsson 4) and connect with 
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TABLE VI TABLE VII 
Ag-Mn Cu—Mn 
at % Mn| C x 108 ly HOYEK) at_% Mn | oC ix: 108 pend’CR) 
1.24 56.2 =e 1.40 36.9 ==3105 
1.67 73.8 2745 1.61 41.7 —0.29 
3.50 145 ines 2.57 64.5 8.3 
5.10 204 17.6 4.82 116 20 
5.30 213 19 
x"*[10* erd/gget’) 


those of D. P. Morris and I. Williams). For Cu—Mn there is 
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Fig. 5. Ag—Mn. 
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agreement with the values obtained by Owen et al 8). 


C. Magnetic moment. It is well known that valuable in- 
formation about the electronic configuration of transition metal 
atoms can be obtained from the magnetic susceptibility of alloys 


containing these atoms in solid solution. 
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If the susceptibility obeys a Curie-Weiss law, effective magneton 
numbers pete may be derived, and assuming the orbital momenta to 
be quenched, Perr may be equated to [4S(S + 1)]!, where S is the 
total spin quantum number of the solute atom. Corrections were 
made for temperature-independent diamagnetism in the way 
described in § 3B. 
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Fig. 6. Cu—Mn. 
1.40 at % Mn 
Oies- Olpatao/4 im! 
yea PASI eke Oy Wika 
Wie VER ne We ibe! 


According to the classical theory one obtains as expression for 


the Curie constant 
C = N*p2/3R. 


p can be expressed in effective magneton numbers Perr = p/m. 
So we obtain C = N2f2u?B/3R or 


pert = 1/Nup X [3R(T — 8) xmole]* = 1/Nup X (3RC)i, 
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Wi 33610 2Garh0 28 
R -==8:3152x'110% erg/degsmol 
ip —O.27e a0 enna 
p = magnetic moment of the atom 
bert = effective magneton number 
The results obtained from measurements at room temperature 
are given in tables VIII and IX. 


ATAU SEIS, WANE TABLE 1X 
Ag-Mn Cu-Mn 

at % Mn | Pert at % Mn | Pett 
1.24 6.03 1.40 4.54 
1.67 5.89 1.61 4.55 
3.50 5.74 Zink 4.45 
5.10 5.66 4.82 | 4.35 
5.30 5.65 | 
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Fig. 7. perp of the Ag-Mn alloys as a function of at % Mn. 
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In fig. 7 and 8 we have plotted perp against Mn concentration 
including the results of Owen et al 6), Gustafsson 4), D. P. Morris 
and I. Williams®), Valentiner and Becker’) and Néel 9). At 
high concentrations of manganese, the points are situated on a 
straight line. Extrapolation of this line gives a pefp-value at infinite 
dilution of about 5.8 for the Ag—Mn and 4.9 for the Cu-Mn system. 
For the former the electronic configuration of the manganese atom 
approximates most closely to 3d54s2 and for the latter 3d64s. 
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Fig. 8. Perr of the Cu—Mn alloys as a function of at % Mn. 
GJ: Valentiner and Becker 

see Avieell 

A: Owen etal 

©: present work 


As can be seen from fig. 8 there is a great scattering in the values 
at low concentrations of manganese. This is probably due to the 
sensitivity of Perr to the magnitude of the diamagnetic correction 
and to error in composition. It is our opinion that the extrapolation 
of the straight line towards the low concentration region is justified. 

It is also to be noted that E. Sheil e¢ al 8) derived from their 
measurements a Perr value of 4.9 for the manganese atom as well 
in Ag—Mn as well as in Cu—Mn alloys. 

D. Field dependence of the susceptibility. For the 
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Ag—Mn as well as for the Cu-Mn alloys the following conclusions 
can be drawn: 


a) 


as long as the temperature at which measurements are carried 
out is not in the neighbourhood of the transition temperature 
Ty, the susceptibility is field-independent ; 

once in the neighbourhood of Ty, we found that the susceptibili- 
ty becomes field-dependent in the paramagnetic as well as in 
the antiferromagnetic state; 

the susceptibility is field-dependent in the antiferromagnetic 
Stace: 
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A MODIFICATION OF CAGNIARD’S METHOD 
FOR SOLVING SEISMIC PULSE PROBLEMS 


by A. T. DE HOOP 


Laboratorium voor Theoretische Elektrotechniek, Technische Hogeschool, Delft, 
Netherlands 


Summary 


A modification of Cagniard’s method for solving seismic pulse problems 
is given. In order to give a clear picture of our method, two simple problems 
are solved, viz. the determination of the scalar cylindrical wave generated 
by an impulsive line source and the scalar spherical wave generated by an 
impulsive point source. 


§ 1. Introduction. The application of Cagniard’s 1) method in 
obtaining exact solutions of three-dimensional seismic pulse prob- 
lems leads to complicated expressions for the components of the 
displacement vector in the elastic solid. This is partly due to the 
fact that in a homogeneous, isotropic, elastic solid two types of 
waves, travelling with different velocities, occur. In order to give 
a clear picture of Cagniard’s method, Dix ?) applied it to a simple 
problem in scalar wave propagation, viz. the determination of the 
spherical wave generated by an impulsive point source located in 
a homogeneous, isotropic, unbounded medium. Even in this simple 
problem (the solution of which can also be obtained by less compli- 
cated methods) quite a number of transformations of complex 
contour integrals are involved. 

In the present paper it is shown that Cagniard’s method can 
be simplified considerably if the corresponding modification for 
two-dimensional problems as developed by the present author 3,4) 
is taken as a guidance. Again, the aforementioned point source 
problem will be considered; for reference, also the solution of the 
corresponding line source problem will be given. 

It is remarked that the resulting method is also simpler than 


AG 
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the technique employed by Pekeris®~!), which is slightly 
different from the one due to Cagniard. 


§ 2. The scalar wave generated by an impulsive line source. Let 
x, y, be Cartesian coordinates in three-dimensional space. A point 
in space will be located by either its Cartesian coordinates, its 
cylindrical coordinates 7, m, z defined through 


X=7COSO, VHrsng, 2=—-%, (2.1) 


with O<r<oo, OX < 22, —co<2z< 0, or its spherical 
polar coordinates defined through 


x= Rsin@cosg, y=Rsin@sing, z= Rcos8, (2.2) 


with nah aco, 0S OSavk= o = 2x. 

The two-dimensional wave function wu = u(x, y,f) due to the 
presence of a two-dimensional line source acting at x = 0, y= 0, 
satisfies the two-dimensional scalar wave equation 


ee eS Oe OLLIE (2.3) 


where 0(x, y) denotes the two-dimensional delta function and v is 
the wave front velocity. The function /(f) determines the strength 
of the line source as a function of time; it is assumed that /(f) = 0 
when ¢ < 0. Further, it is assumed that the medium is at rest prior 
to the instant ¢=0O and that everywhere outside the source 
uw = u(x, y, ft) is continuous and has continuous partial derivatives 
of the first and second order. 

Following Cagniard, all functions of time are subjected to a 
one-sided Laplace transform with respect to time. Let 


foe) 


F(s) = /exp(— st) f(é) dé (2.4) 
and 


U(x, vy; s) = fexp(— st) u(x, y, é) dé, (2.5) 
0 


where s is a real, positive, number large enough to ensure the 
convergence of the integrals (2.4) and (2.5) (it is assumed that the 
behaviour of /(é) and w(x, v, #) as ¢ co is such that such a number 
s can be found). Since w and éz/ét are continuous, U(x, y; s) satisfies 
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the differential equation 


oa Aad baeeigh wee is 
bar oe U = — Ale, 9) FO). (2.6) 


Ox? 


In order to solve (2.6) we introduce the Fourier transform of 
U(x, y; s) with respect to x. Let 

U(x; y;s) = fexp(tsax) U(x, y; s) dx, (2.7) 
where the factor s in the argument of the exponential function 
has been included for convenience. With (2.7) the following equation 
for W(x; y; s) is obtained 


age: 2% = — dy) F(s ees) 
pe 7 hw = — Oy) Fle), (2.8) 

where 
y = +(x) = (a2 + I/v2)* (Rey =O). (2.9) 


As indicated in (2.9), y is defined as that branch of the square root 
at the right-hand side of (2.9) for which Rey =O. The solution 
of (2.8) that is bounded as |y| ~ co is given by 


F 
U(x; ys) = ae exp(— sy |y/). (2.10) 


With the aid of Fourier’s inversion theorem we then obtain for 
U(x, y; s) the expression 


F | 
Ua, v5 8) So | exp(— isax — sy |\y|) — da. (21) 
2 2y 
In the right-hand side of (2.11) we write « = —7p and consider p 
as a complex variable in the p-plane. This leads to 
F l 
Utes) =) [expl— stor +7 Nga (212) 
in which 
y = (1/v2 — p23)! (Rey =O). (2.13) 


The only singularities of the integrand in (2.12) are branch points 
at p= 1/v and p= —1/v. In view of subsequent deformations 
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of the path of integration we take Re y =O everywhere in the 
p-plane. This implies that branch cuts are introduced along 
Ini) =0, l/v <)|Rerpit< oo. 

The next step towards the solution of the transient problem is to 
perform the integration in the p-plane along such a path that the 
right-hand side of (2.12) can be recognized as the Laplace transform 
of a certain function of time. The analysis which follows will show 
that the path has to be selected such that 


px + ylyl = 7, (2.14) 


where 7 is real and positive. If r/v < 7 < oo, eq. (2.14) represents 
the branch J" of a hyperbola, where I" is given through 


. YI 
4 
v2 


a 

p= (72 —yely2\t (y/o + < cg), (2.15) 
7 

in which the square root is taken positive. It is easily verified that, 

by virtue of Cauchy’s theorem and Jordan’s lemma 2), the in- 

tegral along the imaginary f-axis is equal to the integral along I’. 

Along I’ we have 


y = Fs Tt & (72 — r2/y2)8 (2.16) 
and 
op ty 
as = Gina 2/02)i : (2.12) 


In (2.15), (2.16) and (2.17) the upper and lower signs belong 
together. Taking into account the symmetry of the path of inte- 
gration with respect to the real axis and introducing 7 as variable 
of integration we obtain 


F . 
Oa, yes) = ee | exp(— st)(7?2 — 72/v2)—-4 dr. (2.18) 
r/v 


This expression is of the general form 


U(x, y: s) = Fis) fexp(— se) g(x, y, 7) de, (2.19) 
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where, in our case, 
0 (Oi 7 = 7/2), 
g(x,y, 7) = (2.20) 
l 


—— (72 — r2/y2)-4 (on -< 08): 
27 
Application of the shift rule for Laplace transforms to the function 


F(s) exp(— sr) directly yields the function u(x, y, t). We obtain 
t 
u(x, y,t) =f f(t — 7) g(x, y, 7) dr (¢ > 0), (2.21) 
0 


while, from our assumptions, u(x, y, ft) = 0 when ¢ < 0. In our case 
we have 
0 (Ose: <7/0), 
u(x, y,t) = (2.22) 
t 
l 
5 [re — t)(r? — r2/v2)4 dr (r/u << t < oo). 
= 


r/v 


From the final result (2.22) it is clear that g(x, y, ¢) can be regarded 
as the wave function corresponding to a delta function time de- 
pendence of the source. 


§3. The scalar wave generated by an impulsive point source. The 
three-dimensional wave function u = u(x, y, z, t) due to the presence 
of a point source acting at x = 0, y = 0, z = O satisfies the three- 
dimensional wave equation 


C2u C2u C2u 1 ou 


ee BN ao ae oe ae 3.1 
x2 | dy2 ' a2 v2 af (x,y, 2) P(A) (3.1) 


where 6(x, y, z) denotes the three-dimensional delta function. Again, 
we assume that, outside the source, uw is continuous and has contin- 
uous partial derivatives of the first and second order. Further, 
}(t) = O when ¢ < 0 and wu = 0 when? < 0. The following one-sided 
Laplace transforms with respect to time are introduced 


F{s) = fespe st) f() dt (3.2) 
0 
and 


U(x, y, z; 8) = fexp(— st) u(x, y, 2, t) dé. (3.3) 
4 
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Since wu and @u/ét are continuous, U(x, y, 2; s) satisfies the differen- 
tial equation 

e2U e2U e2U $2 

4 r 2 2 

Vv 


Cf ae I O(N, ee) ts) (3.4) 


In order to solve (3.4) we introduce the two-dimensional Fourier 
transtorm of U(x, v,2;.s) with respect.to\% and yy. Let 


Ua, B; 23s) =f dy f explis(ax + By)] U(x, y, 2; s) dx. (3.5) 
Then Y(a«, 6; 2; s) satisfies the differential equation 
d2y 
a s%y2Y% = — 6(z) F(s), (3.6) 
where 
y = (a, B) = (0? + Bp? + 1/07)! (Rey 20). (3.7) 
The solution of (3.7) that is bounded as |z| — oo is given by 
Fs) 
Whe, B22, S$) = aha sy |z\). (3.8) 
SY 


With the aid of Fourier’s inversion theorem we obtain the 
following expression for U(x, y, z; s): 


U (exy,<23\s) = s 


SoM py sh 1 
oe [ap | expl—islax-+py)—sy lees Go (3.9) 


Again, we shall try to cast the integral on the right-hand side of 
(3.9) in such a form that w(x, y, z,¢) can be found more or less 
by inspection. It will be advantageous to transform the exponential 
function into a form which resembles the one occurring in the two- 
dimensional problem. This is accomplished by introducing new 
variables of integration w and g through 


“= wcosm —qsing, =osing + q cos @. (3.10) 
Since d« df = dw dg, we obtain 


sF(s) l 
ro dg | exp[— tswr — sy |z\] Qy dw, (3.11) 


—oo —co 


Oy aS) 
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in which, as a + £2 = wm? + g?, 

y = (w2 + gq? + 1/v2)! (Rey 
In order to bring the right-hand side of (3.11) in a form which is 
analogous to the two-dimensional case, we introduce the variable 


p =1tw and regard # as a complex variable in the f-plane, while ¢ 
is kept real. The result is 


IV 
— 


(3.12) 


Ce eS) ee — ) — ~d abe 
(x, 9,255) =) | ay | expl— slor+ plels— ap, (8.13) 
in which 

= (g2 + 1/v2— £2)! (Rey = 0). (3.14) 


From now on, the procedure is similar to the one outlined in § 2. 
By virtue of Cauchy’s theorem and Jordan’s lemma the integra- 
tion along the imaginary #-axis can be replaced by an integration 
along the branch J’ of a hyperbola, where I’ is given through 


pasar bi ft — RG? + 1p} 
(R(g? + 1/v?)h <7 <0), (3.15) 
Along I’ we have 
sen es | ene ode = [rt - — R2(g2 + 1/v2)}* (3.16) 
and 
op a (3.17) 


aes [72 — R2(g2 + 1/v2)]} 


In (3.15), (3.16) and (3.17) the upper and -lower signs belong to- 
gether. Taking into account the symmetry of the path of integration 
with respect to the real axis and introducing 7 as variable of in- 
tegration we obtain 


Ox; y23s) = 


=3 Se) | ag | exp(- st) [72 — k2 (q? + 1 /v2)]-+ dr. (3.18) 


—co R(qg? + 1/v?)* 
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Now we interchange the order of integration, which leads to 


UNO sec Sea 


0 (72/R® — 1/v2)t 
F 
== SS . | exp(— sr) dr [ [72 — R2 (g2 + 1/v?)]-? dg 
7 - 
Rie —(72/R? — 1/v2)t 
F 
= SO) [ exp( st) dr, 
Riv 
or exp(— sk/v) 
; s) = F(s) ——_———__.. i a 
ie 1S (3.19) 
Application of the shift rule yields the well-known result 
f(t — R/2) 
) = SS 3.20 
u(x, y; z; ) A4nR ( ) 


§ 4. Conclusion. The procedure outlined in the present paper 
provides a method by means of which several mixed initial-boundary 
value problems can be solved. For two-dimensional problems also 
other methods are available, in particular the ‘“‘method of conical 
flow’’. This method has been applied by Maue !%) and, more recently, 
by Miles 18) to several two-dimensional problems in elastodynamics. 


Received 19th May, 1960. 
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TRANSIENT PHENOMENA ASSOCIATED WITH 
SOMMERFELD’S HORIZONTAL DIPOLE PROBLEM 


by H. J. FRANKENA 


Laboratorium voor Theoretische Elektrotechniek, Technische Hogeschool, Delft, 
Netherlands 


Summary 


A horizontal electric dipole, located above the plane interface of two 
non-conducting media, has a dipole moment which is an arbitrary but given 
function of time when ¢> 0 and which is zero when ¢ < 0. Travelling 
electromagnetic waves, generated by this dipole, are calculated with the 
aid of a modification of Cagniard’s method. For the electric field vector 
above and at the interface we obtain expressions for the direct and reflected 
waves in the case that the velocity of light in the medium containing the 
source is the larger one. 


$1. Introduction. The electromagnetic radiation from an electric 
dipole, located above the plane interface of two media has been 
calculated in 1909 by Sommerfeld) for a vertical dipole; in 
1912 von Hoerschelmann 2) solved the corresponding problem 
for a horizontal dipole. The relevant solutions apply to the case 
that the dipole moment varies harmonically in time. In the years 
thereafter a large number of authors have devoted papers to this 
problem; a comprehensive treatment and an extensive bibli- 
ography can be found in two reports by Bafios and Wesley). 

The transient field from a dipole, located at the interface of two 
media, was the subject of recent papers by several authors. Porits- 
ky 4) obtained results by generalizing Weyl’s method for the 
steady-state case, while Van der Pol 5), Pekerisand Alterman§), 
Bremmer ”) and Levelt 8) applied integral transforms in order 
to get a solution. Pekeris and Alterman have made use of a 
method related to a technique developed by Cagniard 9) in connec- 
tion with problems in seismic wave propagation. This method in the 


— 357 — 


358 H. J. FRANKENA 


form, given in their paper, however, seems to be unnecessarily 
complicated. 

In the present paper we employ a simplified procedure, based on 
the method developed by De Hoop 1411) in relation to problems 
in elastic wave propagation. The expressions we derive are valid 
for a dipole, located above the interface of two media, whose 
moment is zero for negative values of time and is an arbitrary, but 
given, function of time for positive values of time. For simplicity, 
we consider only the case that the velocity of light in the medium 
containing the dipole is the larger one. In this medium and at the 
interface we calculate the electric field intensity; from this the 
magnetic field vector can be found with the aid of Maxwell’s 
equations. The calculations are carried out for a horizontal electric 
dipole; the solutions for a horizontal magnetic dipole follow from 
these results by the interchanges 


E->dH, H +> —E, ¢>w,yu—>e. 


§ 2. Mathematical formulation. We introduce a system of Carte- 
sian coordinates x, y, z. The half-space z > Ois occupied by a medium 
with dielectric constant e; and magnetic permeability 1, the half- 
space z <0 by a medium where these constants have the values 
€g and mz, respectively. Both media are homogeneous; the conduc- 
tivity 1s assumed to be zero everywhere. A horizontal electric 
dipole sisslocated “at the “point 4 —= y— 0, 2 =— nh > 0, havinens 
dipole moment /(¢) iz, where /(¢) = O when ¢ < 0 and i, denotes the 
unit vector in the x-direction. 

If E indicates the electric field vector, we obtain from Maxwell’s 
equations the following inhomogeneous wave equation: 


oJ 
V2K — pte tN ae (2.1) 
where p and J are the densities of the charge and the current, 
respectively. We now adopt the notation 
E(x, y, 2, 1) = E(x, y, z, t) + E(x, y, z, t) (2\>.0); 
E(x, y, 2, t) = E(x," 2, t) (eu). 


Here E denotes the primary field, i.e. the field, the dipole would 
generate if the entire space were occupied by a medium with 
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€ = €1, “& = mw; and conductivity equal to zero. From (2.1) it is 
seen that EF, E® and E@) must satisfy the wave equations 


02 E (0) l oJ 
72K (0) 4-2 ris d it, 
uh ape ag Fee: + MA a (2.2) 
A2E(n 
V2E@™ — yp? oat, 0 (trea 2); (2.3) 
with 
Un — (Enftn)—?. (2.4) 
In (2.2) we introduce the electric moment per unit volume m through 
em df(t) 
Js = d(x, Vv, 2 — h) tz; 29 
a ae be yt — hte (2.5) 


from the conservation of charge it then follows, that 


é 
p = —f() = [lw y, 2 — i) (2.6) 
x 
Inserting this we obtain from (2.2) the equation 
02 (0) t é 
Paro age! Be _ 1) grad NR yarns om i 
ot Ej Ox 
d2f(¢ ; 
as i 8(x, y,2 —h) ig. (2.7) 


The boundary conditions at the interface require the continuity 
of the tangential components of the electric and magnetic field 
vectors. By elimination of the magnetic field vector with the aid of 
Maxwell’s equations these conditions can be written as four linear 
relations between the components of E, E® and E@) at points 
of the interface. 

Finally, the fields must be solutions of the wave equations (2.3) 
and (2.7) that satisfy 


div E™ = 0 bo 12) (2.8) 
at each point of the appropriate half-space and 
div E = 0 (2.9) 


everywhere outside the source. 
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§ 3. Application of integral transforms. We now perform three 
integral transforms on the functions occurring in (2.3) and (2.7): 
a one-sided Laplace transform with respect to time and a Fourier 
transform with respect to x and y, respectively. Our notation is 


E(zyyers=f BE Gpy a iexp (= sted, (Sah) 
0 


Fla, B;2;s)=f f Ela, y, z; s) exp(— tsax —aspy) dxdy. (3-2) 
Throughout the paper s is a real, positive parameter. 

At first we consider the primary field. We assume this field 
together with its first time-derivative to be zero at t= 0; then 
its transformed components F;,) satisfy differential equations of 
the form 


02 F ;,) 
ae — s2y,2F,0) = a Ala, Ps So. S), (3.3) 
where 
Vans (a2 + BB p91), (3.4) 
f(s) = J 7(t) exp(— st) dt (3.5) 


0 
and where X;z(«, B; 2; s) can be found by transformation of (2.7). 
The function y; is chosen as that branch of the square root for 
which 

Re y1 = 0. (3.6) 


The solutions of the differential equations (3.3), which are bounded 
as |z| oo, are then 


FO pes Sara Oe lees id-acht (3.7) 
2€1 ‘ ‘ 
in which the components of A are found as 
l 
A, = —— (a2 + v1), (3.8) 
isa! 
1 
Ay = —— of, (3.9) 
; v1 
A, = =F ta. (3.10) 


In (3.10) the upper sign applies to the domain z > h, the lower 
sign to z<h. 
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The functions F® and F@) are solutions of the homogeneous 
differential equations 


62 F(n) 
an — S2y_2F(M) =—— 0 (n — iG 2), (Sel 1) 
where 
Pee tote fe oh Gs 1,2), (3.12) 


If we choose y» as that branch of the square root for which 
Re yn 2 0,7 (3.13) 


the solutions, that are bounded as |z| — oo, can be written as 


FQ) = ex) AW exp[— syi(z + A)], (3.14) 
2€1 
FQ) — si(s) A®) exp[— syih + syoz]. (3.5) 


The functions A® and A) must satisfy six linear equations, two 
of which result from the divergence conditions (2.8) and the 
remaining four from the boundary conditions. The solutions of 
these equations are 


a2 iy — peyi Miy1 + Maye 
Apatite eis Set Lk seal preps) hal ae ul eae 3.16 
Ag yi He v124D Eh DA ( ) 
ap iyi + peye 
Cy, ay 8 oa xe Srt74 
Ay a ea DA ( 
A codes 5 (3.18) 
pple Hiy1 + Maye2 
20 Na tee Retire Pe eee eer (3.19) 
Ay® = — 2e1aB fan eye ; (3.20) 
A,® = ica, (3.21) 


with the abbreviations 
D = prya + wey (3.22) 


362 H. J. FRANKENA 


and ; 
A = eqye + £271. (3223) 


Using the inversion formula for the Fourier transform (Sne ddon!?)) 
we obtain with (3.7), (3.14) and (3.15) 


EO(%, y, 2; S) = 
m s3/(s) | ( A(a, B) exp[— s |z — hj yi(o, B) + 
87261 
Na + isax + isBy] da dp, (3.24) 
EO(x, y,2: $= 
3 
ep) al famee B) exp[— s(z + A) yi(a, B) + 
8x22] 


+ tsax + ispy] da df, (3.29) 
BAe, 25S) 


. co co 
a : ue | | A(x, 8) exp[— shyi(a, B) + 


=O! 6) 


+ szyo(«, B) + tsax + isBy] da dp. (3.26) 


$4. Application of Cagniard’s method. We shall reduce the 
expressions (3.24) and (3.25) to a form which is directly amenable 
for application of Cagniard’s technique. This is easily accomplished 
when we replace x, y, z by the cylindrical coordinates 7, gy, z through 
the relations 

VS? COSY, = 7 SI Gynt ae 

The crucial step (cf. De Hoop ¥)) now consists of replacing the 
variables of integration «, 6 by the variables #, g through 


«= pcosy—qsing, (4.1) 
B= psing + qcos@. (4.2) 
Inserting this in the expressions (3.24) and (3.25) we get 
EO (r, , 2; eS) = 


s3f(s) 


"a sath [ao (p,q) exp[— s |z—h| yi(P, g) + isrp] dp dg, (4.3) 


= C0 = 00: 
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soo, i ea 


yulP, 7) = (P? +g? + vn *)* (mn = 1, 2). (4.5) 


The functions A(p, g) and A@(f, g) are obtained by substitution 
of (4.1) and (4.2) into the forms (3.8)—(3.10) and (3.16)—(3.18). 
Taking into account the condition 


Re yn 20 (m:==-1, 2) (4.6) 


it can be verified that the only singularities of the integrands in 
(4.3) and (4.4) are branch points in the complex #-plane at 
pb = +2(¢? + vn-2)?. In view of subsequent modifications of the 
path of integration in the #-plane, we impose the condition (4.6) 
at any point of the #-plane; this implies that branch cuts have to be 
introduced along Re = 0, |Im 4| = (q? + vp-?)!, for both n = 1 
and m = 2. The right-hand sides of (4.3) and (4.4) are now in a form 
which will enable us to obtain the field vectors as a function of time. 

We replace the integrals along the real p-axis by integrals along 
such contours in the complex f-plane that the exponentials in the 
integrands of (4.3) and (4.4) can be written as exp(— sz), where 7 is 
real and positive. If we introduce 7 as a new variable of integration 
in stead of # and then interchange the order of integration, then, 
provided that v1 > v2, we obtain for the electric field vectors in the 
s-domain real expressions of the form 


E™)(R, p, 0; s)=sf(s) [A (R, 9,7) exp(—sz) dr (m=0,1), (4.7) 
R/v1 

where R, m and § denote certain spherical polar coordinates. We 

introduce the functions Y(s) and p(é) through 


PS) = s/s) ae exp(— st) dé; (4.8) 
then (4.7) can be written as 


E™)(R, 9, 0; s) = P(s) E™(R, 9, 6;s) (m=0,1), (4.9) 
where 


E™) (R, v, 0; s) = f A(R, 9g, 0, 7) exp(—st) dr (m=0,1). (4.10) 
R/v1 
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From (4.8) and (4.9) it is seen, that E@)(R, @, 0; s) are the Laplace 
transforms of the electric field vectors corresponding to a dipole 
with moment 4/2i, for ¢ > 0. The fields E™(R, y, 0,¢) are now 
obtained as the convolution integrals 


t 
E™(R, y, 0, t) =f p(t — 7) E™(R, y, 0,7) dr (m=0,1), (4.11) 
0 
where E((R, y, 0, 7) is the solution of the integral equation 
E™ (R, oy, 0; s) = f E™(R, 9, 6, t) exp(— st) dt (m=0,1). (4.12) 
0 


Using the uniqueness theorem for the Laplace transform (see e.g. 
Doetsch }8)) it is then seen from (4.10) and (4.12) that 


E™)(R, , 6, t) = 0 (¢ < R/v4) 


Em (R, p, 0, t) = A™(R, 9, 0,2) (> R/v1) (W:0,,1);% (4113) 


where 7 is identified with the actual time ¢. In the next section the 
calculations of E(R, y,0,t) and E®(R, 9, 6,¢) are performed 
explicitly. 


§5. Explicit formulae for the field vectors. At first we consider 
the primary field vector E(r, my, z;s), given in (4.3). It will be 
convenient to introduce the spherical polar coordinates Rj, 91, 41 
through 


r= Kisinfi, p= 1, “2 = FS Res OF 


We now change the contour of integration in the f-plane to the 
curve along which the exponential in the integrand of (4.3) can be 
written as exp(— sr), where 7 is real and positive. This curve is 
one branch L of a hyperbola; its position is drawn in fig. 1. In 
the integrand of (4.3) the only singularities are the branch points 
p= +2(g? + 11-2); it is easily seen, that L intersects no branch 
cut. Making use of Cauchy’s theorem the integral along the real 
p-axis can be replaced by the integral along L: the integrals along 
two additional circular arcs at infinity vanish by virtue of Jordan’s 
lemma (Whittaker and Watson 14)). Along L we have 


tT = Ri(p? + ¢g? + v1-*) |cos 61| — iRy p sin 61; (5.1) 
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solving this equation for we find 


To z 
R2 (q? 4 a) | |cos 04) 
2 


sin 0; + | 
1 


((g2 + v1-2)* < t < oo). (5.2) 


Instead of # we introduce 7 as a new variable of integration. We 
obtain from (4.3) 


s3/(s) Cw 
E (Ry, 71, 61;s)= aoe Re | dq pan A (w, g) exp(—sr) dr, (5.3) 
TTT EL 


—co 71(q) 


in which # is replaced by o, with 


o=1 


72 , 
sin 6; + | = (q? 4 n) | |cos 44], (5.4) 
1 Ri? 


and further 
71(q) = Ri(q? + v1-*)!. (5.5) 


1 
i(q*+vj*)? sin @ 


Fig. 1. Contour of integration in the p-plane. 


We interchange the order of integration and find 
EO (Ri, 91, 61; s) = 


co a/2 


2 s3f(s) fexp(- st) Re [ Jr y1) A(z, y1) ay: | dr, (5.6) 


~ An%eyRy 


Ri/v1 —xn/2 
where g has been replaced by the variable y; according to 
2 2) i 5.7 
0=(45-4 ) sin ys (O22) 
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Using the substitutions (5.4) and (5.7) we find from (4.5) 


et: 
( RY? 
The components of A(z, y1) follow from substitution of (5.4), 
(4.1) and (4.2) into (3.8)-(3.10). Comparing (5.6) with (4.7) and 
making use of (4.13) it is easily seen that for the field vector 
E (Ri, 1, 91, 4), introduced at the end of the preceding section, 
we have 

EO (Ry, 1, 1, t) — 0 (¢ << R4/v1), 

EO (Ri, 91, 61, t) = 


nilts i) = Bs nr) sin 0, cos y1. (5.8) 


= re fr ) AME (¢, 1) dys | (¢ = R4/v1). (5.9) 
ae 
The primary electric field vector E (Ry, 1, 61, ¢) is then found by 
insertion of (5.9) into formula (4.11). 
Now we calculate the secondary field. In (4.4) we introduce 
another set of spherical polar coordinates Re, m2, 62 through 


y= Rosinbeo, »=g2, z+h= Re cos bo. 


As before, we change the contour of integration into the curve along 
which the exponential in the integrand of (4.4) can be written as 
exp(— Sr), where 7 is real and positive. This contour is one branch 
of a hyperbola similar to L in fig. 1. In the case v; > vg this curve 
intersects no branch cut and we obtain, analogous to (5.6), the 
expression 


EO (Re, v2, 02; s) = 


34(s) = 

Ss S 

- ‘Ane, Re | expt st) Re | fou. y2) A(z, wo) ays | dry 15.10) 
Re/v1 —n/2 


from which 
EO(Re, p2, 02,1) =0  (t < Ra/v1), 


E® (Ro, pe, 42, t) = 
7/2 
1 
= ——__—_ Re | | yilt, yo) AM (t, we) dps | (¢>Re/v1). (5.11) 


4n761Ro 
—n/2 
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In the latter integrand the components of A@(¢, y2) can be found 
from (3.16)—(3.18) with 


22 


t t fe 
vilé, y2) = wim COS Oo + ? (as ae nr) sin Oo COS We, (5.12) 


yalé, pa) = Lyi? ve) — v7? + ve}; (5.13) 


the sign of the square root in the latter expression is fixed by the 
condition (3.13). 


§ 6. Final remarks. The wave fronts, corresponding to the solu- 
tions (5.9) and (5.11), are drawn in fig. 2. We remark that from the 
expression (5.9) the well-known formulae for the electric field of 
a (horizontal) dipole in free space can easily be obtained. 


z, 


Fig. 2. Wave fronts corresponding to the two solutions given. 


For field calculations when v, < vz the same technique as in the 
previous case can be applied. Then, however, the expression corre- 
sponding to (5.11) for the secondary field vector consists of several 
terms, corresponding to three different wave fronts (Frankena })). 
The additional terms arise from loop integrals around a branch cut 
of the complex #-plane in the domain between the real p-axis and the 
curve, along which the exponential in the integrand of (4.4) can be 
written as exp(— sv) (7 real and positive). 

The expressions for the electric field vector below the interface 
can be derived from (3.26). If we introduced in this formula the 
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variables p and qg from (4.1) and (4.2) directly, it would turn out 
that the presence of both square roots y; and yg leads to difficulties. 
One method of solving this problem is to reduce the integrand to a 
form which has an exponential function similar to those of (3.24) 
and (3.25). This is accomplished by writing (syz)~1 exp(szyz) as a 
double Fourier integral. The solution is then found again by the 
procedure of § 4; the field vector is obtained in the form of a rep- 
resentation theorem, expressing the field at a point below the 
interface in terms of the field at the interface. 
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Netherlands 


Summary 


At a height # above a plane, non-conducting, earth a vertical electric 
dipole emits an impulsive electromagnetic wave. The resulting electro- 
magnetic field in the air is determined; it consists of a reflected wave which 
is superimposed upon the given incident wave. The Hertzian vector corre- 
sponding to the reflected wave is expressed in terms of a single integral over 
a finite interval; this integral is written in such a form that its numerical 
evaluation can easily be performed. 


§ 1. Introduction. In the problem of the electromagnetic radiation 
from a vertical electric dipole situated at a certain height / above 
a plane earth all field quantities are usually assumed to vary 
harmonically in time. One of the two well-known methods for 
solving this steady-state problem is due to Sommerfeld !), the 
other to Wey] 2). In several recent publications, however, the case 
is considered where the time dependence of the current in the dipole 
is impulsive rather than harmonic. We mention the papers by 
Poritsky %), Van “der Pol*, Pékeris and Alierman®), 
Bremmer'®) and a report by Levelt’). The techniques employed 
by these authors differ in several respects. Poritsky uses a generali- 
zation of Weyl’s method to the effect that the total field is written 
as the superposition of a continuous system of plane pulses. Van der 
Pol, Pekeris and Alterman, Bremmer and Levelt make use 
of integral transforms or operational calculus. In this way Van der 
Pol obtained an elementary result when both the transmitter and 
the point of observation are located at the ground. Pekeris and 
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Alterman obtain numerical results for the field above and inside 
the earth in the case h =O. Their technique originates from 
Pekeris’ studies on impulsive wave propagation in elastic media. 
It is closely related to a similar method developed by Cagniard 8) 
who, too, was concerned with the generation of seismic waves by 
impulsive sources. 

One of the present authors developed a simplified version °) of 
the methods employed by Cagniard and by Pekeris and subse- 
quently applied the simplified procedure to the determination of 
the surface displacement generated by an interior source in an 
elastic half-space 1°). In the present paper the latter technique is 
used to determine the electromagnetic field radiated by a vertical 
electric dipole located above a plane, non-conducting, earth. The 
electric moment of the dipole varies in time as a given function /(), 
with /(¢) = 0 when ¢ < 0. The attention is confined to the field in 
the air; unless 4 = O (see 5)), the determination of the field inside 
the earth is much more difficult. Our result is given in the form 
of a definite integral over a finite interval; this integral can easily 
be computed numerically. 


§ 2. Statement of the problem and method of solution. We consider 
the electromagnetic field in either of two homogeneous, isotropic, 
semi-infinite media with different electromagnetic properties. A 
Cartesian coordinate system is introduced such that the upper 
medium (the air) occupies the half-space 0 < z < co, while the 
lower medium (the earth) occupies the half-space — co < z < 0. 
Their common boundary is the plane z = 0. A point in space will 
be located by either its Cartesian coordinates or its cylindrical 
coordinates 7, g, z defined through 


f= F COS Gal ce FSI ae a= wy ack) 


withO S7 < 00,0 Sy < 2m, — 00 <2 < cw. The electromagnetic 
properties of the media are characterized by their permittivity « 
and their permeability w; their conductivity is assumed to be zero. 
For the upper medium we have ¢ = ¢; and w = my, for the lower 
medium we have ¢ = eg and.u = me. 

At x=0, y=0, z=h (h>0) a vertical electric dipole starts to radiate 
at the instant ¢ = 0; it is assumed that prior to this instant all field 
quantities vanish identically. It is well-known (see, e.g., Stratton!) 
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that the electromagnetic field generated by this vertical dipole can 
be derived from a Hertzian vector I of which only the z-component 
is different from zero. The electric field vector E and the magnetic 
field vector H are expressed in terms of H through the relations 


e211 
E = grad div IT — eu —_, (2.2) 
ot? 
oll 
A= secur Zap (2.3) 


In the region z > 0 we write 
IT = (uo + 1) tz (0 <2 2 oo), (2.4) 


where wo yields the incident wave, 1.e. the field that would exist if 
the upper medium were unbounded, while wu; accounts for the 
reflection of the incident wave against the interface and is defined 
as the difference between the actual Hertzian vector and moiz. 
Similarly, in the region z < 0 we write 


IT = uoatz (—"Gorke 2-50), (2.5) 


where wz yields the refracted field. At any interior point of the 
appropriate half-spaces “1 = 1(x, y, z, t) and ug = u2(X, y, 2, t) are 
assumed to be continuous together with their first and second 
order partial derivatives. In the region z>0 the function 1 
satisfies the homogeneous wave equation 


1 024 


Au 
. v2 ~— at? 


= 0; (2.6) 


in the region z < 0 the function “2 satisfies the differential equation 


1 du 
pf EEL re oD ESO (2.7) 
2 


In these equations A = 62/éx2 + 62/dy? + 6?/0z? denotes the three- 
dimensional Laplacian; further, 

01 = (e1p)? (2.8) 
and 

2 = (e2H2)? (2.9) 
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are the velocities of propagation in the upper and lower medium, 
respectively. The function wo is given by 1”) 
1 f(¢ — R1/v1) 


(2.10) 
Ame, Ry 


, 


where 
Ry = [x2 + y2 + (z — h)?}?. (220) 
The function /(¢) determines the electric moment of the dipole as 
a function of time as can be seen from the equation 
1 duo 1] 


= -— 22 
Ain a oa = ole, 92M) HO), (2-12) 


where 6(x, y,z—) denotes, in a usual notation, the three-di- 
mensional delta function. According to our assumptions, /(/) = 0 
when — co <¢< 0. The continuity of Ez, Ey, Hz and Hy at the 
interface is guaranteed if the following boundary conditions are 


satisfied : 
Ou Ou Ou 
lim ( ots | = lime (2.13) 
g>+0 Oz Oz g=—) Oz 
€1 lim (wp + 1) = eg lim wz. (2.14) 
2>+0 z>—0 


All field quantities occurring in the problem are now subjected 
to a one-sided Laplace transform with respect to time; e.g., 


F(s) = fexp(— st) f(é) dé. (2.15) 


Similarly, Uo, Ui and Uz, denote the Laplace transforms of wo, 11 
and wz, respectively. Following Cagniard §), s is restricted to 
real positive values large enough to ensure the convergence of the 
integrals of the type (2.15) (it is tacitly assumed that the behaviour 
of the relevant functions as ¢ — oo is such that such a number s can 
be found). Since, in particular, #1, @w1/0t, wg and @ug/et are con- 
tinuous, U; = U(x, y,2;s) and Uz: = U2(x, y,z;s) satisfy the 
differential equations 


g2 
lad ek (2.16) 
and 
g2 
AU, ~—~ Us = 0, (2.17) 


V92 
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respectively. The next step is to introduce the two-dimensional 
Fourier transforms of Uj(x, y, z;s) and U(x, y, z;s) with respect 
10,4,and.4...Let 


Uy ,2(a, B; 2; s) =f dy fexp[is(ax + By)]U1,9(x, y, 2; s) dx, (2:18) 


in which the (real) factor s in the argument of the exponential 
function has been included for convenience. If WW; and Ws were 
known, U; and U2 could be determined from the inversion integral 


Ss 

Oy 3(4, ¥ 2: Ss) = ~, | ae [expt— 1s(ax+ By)|W1 2(a, B;2;s)de. (2.19) 
"2 

The corresponding representation of Uo(x, y, z; s) is known to be 9) 


Ooi y, 23s) = 


co 


] 
= aS [op exp[— s(tox + 1By + yi|z — h\)] —— da, (2.20) 
4722 2y1 


in which 

yi = vila, B) = (%? + B? + 1/017)? (Rey1 20). (2.21) 
Since the boundary conditions are independent of time, they reduce 
to 


aU eU oU2 
lim ( : 1) = lirglees (2.22) 
puis ty oz oz pee hes 
€, lim (Uo — U4) = eo lim U9! (2.23) 
z>+0 2->—0 


In order to determine YW, and W%2 we substitute the corresponding 
representations of U; and Uz (compare (2.19)) in the differential 
equations (2.16) and (2.17). This procedure leads to two ordinary 
differential equations for % and Ws, respectively, with z as in- 
dependent variable. The solutions that remain bounded as |z| — co 
can be written as 


Te SO, exp[— syi(z + h)], (2.24) 
Ms = Haley exp[s(y2z = y1h)), (2520) 


where yj is given by (2.21) and yz by 
y2 = yo(a, B) = (22 + 2+ 1/09?) (Rey2 20). — (2.26) 
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The functions 71; =.%V,(«, B) and Wz =-V2(a, B) follow from the 
boundary conditions at the interface. It is found that 


eayi — £172 l 
ex1 + ere 2eiyi ” 
1 


CN pee er em (2.28) 
; éav1 + E1p2 


he 


(2.27) 


From these results the Hertzian vector in the upper medium will 
be determined. Since the incident wave uo is already known, we 
are left with the problem of determining the reflected wave 71. 
Equations (2.19) and (2.24) show that U; = U(x, y, 2; s) is of the 
form 

U(x, 25 s\iesisl(s) Gry, oes); (2.29) 
where 


CH gee Sa 


Le fa (ey — s[tax + tBy + y1(z + h)]}.A1(«, B) de. (2.30) 


—co —oo 


Ag? 


From now on we restrict the discussion to the case vg < v,. In 
§ 3 it will be shown that then the integral at the right-hand side 
of (2.30) can be transformed into 


G1(x, y, 2; s) = fexp(— sr) gi(x, y, 2, 7) dr, (2.31) 
Re/v1 
where only real values of + occur in the integration and where Re 
is given by 
= [x2 + y2 + (z + A)?}# (2.32) 


(Rg = distance from the image of the source to the point of ob- 
servation). Now we observe that sF(s) exp(— sz) is the Laplace 
transform of a function of time that vanishes when ¢ <7 and equals 
df(t — 7)/dé when r+ < ¢. Using the notation df/dt = /’ we finally 
obtain for the z-component of the Hertzian vector corresponding 
to the reflected wave 


0 (0 <# < Rau), 


U 5 Neel — a) 
1(%, ¥, 2, #) Lit 2) gale, 47) de (Ro/v1 < t < co). 


(2.33) 
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From the foregoing analysis it is clear that (x, y, z, t) reduces to 
g1(%, y, 2, t) in case f(t) is given by f(t) = 1 (¢> 0), ie. f(d) is the 
Heaviside unit step function. 

The electromagnetic field vectors in the air are obtained by using 
(2.4), (2.10) and (2.33) in the right-hand sides of (2.2) and (2.3). 


§ 3. Determination of the function gi(x,¥,z,7). In the present 
section it will be shown that the transformations outlined in § 3 of 
reference 9) lead to an expression for gi(x, y, 2,7) in the form of 
a single integral over a finite interval. In the integral on the right- 
hand side of (2.30) we introduce new variables of integration w and 
q through 

a = wcos y — gsing, (3.1) 


B=osing + qcos@. (3.2) 
Since d« df = dw dg, we obtain 


co co 


] f 
Galendneo Ss) ae [ag [ exp {— s[twr + yi(z + h)}}71 dw, (3.3) 
1 . 
in which, as «2 + f2 = w?2 + @?, 
V1,2= (w? _ gq? + 1/v1,2?)? (Re v1.22 0). (3.4) 


Next we introduce the variable # = 7w and regard p as a complex 
variable, while g is kept real. The result is 


1 
Gil X97 235) = rey | dq | exp {—s[pr + yi(z+A)]}.V%1 dp, (3.5) 
in which (compare (2.27)) 
ey RR EE ot) (3.6) 
envi + e1y2 26171 
with 
y1,2 = (g? + 1/v1,22 — p?)* (Re yi,2 = 0). (3.7) 


In the complex f-plane the integrand in (3.5) has branch points at 
pb = + Q1(g) and at p = + 22(¢), where 
21,2(9) = (92 + 1/v1,2?)* (21,2 > 9). (3.8) 


In view of subsequent deformations of the path of integration we 
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take Re y; 2O and Re yz =O not only on the imaginary p-axis 
but everywhere in the f-plane. This implies that branch cuts are 
introduced along Imp=0O, 21(¢7) < |Rep|< co and along 
Im = 0, Q2(¢) < |Re p| < co. It can easily be verified that, by 
virtue of Cauchy’s theorem and Jordan’s lemma !%), the integral 
along the imaginary p-axis in (3.5) can be replaced by an integral 
along the branch J’; of a hyperbola, where J) is given through 


= (r/Ro?)r + 1(h/Re?)[7? — Ro?217(q)}?— (R2Qi(g) <7 <0), (3.9) 


in which the square root is taken positive or zero. The upper and 
lower sign in (3.9) refer to the part of J located in the upper and 
lower half of the #-plane, respectively. Along J we have 


= (h[Ro?)t F i(7[Re?)[7® — Ro2Q12(g)}* (3.10) 
and 
ea [72 ae R22Q12(q)}2 : (aly 


In (3.9), (3.10) and (3.11) the upper and lower signs belong together. 
Taking into account the symmetry of the path of integration with 
respect to the real axis and introducing 7 as variable of integration 
we obtain, since g, s and 7 are real, 


Gil Wes) 
[a | ( ) Re (WV : oc Sul? 
——— exp(— s e : : 
0 Re21(q) 


Interchanging the order of integration we have 


GIG 9, 4.5) = 


(72/Ra?—1 /v12)* 


acre (—sr) yar teen {Viy1} 


Ra/v1 


] 
i? — R229) 


dg. (3.13) 


The integral on the right-hand side of (3.13) has the form announced 
in § 2, eq. (2.31). Consequently, g1(x, y, z, 7) is given by 


$0 


] 
By (e, VR zt) = Rs | Be {V1y1} dy, (3.14) 
0 
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where a new variable of integration y has been introduced through 
q = (7?/Ro? — 1/v12)'siny (0 Sw S 4a). (3.15) 


In the right-hand side of (3.14) we have to substitute for p and yy 
the values (compare (3.9) and (3.10)) 


bp = (r/R2?) t + t(h/Re?)(72 — Ro2/v12)* cos y, (3.16) 
yi = (A/Re?) tr — 1(r/Re?) (72 — Ro?/v12)! cos y, (Sa 7} 


while qg is given by (3.15). In all these expressions R2/v1 < +t < co 
and Ry = [v2 + (z + A)?}}. 


§ 4. Concluding remarks. The problem of determining the Hertzian 
vector corresponding to the reflected wave generated by a vertical 
electric dipole located at a height 4 above a non-conducting earth 
with plane boundary has been reduced to the evaluation of the 
integrals in (2.33) and (3.14). In (2.33) the function /’(¢ — 7) takes 
into account how the electric moment of the dipole varies in time, 
while g1(x, v, z, 7), given by (3.14), depends on the geometry of the 
boundary value problem and the physical properties of the air and 
the ground. As was to be expected the function gi is independent 
of g, i.e. the Hertzian vector is rotationally symmetrical about the 
Z-axis. 

Received 19th May, 1960. 
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MEASUREMENTS ON THE PERMEABILITY OF 
HYDROGEN FROM H, AND H,O THROUGH STEEL, 
STAINLESS STEEL AND ALUMINIUM 


by F. BOESCHOTEN, W. VAN EGMOND *) 
and H. M. J. KINDERDIJK 


Reactor Centrum Nederland, the Hague, Netherlands 


Summary 


Permeation rates of hydrogen from Hz and HO through steel, stainless 
steel and aluminium tubes of 0.1 mm thickness were determined at different 
temperatures, and in the case of He also at different pressures; the measure- 
ments with steam were carried out with superheated steam at atmospheric 
pressure. For Hge-steel the results were in accordance with the literature; 
for Hg-stainless steel much lower permeation rates were found than for 
Hpe-ordinary steel. For Hz-aluminium the data were not reproducable and 
no reliable quantitative values can be given. The permeability of hydrogen 
from steam through steel rises very rapidly with temperature, stronger 
than for stainless steel, for which latter permeation rates of the same order 
of magnitude were found. No permeation could be detected of hydrogen 
from steam through aluminium within the sensivity limits of the apparatus, 
that is about 10-19 cm? NTP/cm2s. 


§ 1. Apparatus. In principle the arrangement was the same as 
used by Smithells and Ransley!). The permeation rate was 
measured of hydrogen through metal tubes of 50 mm length, 8 mm 
diameter and 0.1 mm wall thickness (5% tolerance). 

During the measurements with Hz the hydrogen pressure was 
kept constant at the outside of the tube, which was sealed at one 
end and which could be evacuated at the other, where it was 
connected to the glass tubing of the vacuum system. We measured 
the time in which the pressure in the tube rose from 10-6 tor (or 
lower) to 10-8 tor in a volume of about 320 cm3. This volume is 
separated from the mercury vapour pumps by a Horseling-valve®). 


*) Fysisch Laboratorium der Rijksuniversiteit te Utrecht. 
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In principle this is also the method used by Norton§), The pressure 
in this volume was measured with a Philips tetrode ionization 
gauge with sensitivities of about 2 A tor- for air and 1 A tor-! for 
hydrogen, both sensitivities perampere emission current of the 
gauge cathode. In a blank test the pressure of the gas in the closed 
system reached a value of about 2 x 10- tor without changing 
appreciably over tens of hours. 

The principal parts of the arrangement are shown in fig. 1. The 
tube could be heated by a r.f. field (about 1 MHz); by adjusting 
the turns of a r.f. coil around the tube in such a way that at the 
ends more heat is dissipated than at the centre, a fairly uniform 
temperature could be obtained over the tube length. This method 
of heating turned out to be more satisfactory than heating by a 
current through the tube as used by Smithels and Ransley. 
The temperature was measured with a thermocouple that could 
be moved along the axis of the tube; it takes some minutes for the 
thermocouple to arrive at a constant temperature. Inevitable 
temperature gradients over the tube length (depending on the 
external gas pressure) have to be averaged exponentially. The 
thermocouple, being placed in the low pressure system, is heated 
almost entirely by radiation. 


In the case of aluminium, which has a low (but not exactly known) 
emissivity, too low a temperature may be found because of radiation escaping 
at the open end of the tube. The error that may result from this effect 
amounts to about 5% in the absolute temperature, but is of less influence 
than other (mostly uncontrollable) factors. 


In the measurements with superheated steam the arrangement 
could be much simpler, because after some time the whole tube will 
obtain the temperature of the steam which is easily measured. So 
r.f. heating and a moving thermocouple inside the tube are not 
necessary. The latter was used, however, for checking, and the 
temperature indicated by the moving thermocouple inside the tube 
turned out to be within 5% the same as measured in the steam. 
All the measurements with superheated steam were made under 
atmospheric pressure. 


§ 2. Experimental results. We were mainly interested in the 
permeation rate through 304 stainless steel (18-20% Cr, 8-10% Ni) 
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Fig. 1. Apparatus for measuring the permeability of a gas through metal 

tubes. The lower end of the tube is heated by placing a r.f. coil around it. 

The upper half has also a 0.1 mm wall, making the heat flow to the glass- 

metal seal as small as possible. The tube has an electrical connection through 

the glass envelope. The thermocouple may be moved in axial direction by 
turning the knob at the upper side of the system. 
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and 2S aluminium. But in order to get familiar with the apparatus 
and to obtain an impression of the effect of surface treatments, 
measurements with ordinary ST 37 steel, which has a much higher 
(and better known) permeability, were also made. 

The permeation rate is often expressed as a function of tempera- 
ture by 1) g= k’ e~”/”, where 6 is a constant *) for a certain gas- 
metal system and T the temperature, both in °K. Usually g and k' 
are expressed in cm? at NTP per cm? per second and k’ is supposed 
to be inversely proportional to the wall thickness d of the metal 
and to be dependent on the pressure difference between both sides 
of the wall. In our case the internal pressure may be put zero. For 
a diatomic gas like hydrogen k’ = kd-1P}, where k is a constant, 
characteristic for the gas-metal system under consideration. With 
din mm and P in tor, & is given in terms of cm? at NTP per second 
and per mm thickness at one tor pressure. Values of the constants 
k and 6 for various gas-metal systems have been listed by 
Barrer**) 2)3),. The constant 6 must be determined by varying the 
temperature at constant external gas pressure. With 6 known the 
constant & may be found by varying the gas pressure from about 
1 atm to not too low values and determining the slope of the curve 
of g versus P!. As a matter of fact this gives more reliable values 
than using only one point of the curve. 

We were able to obtain consistent results only if the tube was 
heated for some time (about one hour) at the desired temperature 
and pressure before the measurements started. Moreover, the 
permeation rate may change (it generally decreases) if the metal 
gets older. But even with the necessary precautions considerable 
differences may be observed between permeability measurements 
on the same tube, if carried out with intervals of days; this is 
especially true for aluminium. Probably this is mainly caused by 
slightly different and uncontrollable conditions of the surface 
(oxide layer?), but also by recristallization effects. Generally the 
constant } in the exponent is less affected than k and may be de- 
termined fairly reliably. 

*) b may be written as b = Q/R, where Q is the activation energy per gram-atom 
necessary for permeation and R is the gas constant. 

**) In this table the permeability is given as P = Po e-Z/RT, but unfortunately P 
is said to be expressed in cm3s-lcm~2mm_~! thickness at atmospheric pressure, whereas 


it is given at one tor pressure. This is probably caused by the fact, that all authors use 
different units. For E we may put approximately 2b. 
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No simple dependence on temperature and gas pressure is known 
for the permeability of hydrogen from steam through metals. This 
is evident from the fact that the dissociation of the water molecules 
depends on temperature and on the surface that is in contact with 
the vapour. 

a. Steel-hydrogen. Measurements with ordinary ST 37 steel 
were carried out in the temperature range of 100°C—200°C. Because 
our apparatus had to be extremely sensitive for the measurements 
with steam, the permeation rate of hydrogen through steel could 
be measured at lower temperatures than those in earlier measure- 
ments. In order to discover the influence of the surface treatment 
on the permeation rate, three type of tubes were investigated: 
turned (1), turned and polished with diamond (2), and turned and 
polished and etched with a solution of 5 cm? nitric acid in 100 cm? 
ethyl alcohol (3). No very great influence of these surface treatments 
was observed. Within the limits of error of about 25° no difference 
in permeation rate between the turned and the polished tubes 
could be detected. The average values for } and # are given in table 
I. Because of the etching treatment the permeation rate decreased 
to about half the value for unetched surfaces. This unexpected 
results may be due to poisoning effects. In table I a comparison is 
made between the various values of b and & (see also ref.?) and 8). 


TABLE I 


Permeability data for hydrogen-steel g = kd-1P} e-b/T 


k b temperature 
em8NTP mm range authors 
| cm? s tor? ] (Eas Se 
1.63) x 10-8 4800 780-245 Smithels and Ransley !) 
IiGn @ gl O-8 4700 700-300 Borelius and Lindblom 4) 
4350 700-300 Post and Ham 4) 
9430 1180-900 Post and Ham 4) 
ORGS, So Meh 4250 200-100 Boeschoten, van Egmond and 
Kinderdijk 


That the values for b and k obtained from our measurements are 
lower than those found by other investigators, may be explained 
by assuming that the formula g = k"d-1P!T!e~""/? gives a somewhat 
better description of the permeation phenomena 2). According to 
this formule the values obtained for 6 from the relation 
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q = kd P! e~"'” are higher, the higher the temperatures at which 
q is determined. 

b. Steel-steam. Whith our method the temperature could be 
varied, but not the pressure of the steam. The permeation rate at 
atmospheric pressure was observed to increase more rapidly than 
according to e~”/” (table II). This is not surprising because the 
degree of dissociation of the water vapour depends on the temper- 
ature and the surface. For comparision we also listed the permeation 
rate of hydrogen from water through steel as may be computed 
from Norton’s data), 


TABLE II 


Permeation rate of H from H2O through steel 
of 0.1 mm thickness 


Temperature q 
KS cem38NTP cm-2s 
575 274, x 10-8 
525 Ome O3 
450 exe Ome 
373 (water) | 9 x 10-1° (Norton) 
298 (water) io xv10-20 (Norton) 
373 (vapour) immeasurable (Norton) 


It may be noted that extrapolation of our data on steam to 
temperatures at which Norton determined the permeation rate 
for water, seems to indicate that the permeability for hydrogen 
from water does not differ greatly in order of magnitude from the 
permeability for hydrogen from steam of the same temperature 
(373°K) and pressure, though the density of water is about 2000 
times the density of steam. This is not very surprising, because at 
the boiling point steam and water are in thermodynamical equili- 
brium and the presence of a steel wall will not disturb this. How 
Norton succeeded in finding a difference in permeation rate of 
at least a factor 10 has not become clear. 

The tubes age rather rapidly, so that after a few minutes the 
permeation rate of a fresh surface already decreases. After treatment 
of the surface with cerosine the original permeation rates are found 
again. 

c. Stainless steel-hydrogen. The permeation rate was 
measured through stainless steel (304) tubes in the temperature 
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range of 300°C to 550°C and at pressures ranging from 4 tor to 400 
tor. Values for 6 as read from the slope of the In g — 1/T curve 
varied from 9000°K (in the lower pressure range) to 11000°K (in 
the higher pressure range). As an average may be used 6 = 10 000°K 
and k= 5 x 10-2cm3NTP mm cm~-2s~! tor-?. 

d. Stainless steel-steam. Fig. 2 presents the permeation rate 
as a function of temperature for a stainless steel tube of 0.1 mm 
thickness. The temperature dependence is found to be much less 
pronounced than for ordinary steel. In the temperature range of 
500°K~700°K the permeation rates of hydrogen from water through 
freshly scraped, ordinary and stainless steel, do not differ greatly. 
In some cases the permeability of stainless steel was even found 
to be larger than for ordinary steel. 


2) Permeability /* 


cm? NTP/cm?s 4 


550 600 650 700 
—» Temperature K 


Fig. 2. The permeation rate as a function of temperature for a stainless 
steel tube of 0.1 mm thickness. 


e. Aluminium-hydrogen. The permeation rate of hydrogen 
through aluminium is so variable, probably depending very strongly 
on the surface condition, that it hardly makes any sense to give a 
value for b and k. The use of these quantities implies a certain 
reproducibility, which is difficult if not impossible to obtain. Our 
measurements were made at temperatures varying from 360°C to 
400°C with 2S aluminium, without any special surface treatment. 
The measurements were impeded by the fact that if heated at 
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temperatures of about 450°C or higher, our tubes collapsed even 
at relatively low external pressures. The result of a number of 
tests with tubes of 0.1 mm wall thickness are shown in table III. 


TABLE IIT 
Permeation rate g of hydrogen through 2S aluminium of 0.1 mm thickness. 
Tube Temperature He pressure Permeation rate q_ , 
cee [°K] [tor] f[em§NTP cm-2 s-1] 
¥ 635 136 OG2 xe 10s? 
I 645 136 1.92 
I 645 136 | 0.18 *) 
I 655 136 P16 
II 655 9.5 0.26 
II * 34 0.52 
Ul a | i) 7) 
II s i 0.84 
I > i 0.71 
II ES 136 192 
II 675 36 So 
II 675 9 3 
*) After hours of heating. 
TABLE -fV 


Values for the constant b as found in various investigations for the system aluminium 


hydrogen. 
bin °K remarks authors 
15600 freshly scraped surface Smithels and Ransley 
21500 anodically oxidized Idem 
5500 from sorption measurements Eichenauer and Pebler 
about 50000 fresh aluminium, rapidly 
diminishing with time Russell 
about 30000 in some cases, not changing Boeschoten, 
with time Kinderdijk, van Egmond 


As in the work of Russell”) the permeation rate was found to 
change with time, but not always rapidly as may be seen from the 
observations on tube II at 655°K. On that tube we observed the 
permeation rate to be about five times lower than found by 
Smithells and Ransley ®) for freshly scraped surfaces. It seems 
to be very difficult to give more or less reliable quantitative per- 
meation rates of hydrogen through aluminium, which is, for ex- 
ample, possible for nickel and even for iron. This fact may be 
stressed by comparing the values for the constant ) in the exponent 
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as found in various investigations. The constant # differs still more 
and would be a very large number if derived from Russell’s or 
our measurements. 

/. Aluminium-steam. The permeation rate of hydrogen from 
superheated steam of atmospheric pressure and 300°C through 
aluminium was immeasurably small. For tubes of 0.1 mm thickness 
g was less than 10-10 cm38NTP cm? s71, 
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CHARACTERISTIC PARAMETERS OF GEIGER- 
MULLER COUNTER GASES. 


I. ETHANOL-ARGON MIXTURES *) 
by CHARLES D. STORRS ** and ROBERT W. KISER 


Department of Chemistry, Kansas State University, Manhattan, Kansas, U.S.A. 


Summary 


The Wilkinson and the Diethorn-Kohman expressions of counter 
operation are reviewed. In equating these two expressions, the gasamplification 
factor is taken to be 10’ at the starting potential for Geiger operation of the 
counter. Although the use of this numerical value has not yet been completely 
verified, the use of a constant is established from the results obtained for 
the five different ethanol-argon mixtures examined in this work. The variation 
of the characteristic parameters with gas composition is shown to be in 
general accord with the theory being formulated. 


§ 1. Introduction. The Geiger-Miiller counter and the counting 
process are much improved with the admixture of a small quantity 
of organic vapor with the inert gas in the counter. Originally 
developed by Trost 1)?), these self-quenching counters allow some 
increase in the speed of recovery of the counter, but more important, 
allow the use of simpler electronic circuitry with which to follow the 
counter. 

Following Trost’s important work, many workers began the 
development of a theory of gas-tube counter operation. Notable 
developments in theoretical approaches have been made #~14), From 
these has risen a reasonably clear physical conception of the Geiger 
discharge, and working theories of counter operation have been 
developed in general forms. Further, the decompositions of various 


*) Presented at the 134th Meeting of the American Chemical Society, Chicago, 
Illinois, September 7-12, 1958. 
**) Now at Petroleum Chemicals, Inc., Lake Charles, Louisiana. 
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organic quenching agents in the Geiger discharge have been shown 
to be in agreement with these presently accepted theories 15-18), 

Although these physical concepts and theories appear to be valid, 
they apparently lack a quantitative aspect. That is to say, one has 
been unable to predict from basic principles the operation of various 
gases or gas mixtures in various counters. It is in this respect that 
we are presently concerned with the characteristic parameters of 
Geiger-Miiller counter gases. Basic relations and concepts have 
been used in attempting to arrive at the desired quantitative 
aspects. Ethanol-argon, investigated because of its prominent use 
as a counter gas, is one of the first test cases of the theory now 
being formulated. 


§ 2. Theoretical. Wilkinson §8)9) has given the theoretical 
derivation for the equation 


Vz In (RaVs/p) = hs, (1) 


where Vs; is the starting potential for the Geiger region, # is the 
pressure, kg and kg are constants and the geometry is cylindrical. 
Rearranging (1), one obtains 


In (V5/p) = RgV5-1 — In he. (2) 


If In(V;/f) is plotted versus Vs, a linear curve with a slope of kg 
and an intercept of — Inka should result. Such experimental 
verification has already been obtained 9). 

Wilkinson 8)9) also theoretically derived the relation that 


[Vs/In(b/a] In [Vs/kaa In(b/a)] = ks, (3) 


where 0 is the radius of the counter cathode, a is the radius of the 
centre wire and fq and ks are constants, again for cylindrical 
geometry. Rearranging (3), we see that 


In[V/a In (b/a)] = (5/Vs) In(b/a) + In Ra. (4) 


A plot of In{Vs/a In (b/a)| versus (l/Vs) of the experimental data 
should result in a straight line with a slope of 5 1n (b/a) and an 
intercept of In kg. Wilkinson has shown this to hold for the 
investigated gases 9). 
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From theoretical considerations, Diethorn and Kohman 9) 
derived the following relation, wherein is ort the operation 
of proportional counters: 


In Ag = [V In 2/AV In(d/a)] In [V/K pa In (b/a)], (5) 


where Ao is the gas multiplication factor in the proportional region 
at the particular value of V. V is the voltage on the centre wire. 
AV and K are the characteristic parameters of the counter gases. 
It is to be noted that the Diethorn-Kohman expression is a 
decided improvement over the formulae proposed by Rose and 
Korff*) and Curran and Craggs 2°), 

Rearrangement of equation (5) leads to: 


[In Ao In (b/a)]/V = {In 2 In[V/fa In(b/a)}}/4V — (In 21n K)/AV. (6) 


A plot of {In Ao In(b/a)|/V versus tn [pat In(b/a)| should result in a 
straight line having a slope of In2/4V and an intercept of 
— (In2In K)/AV. It has been shown 21) 29) that such plots for the 
proportional operation of methane, ethane, carbon dioxide and 
methane-argon and carbon dioxide-argon mixtures do indeed give 
linear plots, substantiating the use of the Diethorn-Kohman 
expression. 

In the study made by Kiser2!) 29) it was shown that AV > W for 
the proportional gases studied, where W is the energy, in eV, 
necessary to create an ion pair in the gas or gas mixture. However, 
for the case of an 11.3% ethanol-88.7°% argon mixture, a Geiger- 
Miiller counter gas, which was studied in its proportional operation, 
it was found that AV < W, and in fact AV approximated the 
ionization potential of ethanol. (See also results of van Duuren 
and Sizoo 29) 30).) Kiser further observed that in treating the 
Geiger-Miiller data of a 16.4% ethanol-83.6% argon mixture with 
the Diethorn equation for proportional operation, assuming 
Ao = Ag= 107 at V=Vsz, the values of AV and K compared 
reasonably well with the results of the proportional study on the 
slightly different mixture. Ay is the gas multiplication factor at the 
Geiger threshold, where V = Vs. Table I compares the preliminary 
results observed. 

Since it appeared reasonable that one equation should describe 
the characteristic behaviour of both Geiger-Miiller and proportional 
counter gases, Kiser 2!) proposed that one may equate equations 
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TABLE I 


Preliminary ethanol-argon parameters 


Filling AV(V) K(V/in mm Hg) 
11.3% EtOH-88.7%A (from 

proportional studies employing 
equation (6)). 10.5 480, 
16.4% EtOH-83.6% A (from 
Geiger-Miiller studies employing 
equations (6), (2) and (4)). 11.0 440, 


(2) and (4) with (6), giving then 


ko = 1/Ka In(b/a), (7) 

kg = [AV In(b/a) In Ao]/In 2, (8) 
ka = KO, (9) 

ks = AV In Ao/In2. (10) 


Although the physical meanings of AV and K are to be discussed 
further in a forthcoming paper, a comparison of the values given by 
Kiser would indicate that 4V might remain nearly constant in the 
various mixtures of ethanol and argon. Since Lauterjung 2?) has 
shown that a description of various mixtures of the same gases used 
as counter fillings shows a dependence upon the concentration of 
quenching agent, we may then expect K to vary with the composition 
of the gas mixtures. 

In this paper we describe further examinations of the two 
proposed characteristic parameters of the counter gases, JV and 
K, using various ethanol-argon mixtures as the Geiger-Miiller 
counter gases. As expected, AV remains reasonably constant as the 
composition is varied, although the small changes observed are 
explained, and K is found to vary in a regular fashion with changes 
in composition. The variation of K with composition was found 
to be nearly linear over the range studied. 


§ 3. Experimental. The several cylindrical counters employed 
were constructed in our laboratories. The shells were made of soda 
glass or brass and the centre wires were either of 2 mil tungsten or 
25 mil silver. The counters were both of the normal and of the Maze- 
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type construction. Standard procedures 21) were observed in the 
construction of these counters. 

Normal vacuum techniques were used in evacuating and filling the 
counters and in blending the various mixtures for filling the counters. 

The argon was obtained from the Matheson Company and was 
purified when withdrawn from the cylinder. “‘Q-gas’’, a commercial- 
ly-available Geiger-Miiller counting gas composed of 1.3%, butane 
and 98.7°% helium, was obtained from the Matheson Company. The 
absolute ethanol was prepared by careful and repeated distillations 
over barium oxide and calcium sulfate. From an examination of the 
ultraviolet spectrum of the absolute ethanol, it was observed that 
the sample contained less than 0.001% benzene. The measured 
density of the product was 0.78525 gm/cm? at 25°C. Dissolved gases 
were removed from the absolute ethanol using the common vacuum 
system technique of multiple freezing, pumping and thawing cycles. 
Finally, the ethanol-argon mixtures were blended in a two litre 
storage bulb from which samples could later be withdrawn for 
filling the counters. 

Counters containing the desired composition of ethanol and 
argon and filled to known pressures were then irradiated with a 
small radioactive source. With no external quenching circuit, 
plateau measurements were made and pulse heights of the Geiger 
pulses were observed. The count rate was recorded with an RIDL 
model 200BD scaler which also supplied the high voltage. A Tek- 
tronix 515 oscilloscope was used to observe the Geiger pulses *) 
directly on the centre wire of the counter. 

From the starting potentials so obtained, and the knowledge of 
a, b and #, curves were constructed as shown in figs | and 2. Values 
of AV and K were then obtained from these linear plots. 


§ 4. Results. Figs 1 and 2 were plotted in accordance with (6), but 
the In Ag term has been omitted. This is done to test the proposed 


*) It is noted that we define a counter to be operating in the Geiger region if, and 
only if, it fulfills the following conditions: (a) the pulse height variation is to be linear 
with an increase in overvoltage up to the discharge region and is to be linear after the 
beginning of the discharge region although now the slope is to be one-half of the former 
value, (b) the counter is to exhibit a reasonable plateau in plotting the count rate versus 
the overvoltage, and (c) the heights of the counter pulses are all to be identical, or very 
nearly so. Such gases as methane and ethane and many of the organometallic vapors, 

hen, are not Geiger-Miiller counter gases. This has been emphasized previously 21), 
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constancy of Ag = Ag = 107 at V = Vs. The fact that linear plots 
were observed in these cases shows that Ao is constant as a, b and 
p are varied, but does not neccessarily substantiate the choice of 


In[ Ve /pa In(b/a)] 


° .001 002 003 004 .005 .006 007 -008 .009 010 01 
(1/V,) In(b/a) 


Fig. 1. Characteristic operation of commercial “‘Q-gas”’. 


B LI% EtOH 

O 2.1% EtOH 
@ 5.5% EtOH 
A 8.6% EtOH 
© 12.1% EtOH 


4.0 5.0 6.0 7.0 8.0 
in| Vs/pa In(b/a) } 


Fig. 2. Characteristic operation of various mixtures of ethanol and argon. 


the value of 10’. The choice of 107 will be discussed below. From 
these figures, showing the linear dependence expected, much 
confidence is gained in the use of (6) for the Geiger-Miiller counter 
as well as for the proportional counter. 
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Table II and fig. 3 summarize the values of AV and K as ob- 
tained from the slopes and intercepts of the curves of figs 1 and 2. 
Fig. 3 emphasizes the expected near constancy of the AV values 
and the regular variation of K with composition. The slight decrease 
in AV with composition is in agreement with the work of Liebson?4 
as will be discussed later. It should be noted that the equations 
developed by Lauterjung?2?) involved a logarithmic relation of 


TABLE II 


Characteristic parameters of ‘‘Q-Gas’’ and ethanol-argon mixtures 


Filling AV(V.) | ‘K(V/in mm Hg 
““Q-Gas”’ | 15.9 | 29.6 
1.1% EtOH-98.9% A 12.4 33.4 
2.1% EtOH-97.9% A 13.3 43.2 
5.5% EtOH-94.5% A 12.7 89.7 
8.6% EtOH-91.4% A VS 127 
12.1% EtOH-97.9% A UB ISS 160 


150 


zl 


50 


° 3 6 9 l2 5 
PERCENTAGE COMPOSITION, ETHANOL 


Fig. 3. Variation of AV and K with the composition of ethanol-argon 
mixtures. 


the counter filling composition to the starting potentials. Although 
K is reasonably linear over most of the region studied, K is in- 
volved in a logarithmic term. Thus, our results are also in essential 
agreement with those of Lauterjung. 


§ 5. Discussion of results. It has been observed that Ag is a 
constant, and it has been assumed that Ay = 107. The studies made 
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by Kiser 24) and the present reported studies appear to substantiate 
the choice of 107. The value is not at all unreasonable since the value 
of 108 is often quoted as being the gas amplification factor for a 
counter when operating on the plateau, and since often the size of 
the pulse differs by an order of magnitude at the starting potential 
Vs, and at a potential midway on the plateau. We feel certain then 
that dg = 107 is valid to within better than an order of magnitude. 
Further tests of the use of Ag = 10? will be carried out in studies 
of the characteristic parameters of other gases and gas mixtures, 
employing both the proportional counter and the Geiger-Miller 
counter investigational techniques. 

It has already been shown 2!) 29) that AV > W for the gases studied 
in the proportional region, and we find here that AV < W for the 
gases in the Geiger counter, in which photon spread effects very 
near the wire are important. From the relations discussed above. 


In A = R/AV. (11) 


This may be used to estimate the importance of the effect by the 
photon spread upon the total amplification factor by use of the 
relation 


4, = 100 AAP (12) 


where °% 7° is the percent contribution to the discharge and multipli- 
cation processes by the Townsend avalanche. Liebson 24) reported 
the number of photons relative to the number of ions to increase in 
ethanol-argon counters as the percentage of alcohol vapour in- 
creased, In that our data shows AV to decrease with increasing 
concentration of ethanol, and since a decrease of AV causes a 
decrease in % 7°, indicating the increased importance of photons in 
the discharge, our results are in agreement with those of Liebson23) 

For the 12.1% ethanol-87.9°% argon counter, W is approximately 
27 eV. Therefore 

el Bed ae 1O- SOF, 


which shows that, in this case, the Townsend avalanche indeed 
makes a relatively minor contribution to the Geiger discharge, 
there being a copious production of photons for continued propaga- 
tion of the discharge near the centre wire after multiplication has 
been initiated. 

On the other hand, a 90% methane-10°% argon counter has 
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AV = 28:3 V and W = 28.7 eV: Therefore,’"%T + 80%, which 
indicates that the photon spread effect is quite unimportant and 
that almost all of the amplification is due to the Townsend avalan- 
ches. Thus, it is seen that this method may serve as a means of 
distinguishing between proportional and Geiger-Miiller operation 
of gases and gas mixtures. As a guide, one may consider that if 
AV > 0.85 W, the gas will act in a proportional manner, and if 
AV <0.6W, the gas will act in a Geiger manner. In the intermediate 
range it would be expected that the gas shows proporties of both 
types of operation. Thus, all of the gas mixtures of table II are 
expected to be Geiger in their operation, and such is the case. 

The available data 24-28) concerning the operation of halogen- 
quenched Geiger-Miiller counters indicate that the theory being 
formulated here may also apply to the halogen counters. However, 
more detailed study will be necessary to ascertain such applications. 

It is planned that further investigations be made on other gases 
and gas mixtures so that the assumptions and implications given 
herein may be more thoroughly tested. Such studies are now in 
progress along with attempts to calculate 4V and K from more 
basic quantities 29). 


Acknowledgements. The authors wish to thank Professor 
G. D. Johnson for the U.V. spectral measurements, Professor H. C. 
Moser, Dr. J. E. Lewis and Mr. C. Bouffiou for loan of some 
equipment and Dr. M. H. Lietzke for his comments. Further, 
these authors gratefully acknowledge the support of this work 
by the Department of Chemistry, Kansas State University. 


Received 3rd May, 1960 


REFERENCES 


) Trost, A., Physik. Z. 35 (1935) 801. 
) Trost, A., Z. Phys. 105 (1937) 399. 

) Montgomery, C. G. and D. D. Montgomery, Phys. Rev. 57 (1940) 1030. 

) Montgomery, C. G. and D. D. Montgomery, J. Franklin Inst. 231 (1941) 447. 
5) Stever, H. G., Phys. Rev. 61 (1942) 38. 

) Korff, S. A. and R. D. Present, Phys. Rev. 65 (1944) 274. 

) Rose, M. E. and S. A. Korff, Phys. Rev. 59 (1941) 850. 

) Wilkinson, D. H., Phys. Rev. 74 (1948) 1417. 

) Wilkinson, D. H., Ionization Chambers and Counters, Cambridge at the University 
Press, Cambridge 1950. 


PARAMETERS OF G.-M. COUNTER GASES I 


Korff, S. A., Rev. Modern Phys. 14 (1942) 1. 

Korff, S. A., Electron and Nuclear Counters, D. Van Nostrand Co., Inc., 2nd ed., 
New York 1955. 

Korff, S. A., Geiger Counters, in Handbuch der Physik, Vol. 45, edited by S. Flug ge 
and E. Creutz, Springer-Verlag, Berlin 1958, pp. 53-85. 

Krumbein, A. D., Rev. Sci. Instrum. 22 (1951) 821. 

Raether, H., Appl. Sci. Res. BS (1955) 23. 

Friedland, S. S., Phys. Rev. 74 (1948) 898. 

Farmer, E. C. and S. C. Brown, Phys. Rev. 74 (1948) 902. 

Kiser, R. W. and W. H. Johnston, J. Amer. Chem. Soc. 78 (1956) 707. 

Kiser, R. W. and W. H. Johnston, J. Amer. Chem. Soc. 79 (1957) 811. 
Diethorn, W., A Methane Proportional Counter System for Natural Radiocarbon 
Measurements, NYO-6629, March 16, 1956. 

Curran, S.C. and J. D. Craggs, Counting Tubes, Academic Press, Inc., New York 
1949). 

Kiser, R. W., Radiochemical Studies with Gas-Tube Counters at Normal and 
Elevated Temperatures, Doctoral Dissertation, Purdue University, Lafayette, 
Indiana, January, 1958. (Available from University Micro Films, Ann Arbor, 
Michigan, L. C. Card No. Mic—58-1792). 

Lauterjung, K. H., Z. Naturforsch. 7A (1952) 344. 

Liebson, S. H., Phys. Rev. 72 (1947) 602. 

Liebson, S. H. and H. Friedman, Rev. Sci. Instrum. 19 (1948) 303. 

Liebson, S. H., Rev. Sci. Instrum. 20 (1949) 483. 

Zoonen, D. van and G. Prast, Jr., Appl. Sci. Res. B83 (1952) 1. 

Zoonen, D. van, Appl. Sci. Res. B38 (1953) 377. 

Zoonen, D. van ,Appl. Sci. Res. B5 (1955) 368. 

Kiser, R. W., Appl. Sci, Res. BS (1960) 183: 

Duuren, K., van and G. J. Sizoo, Appl. Sci. Res. B7 (1959) 379. 


Appl. sci. Res. Section B, Vol. 8 


THE ELECTROMAGNETIC FIELDS OF A DIPOLE 
IN THE PRESENCE OF A THIN PLASMA SHEET 


by JAMES R. WAIT 


National Bureau of Standards, Boulder, Colorado, U.S.A. 


Summary 


The problem of electric and magnetic dipoles located near a thin planar 
slab or sheet of ionized material is considered. A constant and uniform 
magnetic field is impressed on the slab. Under the assumption that the 
thickness of the slab is very small, expressions for the resultant fields are 
obtained. As a result of the anisotropy of the sheet it is indicated that the 
fields are elliptically polarized in general. On carrying out a saddle-point 
evaluation of the integrals in the formal solution it is shown that the far fields 
may be split into “‘radiation’’ and “‘surface wave’’ components. The de- 
pendence of the radiation pattern and the surface wave characteristics on 
electron density, collision frequency and the impressed magnetic field is 
illustrated. 


§$ 1. Introduction. A gaseous plasma is distinguished by the 
presence of significant concentrations of positive (and negative) ions 
and free electrons such that the total number of charge carriers of 
each sign is the same. To a large degree, the ionosphere 4), gaseous 
discharges 2), strong shock waves 3) and flames +) may be described 
as plasma. The behaviour of microwaves incident on plasma is 
currently receiving a great deal of attention °), although in many 
respects such investigations are closely related to earlier studies of 
the ionosphere. 

The presence of electrons in the plasma render it a conducting 
medium. The electron density, the frequency of collisions between 
these electrons and the ions and the operating frequency determine 
the extent to which the signal is absorbed, reflected or transmitted 
by the plasma. It is true that the electric charge of the molecular 
ions will also contribute to the total density but, except at es- 
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extremely low frequencies, their influence in this regard is negli- 
gible 1). 

When an external magnetic field is impressed, the plasma 
becomes anisotropic in its electrical properties. These magneto- 
ionic effects depend not only on electron density and operating 
frequency but also on the strength and direction of the magnetic 
field. The bulk of magneto-ionic theory 1) deals with ionized media 
or plasma which are homogeneous and infinite in extent. On the 
basis of such results, inferences are drawn about the behaviour of 
electromagnetic waves in inhomogeneous or varying media. Such a 
procedure is only valid when the properties (i.e., electron density 
and collision frequency) are varying slowly in a distance equal to 
one wavelength. It is really quite surprising that such an approach 
has been so successful. 

Another approach which has yielded to analytical treatment is 
the sharply bounded ionized medium ®). For example, the lower 
edge of the ionosphere has been idealized as a homogeneous plasma 
with a plane interface, below which is free space. The rigourous 
treatment of this problem is, however, extremely involved, although 
some recent progress has been made by using automatic computers’) 
The reflection from a planar stratified ionosphere with a smooth 
profile of electron density has been considered at great length by 
Budden 8). 

Very recently Poeverlein 9) has shown that an inhomogeneous 
ionosphere could be well represented by a number of parallel sub- 
layers. It appears that this simplified approach holds great promise 
for problems of more complicated geometry such as spherical, 
cylindrical and conical plasma sheaths. 

It is the purpose of the present paper to extend Poeverlein’s 
work for the single thin slab of ionized media. The excitation is 
taken to be an electric or magnetic dipole oriented normal to the 
slab. Particular attention is paid to the surface waves which may be 
excited. 


§ 2. Formulation of boundary conditions. The model assumed is a 
thin planar slab of an ionized medium. A steady and constant 
magnetic field H is impressed on the slab. The problem is to calcu- 
late the resulting electromagnetic fields in the presence of electric 
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and magnetic dipoles. Choosing a cylindrical coordinate system 
(p, @, 2), the dipole (either electric or magnetic) is located at the 
origin and is oriented parallel to the z axis. The slab is taken to 
occupy the space —(h + 6/2) < z < —(h — 6/2), and 0 <p < oo. 
The situation is illustrated in fig. 1. 


Fig. 1. Thin ionized sheet and cylindrical coordinate system. The electric 
(or magnetic) dipole is located at the origin and oriented normal to the sheet. 


The thickness of the sheet 6 is now considered to be very small 
compared to all other significant dimensions in the problem. A 
consequence is that the induced current density J flows only in the 
transverse direction. That is, /z may be neglected compared with 
J, and Jz. This kind of approximation has been discussed in 
previous papers by the author 1°)11). As mentioned, it has also been 
used by Poeverlein 9) whose analysis was restricted to plane wave 
incidence. Starting with the relevant equations of motion for 
electrons and harmonic time dependence, (1.e., exp ¢w#) it is not 
difficult to see that the electric field components E, and Ey in the 
sheet are related to J, and J, by 


(vy + 10)J, — oz] 4 = woeE,, (1a) 
Oz] y+ (vy + 10) J 4 = woreEg, (1b) 


where »v is the (constant) collision frequency of the electrons with 
the ions, wo2 is the electron plasma frequency, mz is the z or normal 
component of the gyro-frequency and « is the dielectric constant 
of free space. There is also a third equation relating J, and J, with 
E,. Although not required in the solution, it is given by 


_ og] + Ond 4 = wo2eE;. (1c) 


In what follows O, = Oy = 0. 


A subscript 1 will now be used to indicate the space above the 
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sheet (i.e., 7 > — h) and a subscript 2 for the space below the sheet 
(i.e., 7 < — h). Now because of the thinness of the sheet two of the 
boundary conditions may be written 


Hig — Hog = — Jq5,. Hip — Ho, = [6 for 4. he) 


These are simply a statement of Ampere’s law when applied to 
a thin rectangular circuit whose upper and lower long sides are 
above and below the sheet, respectively. To within the same 
approximation 


Ey = Lig = E24, E,= Fi, = £2, for z—>— 4h, (2b) 


which is a consequence of Faraday’s law when applied to a 
similar rectangular circuit. In this case the line integral of £ around 
the rectangle approaches zero since the magnetic current in the 
sheet is vanishingly small. 

Using equations (la) and (10), the boundary conditions (2a) 
may now be written in the form 


iE 1g Hog) == VE INE (3) 
ng He yas NE pM es: 
where 
25(p : 
Speer wheelies (4) 
(v + tm)? + wz 
and 


E0202 
ca we ‘VO 2 1), (5) 
(vy + tm)? + wz 
and » = (u/e)§ ~ 120n. 

For convenience in what follows the field is now represented in 
terms of two scalar functions which may be the z components of 
electric and magnetic Hertz vectors. Denoting these by /7 and J/*, 
it follows that, for axial symmetry 12) 


92 2 
a, 1 its 
Opoz ; Cpoz 
oe feles rATarr 
Ey = tho ee Ay = — tew ae (6) 


E pares 3 
(es 5) nn eee 
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The four boundary conditions at the sheet (i.e., 7 = — h) now can 
be written conveniently in the form 


tk, — Hz) = MéelTy/0z + Niky ly’, (7) 
n(OlTy*/ez — OIT2*/éz) = — NOIT;/éz + MiknITy", (8) 
lige IT 5*. (9) 

Ol], /ez = OlTg/éz. (10) 


The boundary conditions as developed above are applicable for any 
exciting field which is symmetrical about the z axis. 


§ 3. Formal solution. The source is now taken as a 2z-directed 
electric dipole at the origin. The primary fields are derived from an 
electric Hertz vector which has only a z component /7>. In terms of 
the current J and length ds of the dipole 


Ids exp[— th(p? + 22)] 


fy = Vy 
> Axiew (p2 + 22)3 uy 
as is well known. This may be written in integral form as 12) 
Tp = Pe f exp(— u\2|)Jo(Ap) (A/a (12) 
0 


where u = (A2 — k2)! = i(k? — 42)! and pp = Ids/(4atew). Equation 
(12) may be written operationally in the form 

Ty = pel’ exp(— uz) for z > 0, = fel’ exp(uz) for z < 0, 
where J" is the symbolic operator for 


co 


f...+ Folap) (Aju) da. (13) 


The total fields in the regions above and below the sheet are then 
expressed in the general form 


Il, = pel{exp(uz) + Re(A) exp[— u(z + 2h)}} forO > z > — h, (14) 
Tle = pel [Tf (A) exp(uz)] for 2< —h, (45) 
ITy* = pel {C.(A) exp[— u(z + 2h)]} forO > z > — Ah, (16) 
TTo = pel (Ce (A) exp(uz)| for2z< = his (17) 
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These integrals satisfy the wave equation and satisfy the appropri- 
ate conditions at infinity. Furthermore, //; has the proper singu- 
larity at the origin. The functions Re, T¢, Ce and Ce are then ob- 
tained from the boundary conditions as expressed by equations (7) 
to (10). Thus 


(2u + ikM)M + Nik 


Re(d) = hD , (18) 
Te(A) = 1 — R.A), (19) 
Co(A) = Ce'(A) = 2N/Dn, (20) 
where 
tkD = (M + 2tk/u)(2u + 1kM) + N22. (21) 


The formal solution for the magnetic dipole proceeds in almost 
the same fashion. It will suffice to sketch briefly the derivation. 
The primary field of the vertical magnetic dipole may be obtained 
from 

ITp= pmI exp(uz) for z < 0, (22) 


where pm = [mdA/4a in terms of the area dA and the circulating 
current J in the equivalent small loop. The resultant fields may 
then be obtained from 


( 

IT3* = pbmI[Tm(A) exp(uz)] for z << — h, ( 
IT, = pmI{Cm(A) exp[— u(z + 2h)]} for 0 > z > — A, (25 

( 


[Tg = bmi [Cm'(A) exp(uz)] for z < — h, 26 
where | 
Pe tees (M + 2tk/u)M + N2 (27) 
D 
Cmi(A) = — Cm'(A) = 2nN/D, (28) 
Tm(A) =1 + Rm(d). (28d) 


§ 4. Evaluation of integrals, The integrals occurring in the ex- 
pressions for the Hertz vectors are now evaluated. First the inte- 
gration variable is changed from 4 to S. That is 4 = kS and conse- 


DIPOLE IN THE PRESENCE OF A PLASMA SHEET 


403 


quently w =7kC, where C = (1 — S)!. Thus, for electric dipole 


excitation, 
IT, ios tkpe f fe *Cl ae Ree *C@+ 22) C-1 J o(kpS)SAS, 
0 
Ih = — thpe f (1 — Re)e*°C-1] o(RpS)SdS, 
0 . 
ii,* = — lewpe f Ge *C@t2™C-1 To (ko S)SdS, 
0 
ITg* = — tewpe [ Ge*2C-1 J o(kpS) SAS, 
0 
where 
N2+ M2 2MC 2N 
pe ee MC) aN 
D D 


D = N2 + (2+ M/C)\(MC + 2). 


Similarly for magnetic dipole excitation 


fie co Tee ikimple af Reon eo IC o(kpo)Sds, 
0 

IIe* = — thim f (1 + Rm)e*°?C-1Jo(kpS)SdS, 
0 

II, = — ipmpm f Ge~*C@+ 2) C-1 J o(kpS)SdS, 
0 


m= + inopm [ Ge*°*C-1] o(kpS)SdS, 
0 
where 
N24 M2 + 2M/C 


Rn = — D 


It is seen that these integrals have poles at roots of 
18 80) 
This equation can be rewritten in the form 
2MC2 + (M2 + N2-+ 4)C + 2M = 0, 


which is simply a quadratic in C. Thus, the roots are given by 


—(M2 + N2-+ 4) + [(M? + N2 + 4)? — 16M}! 


See 4M 


(29) 


(30) 


(31) 


(32) 
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and they are designated in what follows as Cq and Cy. The factors 
in the integrands may then be written in the following form 


Re N2+ M2 @z is tase 
Gu 2M (G. 2 CAG C= Cues Gretc: 
€ 
pene (WE ), 4) 
CG, = CrG Ga ee Cy 
Rs N2+ M2 ( I 4 )4 
Gar = OMI Cpl Gat Cramer a 


a ( ( ( az ) ( ; : ( % ) $ ea 
(Cz—C,)Ca\O NG = Ch eGieC Ge MGR Gn 


] 

Estep NG 4 Ices, ip (45) 

C M(Ca—Cr) \C — Ca C—Cy 

Thus we are concerned with the two basic integrals 
Po(a) = fe~*°*C-1J o(kpS)SdS, (46) 
0 
O(a, A) = fe *°r(C + A)-1Jo(kpS)SdS, (47) 
0 


where C = (1 — S2)!. 
The first integral is well known and is given by 
exp[— th(a2 + p2)3] 


Polay = = Tha + pi d (48) 


The other integral is not so simple; however, it yields to a saddle- 
point integration 1%)14), In this case, proper attention should be 
paid to the location of the pole at C = — A in relation to the 
deformed path of integration through the saddle-point. The result is 


cos 0 e—tkR 


cos 0 +4 (— tkR) + gQs(«, 4) (49) 


O(a A) = 
where cos 0 = a/(a? + p2)#, R = (a2 + p2)s, 


Qs(a, A) = — inAet*R400% 77412) (RR sin 86 V1 — A2), (50) 
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and 


g = | for arg| sin=| — — are sin 4 a 
qd z ou 5 47 are Sin = 4 


1/3 
= 0 for arg Ee & — $+ arc sin 4) | =: 


H*)(Z) is the Hankel function of the second kind of order zero. 

The first term in (49) is the contribution from the saddle-point, 
and the second term is the residue of the pole which may or may 
not be captured in the resulting deformation of the contour to its 
path of steepest Soe through the saddle-point. The above 
expression for Q(«, 4) is valid in the far field such that terms which 
vary as 1/R2, net etc., may be neglected. Furthermore, there is 
also a restriction that the pole and the saddle-point are not too close. 
This is violated for example if 6 is near 2/2 and |A| is small. In this 
situation, however, the integral for Q(«, 4) may be evaluated by 
a modified saddle-point technique. In this case 13) 


| 


J cosO A 


A)\~ : 
Oe, ) =) cs 0 fA cos§ + A 
ef | e-tkR 5 
= Dp l 
[1 = i/ap e? ertelip'| aa, (81) 
where p = — 4ikA(x2 + p2)}. This result is valid for |4|? <1 and 


kp > 1. 

It is now a simple matter to express the Hertz vectors in terms 
of the basic integrals Po(«) and Q(x, A). For example, in the region 
above the ionized sheet (i.e., z > 0) and for electric dipole ex- 
citation, 


ii N24 M2 
Eyer Po(\z|) + 2M (Ca Cs) (Qa — Qo) + 
1 
Gy Cau C0), 62) 
fh 2 GRETA) (53) 


—iswpe M(Ca— Co) 
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while for magnetic dipole excitation 


ies N2 + M2 


=- ikbm —— Po(|2|) 2M (Ca a Cp) (Qa ae Qd) i 
d 
——— rP 2) Po0(2h + z)— Op] (54 
“+ (Gan OnCe [Po(2h + z)—Qa] (Can Gs)Co" 0(2h + 2) — Qo] (54) 
and 
LESTE es ees (Qa — Qo), (55) 


His mel (C poe On) 
where Qa = Q(2A + 2, — Cq) and Q»y = QO(2h + 2, — Cp). 
$5. The radiation and surface wave fields. Carrying out the differ- 
entiations indicated by (6), explicit expressions for the field com- 


ponents are readily obtained. The resultant electric field in the far 
field may be conveniently written as 


E = E'®) + ES), (56) 
where E®) is the radiation field and ES) is the surface wave field. 


ea 
As 

<e® 

Fae) 


Fig. 2. Thin ionized sheet with dipole and spherical coordinate system for 
5 
radiation pattern computation, 


These are respectively connected with the saddle-point and the pole 
contribution. The radiation field is conveniently written in terms of 
a spherical coordinate system (7, 6 ¢) centered at the dipole. Thus 
the far fields for electric dipole excitation have the form 


E'®) ~ — pek®P,(0) exp(— tkr)/r 
and 


Ey'®) x pek?Z,(0) exp(— thr)/r, (58) 
where P.(9) and Z,(#) are by definition the patterns of the in- 


DIPOLE IN THE PRESENCE OF A PLASMA SHEET 407 


polarized and cross-polarized radiation. These have the form, for 
Ones Pera | 2) 


N2+ M2-4+ 2M cos @ ; 
P 9) ~ E rerced a7, 
gO) =) 1 ee D(cos 6) e sin @, (59) 
Z (0) ~ 2N/D(cos 6) (60) 


while for 7/2 <6 <a, 


N2 + M2 — 2M cos 0 

P.(0) ~ E ] 
e(9) = Dee sin 0, (61) 
Z (0) ~ 2N/D(— cos 6) (62) 

where 
M 
D(cos 0) = N2 + (2 + ) (M cos 6 + 2). (63) 
cos 0 


Similarly for magnetic dipole excitation. 


E42) ~ pmk?Pm(8) exp(— tkr)/r (64) 
and 
Eg?) ~ — pmk?Zm(0) exp(— tkr)/r, (65) 


For 0 < @ < a/2, the patterns are given by 


N2+M2-+2M/cos6 _,,. |. 
P,, (9). ~ I | 6, 66 
m( ) > D(cos 6) (S) sin ( ) 
Zm(0) = 2N/D (cos 6); (67) 
while, for 2/2 < 6 < a, they are given by 
N2 + M2 — 2M |cos 0 . 
P(0) = | 6 68 
sie D(— cos 0) ae (68) 
and 
Zm(0) ~ 2N/D(— cos 6). (69) 


The surface wave fields are associated with the contribution 
from the pole. Normally, for a particular situation, only one of the 
roots Cqg and Cy satisfies the condition 


si ae @ + arc sin) | > = 
arg as, 5 a? 


where A = — Cy or — Cp. The root which does satisfy this condition 
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is designated Cq. In the case of electric dipole excitation, the surface 

wave fields may be derived from the following Hertz vectors: 

N2 + M2 + 2MC,q 
2M (Cy — Co) 


this = — ikpe| | Os(2h + 2, —Ca) (70) 


and 


Ilhs* = — tewpe Wey Os(2h + z, — Ca), (71) 
where the function Qs is given by (50). 
Similarly for magnetic dipole excitation 
N2+ M2+ 2M/Ca 
DM (Cn Ge) 


Mie itm | | estan aE es ere yi) 


and 


Nhs = — iuwopm iu Qs(2h + z, — Ca). (73) 


(Ca — Co) 
Explicit expressions for the field components are then obtained by 
carrying out the differentiations indicated in (6). 

In terms of cylindrical coordinates (p, ¢, z) it is not difficult to 
show that, for electric dipole excitation and for kp > 1, 


N2+ M2+ 2MC, ( 2ni ) , 
Eis ~ — B Sat - 
( z)18 Pe 2M (Ca 7 on kp a 


» EEKSae EUKCa(Z+2h) | (74) 


where Sg = (1 — Cq2)!. 
In the case of magnetic dipole excitation 

N2 + M2+ 2M/Ca ys ‘ 
2M (Ca — Cp) Tr aie 


+ EARS a@ Q-tkCalZ+2h) | (75) 


(Eg) 1s & k2uwpm 


It is clearly evident that these have the form of a cylindrical 
surface wave. The horizontal component of the phase velocity is 
1/Re Sq relative to c; it is thus a ‘“‘slow wave.” The attenuation in 
the horizontal direction is — Im kSq nepers per unit length and the 
attenuation in the vertical direction is —.Im kCq nepers per unit 
length. 

A revealing property of the surface wave is its polarization of 
the electric vector in the plane normal to the sheet. In the case of 
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electric dipole excitation, the polarization factor (Pol.), is given by 
l 2N 
(Pol.). = (4 — ais = —_ —, 
Ez/is Sq N2+ M2+ 2MC, 
whereas, for magnetic dipole excitation, the polarization factor 
(Pol.)m is given by 


(76) 


Ez 2NSa 
= (77) 
1S 


(Pol.)m = (ee Sano = Ae : 

Ex N2+ M2+ 2M/Cq 
These expressions are also applicable for the region below the 
sheet. In this case it 1s just necessary to change the sign on the 
right-hand side of (76) and (77). It is rather interesting to note that 
the (Pol.),. and (Pol.)» are real quantities if the collision frequency is 
zero. Thus the surface wave is linearly polarized in this loss-free case. 


§ 6. Presentation of results. Using the formulae developed in the 
preceding sections, calculations of the radiation and surface wave 


T i a | T T Pie | 


Pe (8) 


Combet ies Game ae ta een 


1 
fe] 0) 40 60 80 100 120 140 160 180 


P,(8) 


fo) 20 40 60 80 100 120 140 7) 180 
@(DEGREES) 
b 
Fig. 3. The in-polarized radiation patterns for an electric dipole oriented 
perpendicular to a thin plasma sheet for y > o. 
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fields have been carried out for two limiting cases. The first of these 
is denoted as case I, and the collision frequency » is assumed to be 
very large compared to w. Thus y + tw, where it occurs in the ex- 
pression for M and N, can be replaced by v. It then follows that 
1 dg 

A 


WE == Al === , N= Lr 
(ee lp eesee 


where A = dwo2/cy and T = o,/». 

The pattern P,(0) for this case is shown in figs. 3a and 30 for 
T =O and 1.2, respectively, for a range of values for A and for 
kh = 0. The shapes of the curves are very similar. It appears that 
the influence of a magnetic field (i.e., 7 > 0) is to slightly decrease 
the reflectivity at low grazing angles. Furthermore, in both cases, 
the reflectivity increases as A becomes large. In the limiting case 
of A = oo there is perfect reflection and zero transmission through 
the sheet. 

The pattern Z,(6) for the cross-polarized radiation from the 
vertical dipole is shown in figs. 4a and 4b for T = 0.6 and 1.2 


Ze (8) OR Zp (8) 


Ze(8@) OR Zm (8) 


fe} 20 AOls ‘BO! 80 100 120 140 160 180 
@(DEGREES) 


b 
Fig. 4. The cross-polarized radiation pattern for electric or magnetic dipole 
oriented perpendicular to a thin plasma sheet for »y & @. 
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respectively. The corresponding pattern for T = 0 is simply zero 
as the cross-polarized field vanishes when the magnetic field is 
removed. The pattern Z,(6) is symmetrical about 6 = 90° which is 
not surprising since the direct radiation from the source dipole, 
in this polarization, is zero. It is also interesting to note that the 
cross-polarized radiation apparently reaches a maximum for A 
equal to about 5 for the two values of T chosen. Another important 
factor is that the pattern Z,(8) does not depend on the height / of 
the dipole, provided, of course, that the distance R to the observer 
is much greater than h. 

The radiation pattern Z,,(0) for the cross-polarized fields of a 
magnetic dipole is also shown in Figs. 4a and 4b. Because of the 
normalization Z (8) is identical with Z,(0). 


Pr(@) 


oO 20 40 60 80 100 120 140 160. 180 
(DEGREES) 


9(DEGREES) 


b 
Fig. 5. The in-polarized radiation patterns for a magnetic dipole oriented 
perpendicular to a thin plasma sheet for » > o. 


The pattern P,»(#) for the in-polarized radiation from the mag- 
netic dipole is shown in Figs. 5a and 5b for T = 0 and 1.2, re- 
spectively. Since kh = 0, these patterns are also symmetrical. In the 
limiting case A =o the sheet tends to cancel the fields completely. 
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The radiation pattern functions P,(6), Z¢(8), Pm(0) and Zm(0) are 
adequate descriptions of the total radiation field for case I since 
the surface wave contribution is negligible in most cases. This 
follows from the fact that the surface wave contribution Qs in (49) 
is not excited. Furthermore, even at grazing angles and large values 
of A, it may be established from (51) that 


cos 8 e-thk 
Q(«, A) = =. 
cos# +A (—7kR) 
provided |f| > 1 and arg d < a/4. 

The other limiting situation, denoted as case II, occurs when the 
collision frequency v is much less than w. Then » + 1m may be 
replaced by 7m in the expressions for Mand N. Thus 
] 

M = 1B — yo AV == B: e : 
Q?—1 G21 


where B = dwo2/cw and Q = az/m. 


_— Pe(8) 


Tt =F = 


0: L ) ee es | I 1 t l = L 
20 40 60 80 100 120 140 160 180 
@ (DEGREES) 


b 


Fig. 6. The in-polarized radiation patterns for an electric dipole oriented 
perpendicular to a thin plasma sheet for » < . 
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It is noted that for Q < 1, M isa positive imaginary number and 
N is a positive real number. For Q > 1, M is a negative imaginary 
number and N is a negative real number. 

The patterns P,(@), Ze(0), Pm(0) and Z,(6) are plotted in figs.-6 
to 8 for kh = 0. In many respects these are quite similar to the 
corresponding patterns for case I. Thus B is somewhat analogous to 
A, and Q is somewhat analogous to 7. This is provided Q is not near 
unity. In fact in this limiting case the sheet behaves as a perfect 
reflector and thus 


P-(9) 


I 


Sit Ol. | Omecs 0-24, 90%: 
) for 90° <= @ =< 180°, 
Z (0) = Zm(6) = 0, Pm(6) <= 0. 


I 


Further computations would be required to adequately describe the 
behaviour of the patterns in the transition region oneithersideofQ=1. 


Ze (8) OR Zm(8) 


Zp (8) OR Zn (8) 


fo) ft 
40 = 60 
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Fig. 7. The cross-polarized radiation pattern for electric or magnetic dipole 
oriented perpendicular to a thin plasma sheet for» < w. 
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In case II the surface wave cannot be neglected. In fact, near 
the sheet and at large distances from the source the surface wave 
considerably exceeds the radiation field. The characteristics of the 
surface wave excited by either the electric or magnetic dipole are 
related to the roots Cg and Cy of (42). In the present case Cq is a 


Pm(@) 


P,n(8) 


8(DEGREES) 


b 
Fig. 8. The in-polarized radiation patterns for a magnetic dipole oriented 
perpendicular to a thin plasma sheet for vy < w. 


negative imaginary quantity and Cy has a positive imaginary part. 
In fig. 9a the positive real quantity 7C, is plotted as a function of B 
for a range of Q values. In fig. 9b the negative real quantity iC» is 
plotted in a similar fashion. The vertical decay of the surface wave 
is numerically equal to 7kCqg in nepers per meter and this is pro- 
portional to the ordinate in fig. 9a. A strongly trapped wave corre- 
sponds to large values of 1Cq. 

The quantity — 7C» shown in fig. 9b does not correspond to 
a physical wave. If for no other reason it would be rejected since it 
would correspond to a wave increasing with height and thus cannot 
be excited by any sensible launching device. On the other hand, the 
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quantity Cy does enter into the amplitude coefficient of the wave as 
indicated by (74) and (76) for example. 


2.4 


Fig. 9. a) The positive real quantity 7C, as a function of the parameter B 
for y < w. The ordinate is a measure of the decay of the surface wave normal 
to the sheet while the abscissa is proportional to the electrical thickness of 
the sheet. 
b) The negative real quantity 7Cy as a function of the parameters B for 
vy <w. Unlike C, this does not correspond to a trapped surface wave. 


The phase velocity of the surface wave, relative to c, is shown in 
fig. 10. The ordinate is the quantity 1/Re Sq where 


CG Peaen Cos gr an ee ea AN 


In general it is a “‘slow wave’. The retardation is greatest when the 
value of B is small and Q is less than one. As Q approaches one, that 
is as the operating approaches the gyro-frequency, there is a rather 
abrupt transition of the behaviour of the phase velocity. 

Finally, the polarization factors (Pol.), and (Pol.)_ are shown in 
figs. 1la and 110. These are plotted as a function of B for various 
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a 
ae 
a) 
Fig. 10. The relative phase velocity of the surface wave as a function of B 
forvy <o. 


(POL Je 


(POL.)m 


Fig. 11. a) The wave polarization of the surface wave excited by an electric 
dipole for » <w. The ordinate is the ratio of the electric field components 
normal to the direction of propagation of the surface wave. 

b) The wave polarization of the surface wave excited by a magnetic dipole. 


N.B. (POL.)e X (POL.)m = 1. 
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values of Q. The factor (Pol.)e, which is appropriate for electric 
dipole excitation, is seen to be small for Q < 1, which means that 
the surface wave is essentially vertically polarized. As Q is increased, 
it is seen that the horizontally polarized component increases. There 
is again an abrupt transition at Q = 1. 

The situation is somewhat different for magnetic dipole excitation 
as seen in fig. 116. The cross-polarized component is now vertically 
polarized, and it appears to be quite large particularly if Q < 1. 


§ 7. Conclusions. The representation of a planar slab of ionized 
media by a thin sheet with appropriate boundary conditions 
appears to be a very useful technique. The simplification of the 
problem is attained, however, at the expense of a loss in generality. 
It is only when the thickness of the sheet is very small compared 
to other significant dimensions that this idealization is expected to 
be of any practical use. Nevertheless, the behaviour of the solution 
brings to light many interesting features which could be present in 
situations where waves are propagating along interfaces between 
isotropic and anisotropic media. 
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IMPEDANCE BOUNDARY CONDITIONS FOR 
IMPERFECTLY CONDUCTING SURFACES 


by T. B. A. SENIOR 


The University of Michigan, The Radiation Laboratory, Ann Arbor, Michigan, U.S.A 


Summary 


It is shown how the exact electromagnetic boundary conditions at the 
surface of a material of large refractive index can be approximated to yield 
the usual impedance or Leontovich boundary conditions. These conditions 
relate the tangential components of the electric and magnetic fields (or the 
normal components and their normal derivatives) via a surface impedance 
which is a function only of the electromagnetic properties of. the material. 
They are valid for surfaces whose radii of curvature are large compared with 
the penetration depth, and also for materials which are not homogeneous but 
whose properties vary slowly from point to point. As the refractive index (or 
conductivity) increases to infinity, the conditions go over uniformly to the 
conditions for perfect conductivity. 


§ 1. Introduction. Inits most straightforward form an impedance 
boundary condition is one which relates the tangential components 
of the electric and magnetic fields via an impedance factor which is 
a function of the properties of the surface and, possibly, of the field 
which is incident upon it. The concept of a surface impedance is, of 
course, not new, and has long been used in a variety of engineering 
calculations. On the other hand, the idea of incorporating this 
impedance into the initial formulation of a boundary value problem 
appears to date only from the beginning of the last war. 

During the early 1940’s a considerable number of Russian papers 
were published dealing with various aspects of propagation over the 
earth, and in these an attempt was made to take into account the 
properties of actual ground materials by specifying an impedance 
boundary condition at the surface. This represented a departure 
from the (then) accepted practice of studying in complete detail 
certain problems of a very idealized nature, and paved the way for a 
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discussion of propagation over an inhomogeneous, as well as a 
rough, earth. It was shown that the impedance boundary condition 
is a valid approximation to the exact condition when the refractive 
index of the ground is large compared with unity, and the surface 
impedance can be expressed directly in terms of the electromagnetic 
properties of the material. These boundary conditions are usually 
attributed to Leontovich (see, for example, Fock 1)) and were 
described by Leontovich 2) himself in 1948. They were first 
applied to a physical problem by Alpert 3) in 1940, and were used 
extensively in Russian work throughout the war. A short summary 
of their application to propagation problems has been given by 
Feinberg *). 

Unfortunately, the proofs associated with these conditions are 
not readily accessible. Although the conditions are frequently 
employed in modern electromagnetic theory, it would often appear 
that either their degree of generality or the restrictions which they 
require are not fully appreciated. It is the purpose of the present 
paper to collect in one place some of the proofs associated with 
these conditions as they apply to the surface of a material of large 
but finite refractive index. This also serves to provide the necessary 
background for a subsequent paper in which impedance boundary 
conditions are developed for a surface which is perfectly conducting 
but geometrically rough. 

In § 2 the exact electromagnetic boundary conditions are briefly 
discussed. The approximate conditions for a flat interface between a 
homogeneous isotropic medium and free space are derived in § 3, 
and the flat interface is generalized to a surface of large radius of 
curvature in § 4. The necessary modifications when the properties 
of the medium vary from point to point are given in § 5. 


§ 2. Exact boundary conditions. At the interface between two 
homogeneous isotropic media neither of which is perfectly con- 
ducting, an electromagnetic field satisfies the boundary conditions 


(i x E] =0, (1) 
[7 - D}=0, (2) 
[ni x H] = 0, (3) 
[i - B] =0, (4) 
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where n is a unit vector normal and the square brackets denote the 
discontinuities in the corresponding field components on crossing 
the boundary. In these equations E and H are the electric and 
magnetic field vectors in terms of which B = wH, where yw is the 
permeability, and D = cE, where « is the complex permittivity *) 

oO 

e=e +i—. 

(60) 
A consequence of using a complex (rather than a real) permitivity is 
that no surface charge distribution appears on the right-hand side 
of (2). 

Equations (1) through (4) are not all independent and therefore 
constitute a set of boundary conditions at the interface which are 
more than sufficient. If, for example, the first two are selected, the 
use of Maxwell’s equations shows that (3) and (4) are satisfied 
automatically. Similarly if the conditions (3) and (4) upon the 
magnetic field are selected; and indeed, a specification of all the 
tangential components (E and HW), or both normal components will 
suffice. On the other hand, (1) and (4) or (2) and (3) do not con- 
stitute sufficient sets since, for example, (1) is not independent of (4). 

It should be emphasized that in spite of the so-called “‘proofs”’ 
presented in many textbooks the boundary conditions (1) through 
(4) cannot be verified by experiments carried out in a homogeneous 
medium, nor is the author aware of any method by which they can 
be deduced from Maxwell’s equations. In consequence, it appears 
necessary to regard them as an essential postulate of electro- 
magnetic theory, and the consequent agreement between theory 
and experiment then provides the evidence in favour of their 
validity. 

It will be observed that the boundary conditions relate the field 
in the first medium (which we shall henceforth regard as free space) 
to that in the second medium, and in practice are not always easy 
to apply in the solution of problems. When the second medium is 
perfectly conducting, however, the fields therein are identically 
zero and the only fields to be considered are those in free space. In 
this case (1) and (4) reduce to 


nx E= 0; (5) 
Ne oB ee, (6) 


*) A time variation et! is assumed. 
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but (2) and (3) are replaced by 
n- D=o, (7) 
ix H=K, (8) 


where 6 and K are surface distributions of charge and current 
respectively. Since these are known only when the fields E and H 
have been determined, (7) and (8) do not represent boundary 
conditions in the usual sense, and we are therefore left with (5) and 
(6) from which to determine the fields in free space. On the other 
hand, a further degeneracy now appears and whereas two conditions 
were required when the medium was not perfectly conducting, a 
single equation now suffices. Thus, for example, (5) alone *) 
specifies the fields at all points, and (6), (7) and (8) can all be 
deduced therefrom. 

When the refractive index N of the second medium relative to 
free space is large compared with unity, boundary conditions can 
be derived which are analogous to (5) and (6) in that the only fields 
which appear are those in free space (medium 1). This permits a 
considerable simplification in the analysis of any scattering or 
diffraction problem involving bodies which are not perfectly 
conducting, since it avoids the need to calculate the fields within 
the body. These new conditions are an approximation to (1) through 
(4), and their derivation is based on the neglect of terms O(1/N?) in 
comparison with unity. We shall first obtain the conditions for an 
infinite flat interface and later generalize the results so as to apply 
to a more practical set of circumstances. 


§ 3. Approximate boundary conditions for a flat interface. Con- 
sider a homogeneous isotropic medium whose permittivity, per- 
meability and conductivity are «’, w and o respectively. It is as- 
sumed that this medium occupies the region z < O of a Cartesian 
coordinate system (x, y, z). The halfspace z > O is free space, the 
permittivity and permeability of which are e¢9 and jo. 

Relative to free space the complex refractive index of the medium is 


[Tia ET ae 
N — a t ? 
40 EQ WE( 


*) Although a radiation condition (or its equivalent) must also-be imposed if the region 
is infinite in extent, and an edge condition if this is appropriate. 
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and boundary conditions at the interface z = O will now be derived 
under the assumption that |N| is large compared with unity. It will 
be appreciated that this requirement is satisfied by a material 
whose dielectric constant e’/e9 is large, as well as by a material of 
high conductivity. For the purposes of the analysis it is convenient 
to introduce the parameter 7 defined by 7 = w/(uoN); thus 


UR ; 
oO 
cere 
ub \€0 MEO 
and is zero for perfect conductivity. 
Let us denote by (E, H) the electromagnetic field in z > 0, and 


by (E’, H’) the field in z < 0. From the divergence condition we 
have 


(9) 


0 (10) 


and similarly 


VCR RS ee (1) 


At the interface z = 0 the tangential components of the electric 
field are continuous, so that 


Hew Ke Ey = By’ 


and hence, by tangential differentiation, 


OE poe 10k ob Sooks 


Ox Ox oy oy 
Eq. (10) and (11) then give 
OE z OE,’ 
pekicd. haa (12) 


In the medium, however, 


BE ae I ee 
eae aya vt a2 + k?N2E,’ = 0 (13) 


where k is the propagation constant in free space. If |N|S 1, the 
field is rapidly varying in the z direction, leading to a large value of 
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o?F,'/0z*, and by comparison with this the x and y derivatives are 
small. This fact is, perhaps, most clearly seen by considering a plane 
wave incident on the boundary from the direction of free space. 
Because of the large value of |N|, application of Snell’s law shows 
that the transmitted field is deflected toward the normal. For a 
fixed direction of incidence, the angle between the direction of the 
transmitted field and the normal is O(1/|N|), which implies that 
oF ,'/dx?2 and 02E,'/dy2 are smaller than @2E,'/0z2 by a factor of 
order |N|?. Accordingly, in (13) the first two derivatives can be 
neglected in comparisons with the third, and the equation then 
becomes 


e2E,’ 
sg + NPE s = 0. (14) 


The solution of this is 
E,’ = AectkNz + Be-tkNz, (15) 


where A and B are constants as yet undetermined. If N is defined 
to have positive imaginary part, the fact that the medium is in- 
finite in extent implies that A must be zero, since the field E£,’ must 
correspond to propagation in the negative z direction. Hence 


E,’ = Be-tkNz (16) 
from which we obtain 
OE,’ : ’ 
; = —4kNE,’. (17) 
But from (2) 
jo ees ce (18) 
€ 


at the interface, and this can be combined with equation (17) to 
give 
dE, 
Oz 


Sen he ee, (19) 
E 


at z = 0. Using (12) we now have 
OE, 
Oz 


and this is one of the required boundary conditions at the interface. 
Eq. (20) is accurate to the first order in 7. 
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A similar analysis can be developed for the normal component of 
the magnetic field. From the divergence condition we obtain 
0H,  0Hz 


=— ) 


Oz Oz 


(cf (12)) and since we also have 


oH, 
LEENA 
OZ 
(cf (17)) it follows that 
oH. 
= == 4RNAZ 
Oz 
But at the boundary z = 
Hi LE 8. 
ue 
and hence 
oH Rk 
<= —_— Hm, (21) 
Oz y] 


This is the second of two boundary conditions at the interface, and 
is accurate to order 7. 

It will be observed that (21) differs from (20) in having 7 replaced 
by 1/n, and this is in accordance with the interpretation of 7 as an 
impedance associated with the surface. The point will be elaborated 
upon in a moment, but for the time being it is sufficient to note 
that (20) and (21) specify the behaviour of the normal components 
of both E and H at the interface, and therefore represent a suf- 
ficient set of boundary conditions. 

For some applications an alternative (but entirely equivalent) 
representation of these boundary conditions proves more convenient. 
Taking first (20), since 


= 

tk 
where Z = 1/Y = V no/eo is the intrinsic impedance of free space, 
and since V. E = 0, the boundary condition can be written as 


0 d 
cE (Ex + yZHy) = — By (Ey — 7ZHz). (22) 
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Similarly, the boundary condition (21) gives 


9 


) 0 2 
ay. (Ez + nZHy) = me (Ey — nZHz) (23) 


and by eliminating Ez + ZH, and Ey — 7ZH,y successively be- 
tween these equations, we have 


Te in RO 
ox2 “ey? a 7 (24) 


where ® = FE, + 7ZHy or Ey — nZH;z. This equation can be 
solved by assuming a separable form for ®. If © = ®1(x)®o(y), then 
02D, 02D» 


Bey atk) Mel eel Piper eg Oy 
exe oe : oy? aie 


where a? is some separation constant, and the solutions are 
Or — A jetax — Bye tax, 
Do = Asety + Boe-ay 


where A, 6;, Az and Bg are constants as yet undefined. If a is not 
purely real, both A; and 4, must be identically zero since otherwise 
®, would become exponentially large for large x (either positive or 
negative). In this case ®, and hence @, is zero. If a is purely real, 
the same argument applied to the variable y shows that ®z is zero, 
leading to the same conclusion as regards ®. Since @ is therefore 


zero, 
E, = —7ZHy, (25) 


Ey = 7ZHz, (26) 


and this is the alternative statement of the boundary conditions at 
the interface z = O. In this form the conditions simply state that 
7Z is the effective impedance of the surface as seen by a field in free 
space. For comparison with this, the impedance of a perfectly 
conducting surface is zero. 


§ 4. Extension to a curved interface. In order to generalize these 
conditions for application to surfaces which are not flat, it is first 
necessary to express (20) and (21), (25) and (26) in forms which do 
not explicitly involve the coordinate system. If Ey, and Hy are the 
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field components normal to the boundary, and if is a coordinate 
whose positive direction is outwards as regards the medium, (20) 
and (21) can be written as 


oE 
“= — iknEn, (27) 
on 
0H Re 
a = SSS MBAS (28) 
on 1) 


For the second pair of conditions a vector form is more convenient, 
and following Leontovich 2), (25) and (26) are combined to give 


E— (h- E)ft = Zn x H. (29) 


Of the three scalar equations contained herein, only two are in- 
dependent. 

We now turn to a consideration of the boundary conditions at a 
curved interface between the medium and free space. As in the case 
of the flat interface the object is to determine approximate boundary 
conditions in which only the fields in free space appear. It is clear, 
however, that unless restrictions are placed upon the shape of the 
boundary, these conditions will involve the geometrical properties 
of the surface as well as the electrical parameters of the medium and 
in consequence may vary from point to point on the surface. Such 
conditions would be of little practical value. On the other hand, by 
restricting the type of surface to be allowed, the curvature effects 
can be made negligible, and the boundary conditions then reduce to 
those obtained for an infinite flat surface. 

A rigorous derivation of the restrictions which must be placed on 
the type of surface in order that (27) through (29) be valid is beyond 
the scope of this paper, and for details of the analysis reference is 
made to Rytov) and Leontovich 2). The actual limitations, 
however, can be arrived at by a semi-intuitive argument. 

It will be recalled that in the analysis of the flat boundary the 
assumption was made that 


IN| > 1, (30) 


and this is sufficient to ensure that within the medium the field is 
slowly varying along the surface and behaves essentially as a plane 
wave propagating in the direction of the inward normal. Let us now 
seek to apply (29) or (27) and (28) to each point on a curved surface. 
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In order that the field shall vary little within a wavelength along the 
surface, a restriction must be placed upon the radii of curvature, 
and a trivial analysis shows that the requirement is 


IN| Rp > 1, (31) 


where p is the smallest radius of curvature at the point in question. 
If (31) is satisfied, any correction to the boundary condition (29) 
consequent upon the curvature is negligible (see Leontovich 2)). 

For a surface which is open (implying that the medium is infinite 
in extent) and which has no inward normal intersecting the surface 
in a second point, the restrictions (30) and (31) are sufficient to 
justify the application of the flat surface conditions. For a closed 
surface, however, a difficulty arises when the conduction current in 
the medium is negligible compared with the displacement current. 
The inward travelling field then suffers little or no attenuation, and 
accordingly may appear as an outward travelling field on the 
farther side of the surface. This is contrary to the assumption made 
in the derivation of the flat surface condition. For this reason it is 
necessary for the field within the medium to be attenuated at a rate 
such that the penetration depth 6 is small compared with p, giving 
rise to the additional restriction 


5 <p. (32) 


If o > we’, (32) can be written as 


(eee y, 


Mo 2w€eo 


which in turn reduces to the inequality (31) if the conduction 
current dominates. On the other hand, if the displacement current 
dominates, the inequality (32) represents an additional restriction 
which is stronger than (31). 

The difficulty which arises with a dielectric medium has been 
noted by Leontovich 2), who also points out that for a body 
made of this material the boundary condition (29) can be justified 
only under very restricted circumstances. For a body of general 
shape the boundary conditions are only applicable if the medium 
is conducting and satisfies the inequality (32). The importance of 
this restriction, rather than (31), can be seen from a study of the few 
exact solutions which are known for bodies which are not perfectly 
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conducting. For example, if a plane wave is incident on a sphere of 
radius p, the exact solution can be found as a sum of vector wave 
functions whose coefficients are functions of N. If it is now assumed 
that |N|kp > 1, these coefficients reduce to the forms which would 
have been obtained by using the condition (29) apart from ad- 
ditional terms involving tan Nkp. Such terms only disappear if 
tan Nkp can be replaced by — 7 to the leading order in N, ie. if 
[Im N|kp > 1. Similarly, if a field is incident upon an infinite slab of 
(uniform) thickness d, the exact solution contains an exponential 
factor e2/Nkd corresponding to internal reflection from the lower 
surface, and the approximate boundary conditions would then be 
valid only if the terms containing this factor can be taken zero. 
This in turn requires an attenuation of the inward travelling field 
subject to a restriction of the form (32) with p replaced by d. It is 
of interest to note that (32) is here required even though the surface 
is flat. 

In summary, we now have that for a homogeneous isotropic body 
whose refractive index N and smallest radius of curvature or 
dimension p are such that 


IN|S> 1, (30) 
[Im N|kp > 1, (33) 
the boundary conditions at its surface can be written as 
lie 2% iknE n, (27) 
on 
0Hn tk H 
on 1) ty Cae 


where 7 = «u/(uoN). These are equivalent to the single vector con- 
dition 

E—(n-E)i=nZn x H. (29) 
In some circumstances it may be possible to replace (33) by the 
weaker restriction ~ 

IN| kp > 1, (31) 

but such cases must be regarded as exceptional. In this connection 
it is of interest to note that Fock1) in his discussion of these 
boundary conditions ignores the distinction between dielectric and 
conducting media, and gives only the restrictions (30) and (31). 
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Eq. (27) through (29) are approximations to the exact boundary 
conditions correct to the first order in 7, and accordingly in any 
solution obtained using these conditions there is no (physical) 
justification for retaining terms which are of a higher order in 7. 
A consequence of this is that if the fields are capable of expansion in 
series of ascending (positive) powers of 7, the perfectly conducting 
approximation (corresponding to 7 = 0) can be inserted into the 
right-hand sides of (27) and (29) and into the left-hand side of (28). 
In general, such expansions will be valid, though a problem in 
which this is not true is the incidence of an H-polarized plane wave 
on an imperfectly conducting half-plane (Senior 8)7). In this case, 
however, the failure may well be due to the additional assumption 
of a “‘thin’’ body *) implicit in the problem. 


§5. An inhomogeneous medium. Let us now go on to consider 
the problem in which the medium is not homogeneous, so that the 
refractive index varies from point to point. This variation will be 
attributed to ¢ alone and w will be regarded as spatially invariant. 
We shall again begin by assuming an infinite flat interface between 
the medium and free space. 

At any point (x, y, z) within the medium 


V4 (ek) =—.0; (34) 
and since 
V-(cE’) = eV-E’ + E’-Ve, 


(34) can be written as 


, y / ] 
SEA Ak APR ea Ao (35) 
Ox oy Oz € 
In free space, however, 
Viel =O, (36) 


and using the continuity of the tangential components across the 
interface, we now have 
Ez Oe ee ep eons 


1 
— — —E’. Ve Ou. 
Oz Ox oy Oz sR E e7) 


*) The mathematical requirement here isd< i, where d is the thickness of the half- 
plane, and by assuming that the half-plane is tipped with a semi-circular cylinder it can 
be shown that the boundary conditions are applicable if6<<d<A. 
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at; z==0.. In vterms of yy however, 4 ==(u/ia)(e0)7)) esOm ena 
(1/e)Ve = (— 2/n)Vn, and this can be inserted into (37) to give 


OE OE,’ 2 6 0 0 
2 OEe (E, iM iatiag pe bel sce A (38) 
0z Oz ” Ox oy Oz 


at.z = 0. But at the interface 
Ey’ =Ey, Ey’ =Ey, Ey’ = (uol/u)nP£z, 
and using these relations (38) becomes 


OE Cie 2 ra) re) 
z z (zz 1] 1) 


40 on ) 
L FE cd a Sat Ke, 
Fen ar wa RnR perth) Sh 
In arriving at this equation no approximations have been made, 
and the second term on the right-hand side can be interpreted as a 
correction to the boundary condition resulting from the variation 
of 7 throughout the medium. If 
1 | 
few ney, (40) 
| ky 
which implies that the relative variation is small, Fz, Ey, and Ez will 
not differ substantially from the values appropriate to a homogene- 
ous medium. For such a medium it was shown in § 3 that 


Ez, Ey = O(n), Ez = O(1), 


and in (39) it is now seen that the lateral variation of 7 is more 
important than the normal variation. Indeed, if @7/éx, én/éy and 
éy/0z are all comparable with one another, the effect produced by 
the z variation of 7 is smaller by an order of magnitude. The z 
variation can therefore be neglected and henceforth 7 will be 
assumed to be a function of x and y only. 

The next step is to obtain an expression for @E;'/éz in terms of the 
free space field. From the field equations 


Oz Oz y 


V n0e0 
E’ = — ie add © 
keh i 
V 0&0 
H' = Ye ad 
tku 42) 


we have 


| 
x 
x 
q 
‘ 
& 
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and since 
Pai EOS BA 2R! 


I 


1 
— p(-e re) — V2E’, 
é€ 
the equation for the field within the medium can be written 
1 
V2E’ + k2N2K’ + V e E’. Pe) = kon (44) 
é 


If e is now expressed in terms of the refractive index N using 


Ne 
[Lt 
(44) becomes 


V2E’ + k2N2E’ + 2V eS E’. rv) = 0, (45) 


and since the tangential derivatives of E’ are again negligible in 
comparison with the normal derivative, (45) reduces to 


Be nl 


a 


] 
+ k?N2K’ + 2V e& E’. PN) =O. (46) 
In particular, 


02E,’ ante +22 | (ey Ey’ =)|- 0. (47) 
oz? a Ozal= IN ne - 


In order to determine E,’ from (47) it is necessary to know the 
variation of EF,’ and E,,’ in the z direction, and for this purpose the 
x and y components of (46) are employed. To the first order the 
variation of N can be neglected, and we then have 


OE x ‘ 
02 


=). 


the solution of which is 
EE, = (EB g'\g—9e 7 ONZ, (48) 


since the field in the medium must behave as a wave travelling in 
the negative z-direction. Moreover, at z = 0, Ez’ = Ez and hence 


Bg! = Baett 49) 
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Similarly, 
Ey! = Eye-tk2, (50) 


and (47) can now be written as 


a 


fates R2N2E,/ + aetkNz — 0, (51) 
where 
oN 
LE). tenes + E,t— 4) (52) 
oy 


a is, of course, independent of z. 

The complete solution of (51) is obtained by adding a particular 
integral to the general solution Ae~**N2, where A is some constant. 
The former can be taken as 


AZ 


e-tkNz, 
2ikN 
giving 
az 
E,’ = etkN2z| A 53 
Tiga ( i sax): aa 
Hence 
EE A APNES hes Seen: 
Oz 2kN 


and at z = O this reduces to 


OE; 


Oz 20 ‘kN 


d 
2S Fetes age = + By a) (54) 
Y/ oy 
by using the expression for «. If this is now inserted into (34) 
bearing in mind that @7/éz = 0, a boundary condition is obtained 
in the form 


OE, 1 ( on on 
= — thnE, — —\ E, — + Ey — eS) 
2 ati Ss eget Ey) 2) 
at the interface z = 0. Apart from the presence of the tangen ial 
components £, and Ey consequent upon the variation of e through 
the medium this equation is the same as (20). 
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A boundary condition for the normal component of the magnetic 
field can be obtained by an analysis similar to the above. Since 
V-H=V-H’ —0, the continuity of the tangential components 
of H across the interface leads to the equation 


0H; oH, 


Oz 02 


(56) 


(cf (37) Jat z = 0. Inside the medium the field equations give 


] 
js st Vx (— VX W') 

bk E 
Loe l ; 1 . 

oe VX W+V—x Vv x HY| 
pek* hoe € 

aN: (ven + 2iew f° yu’ x rN) 

ae k2N2 . lu 

and hence 
V2H’ + h2N2H' + BRNO VE'XVN=0. (57) 
lt 


In particular, the z-component of (57) is 


07H,’ 


02 ia 


oN oN 
4+ RN2H,’ + 2iaN 1° y (Ez sees ) 20: 
y 
where the x and y derivatives have been neglected in comparison 
with the z, and by using the expressions for E,’ and E,’ given by 
(49) and (50) respectively we arrive at the equation 


7H,’ § ’ ik. 
na + RNBH,' + fertNe = 0 (58) 
(cf (51)), where 
: /40 aN os) 
= ae E 59 
B = 2ikN ; y (E, By eee (59) 


(cf (52)). The solution of (58) is 


H,! = etkWz (2 + a) (60) 
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(cf (53)), where B is some constant, and hence at z = 0 


oH; , p 
Ler Lien et hae Salents 
az : T DiRN 
oN ON 
ee EN ee y (Ez Ee ) (61) 
le ll 
ik 7 0 0 
= Az + (zy Bae) 
" i ox oy 


If this is substituted into (56), the boundary condition on the none 
component of H at the interface is 


oH he Me 01 0 
| 7] y 


which is analogous to the condition (21). As with the condition (55), 
the variation of 7 has introduced the tangential components Fy 
and E, into a boundary condition which is otherwise the same as 
for a homogeneous medium. 

From (55) and (62) boundary conditions can be derived involving 
only the tangential components of E and H. Using the equation 
V.E = 0 and the expression for Ez in terms of Hz and Hy, (55) 
becomes 


ED De ea OEy Lg, ng ot 
Ox 1 Ox oy y oy oy 
which reduces to 
Ofc ks Of I 
at) = ( ZH.). 
ox \ 4 dy \ 9 
Similarly (62) can be written as 
Oo fE Nad fie 
pled 
oy. ox \ n 
and by means of the analysis given in § 3 (eq. (24) et seq.) it now 


follows that (Ez/n + ZHy) and (Ey/n — ZH,z) are both eee! 
zero at the interface. Hence, ° 
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which are of precisely the same form as the conditions (25) and (26) 
for a homogeneous medium. In particular, the tangential deriva- 
tives of 7 do not enter into these equations in spite of the fact that 
they appear in (55) and (62). Thus, the conditions (63) and (64) are 
relatively insensitive to changes in the medium, and any correction 
terms arising from the inhomogeneity must be of higher order than 
those considered here. Indeed, if 7 is regarded as a function of z as 
well as x and y, it can be shown that 


fore 
Bees = ny as o( a] 


(see Rytov 5)), and by virtue of (40) k-1 dn/oz <7. 


In spite of the simplicity of equations (63) and (64), these boun- 
dary conditions are of little practical value as they stand. Although 
the coordinates x and y do not occur explicitly in these equations, 
the material parameter 7 is itself a function of x and y, and ac- 
cordingly the boundary conditions vary with position on the 
interface. This is a source of difficulty in any attempt to employ 
these conditions in the solution of an actual problem. 

On the other hand, if it is assumed that the variations of 7 are 
random but uniform in some statistical sense, the difficulty can be 
overcome in a manner which is satisfactory for many practical 
applications. Such an assumption is, of course, additional to the 
restriction (40) and implies that if a large sample of the surface is 
chosen, the values of 7 within this sample are substantially the same 
independently of the portion of the surface from which the sample 
is taken. Under these circumstances it is to be expected that the 
field will (in general) be a function of the statistical properties of the 
surface, rather than of individual features, and this leads us to 
consider an average field satisfying an averaged boundary con- 
dition. Such an average is obtained either by moving the transmitter 
and receiver whilst maintaining their positions relative to the plane 
z = 0 (so that different samples of surface appear beneath them), or 
by replacing the given surface by others of a family whose statistical 
properties are the same. The boundary conditions satisfied by the 
average field (E, H) can be found by the simple process of averaging 
equations (63) and (64). Bearing in mind that to the first order in », 
H,, and Hy can be replaced by the components H,° and H,° for a 
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perfectly conducting surface, (63) and (64) give 


which can be replaced by 
ih, = Ze (65) 
Ey, = 72H; (66) 


to the first order in y. Similarly, if the correction terms in (55) and 
(62) are neglected, the averaged versions are 


ok, ex 
= — iknb,, (67) 
Oz 
0H 7 on 
po OG (68) 
Oz y 


The above results are valid for statistically uniform surfaces 
whose refractive index N = u/(“o7) satisfies the restrictions (30) and 
(40). It will be observed that the average fields are determined by 
the average value of 7, and not by the average values of « or o. 
This is in accordance with the conclusion reached by Feinberg 8) 
under the same restrictions but by a somewhat circuitous analysis. 

These boundary conditions can be generalized so as to apply toa 
curved surface in the manner described in § 4. The restrictions under 
which this is valid are the same as in § 4, and will not be repeated 
here. 
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IMPEDANCE BOUNDARY CONDITIONS FOR 
STATISTICALLY ROUGH SURFACES 


by T. B. A. SENIOR 


The University of Michigan, The Radiation Laboratory, Ann Arbor, Michigan, U.S.A. 


Summary 


It is shown that for an electromagnetic field incident on a perfectly conduct- 
ing surface having small geometrical irregularities which are distributed at 
random but in a statistically uniform and isotropic manner, the boundary 
condition can be replaced by a generalized impedance condition applied at a 
neighbouring mean surface. The surface impedance is a tensor function of the 
direction at which the field is incident as well as of the statistical properties 
of the irregularities, but simplifies in certain particular cases. Although the 
detailed analysis is carried out for a mean surface which is flat, the boundary 
condition is applicable to a curved surface providing the radii of curvature 
are large in comparison with the wavelength. It is believed that this approach 
is of value in studying the effect of minor surface roughnesses on the scatter- 
ing of electromagnetic waves. 


§ 1. Introduction. In recent years an increasing amount of 
attention has been devoted to the effect of surface irregularities on 
the propagation and scattering of electromagnetic waves. In the 
course of this work many types of irregularity have been studied 
ranging from isolated bumps of simple mathematical form, through 
specific (or even periodic) arrangements of particular protuberances, 
to random distributions of general irregularities. Since the ultimate 
goal is a knowledge of the scattered field, most analyses have aimed 
at the direct calculation of this quantity, and this in turn has 
usually required that a separate mathematical treatment be pro- 
vided for every shape of background surface on which the bumps 
are placed. In view of the complications associated with anything 
but a flat surface, an infinite plane background surface has been 
studied almost to the exclusion of any other shape. 

The present paper is concerned only with the case of a surface 


Spee 
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having small geometrical irregularities which are distributed in a 
random but statistically uniform and isotropic manner, and is 
prompted by disagreements which have arisen about the influence 
of minor surface roughnesses in model scattering experiments. In 
order to achieve a degree of generality which is, perhaps, not 
otherwise obtainable, attention is directed at the boundary con- 
dition rather than at the scattered field. By taking the actual 
surface to be perfectly conducting, it is shown that the boundary 
condition can be replaced by a form of impedance boundary 
condition applied at a neighbouring (fictitious) mean surface. The 
effective surface impedance is a tensor function of the statistical 
properties of the irregularities and of the direction at which the 
field is incident. The analysis is given in detail for a mean surface 
which is flat, but the boundary condition is also applicable to a 
curved surface (and hence to a finite body) providing the radii of 
curvature (and the minimum dimensions) are all large in comparison 
with the wavelength. 

In certain cases the surface impedance can be taken as a scalar, 
and the boundary condition then reduces to one of the Leontovich 
type. This is the standard impedance boundary condition for a 
surface of large but finite conductivity (see, for example, Senior })) 
and implies that the surface roughness has the same effect as 
changing the conductivity of the surface. Although this may seem 
strange at first sight, a direct consequence of the roughness is that 
the tangential components of the electric field at a nearby mean 
surface are related to the other field components through small 
parameters characteristic of the surface imperfections. If a suitable 
averaging process is applied, the conditions on the field at the mean 
surface reduce to a boundary condition of the type discussed in 1), 
and to this degree of approximation the geometrical imperfections 
are therefore equivalent to a conductivity change. 

A description of the surface which is considered is given in § 2, 
and the appropriate boundary condition is derived in § 3 through 
§ 5 for the particular case in which the mean surface is an infinite 
plane. The effective surface impedance is obtained explicitly in § 6 
and § 7, and some numerical values are presented (§ 8). A general 
discussion which includes the application of these conditions to a 
curved surface is given in § 9. 
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§ 2. The surface. The problem to be discussed is one in which an 
electromagnetic field is incident upon a perfectly conducting surface 
which varies in a statistically uniform manner about some mean 
surface. To begin with it is assumed for simplicity that the surface 
is infinite in extent and obtained by perturbation of a plane. This 
allows the mean surface to be taken as the plane z = 0 ina Cartesian 
system of coordinates (x,y,z), and only later is the problem 
generalized to the case of a mean surface which is curved. 

The method which is used is based on one proposed by Fein- 
berg ?)3) for a study of ground wave propagation over a rough 
earth. The equation of the surface is taken as 

z= L(x, y), (1) 
and the height and scale of the variation of € about its mean are 
denoted by the length parameters €9 and / respectively. The first 
stage in the analysis is the expression of the boundary conditions 
on the actual surface as conditions upon the field components at 
the (fictitious) mean surface. This is accomplished by a Taylor 
expansion of the field about a point (x, y) on the mean surface, and 
it is clear that the expansion will only be valid if the behaviour of 
the field at the mean surface differs but slightly from the behaviour 
on the actual surface. This immediately places a restriction upon 
the type of surface which can be considered and also upon the 
location of the mean surface. In particular, large gradients or 
abrupt changes in gradient cannot be allowed since such pertur- 
bations may produce significant changes in the field in their 
immediate vicinity. 

In the course of the Taylor expansion it is found that ¢ and its 
first derivatives occur, and the typical (or root mean square) 
values of these make up the three parameters of smallness which are 
present in the problem. For a surface which is statistically isotropic, 
the typical values of 0f/éx and @¢/éy are equal (= yo, say), and only 
this case will be considered. The number of small parameters is now 
reduced to two, and the restriction to small surface gradients 
requires that 


yo <1. (2) 


Moreover, in the practical case to be investigated here, the scale 
length will never exceed *) the wavelength of the incident field, and 


*) It will usually be considerably less than this. 
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if the mean surface is drawn so that 69 ~ /yo, equation (2) gives 
Co </, (3) 


which is a sufficient restriction on ¢9. It should be remarked, 
however, that (3) is not a necessary condition, and Feinberg ?) 
has shown that the higher terms in the Taylor expansion can still be 
neglected if : 


koo < ie (4) 


By choosing //A large compared ‘with unity it becomes possible to 
allow surface imperfections which are not small in comparison with 
the wavelength providing the slopes are small. Such cases, however, 
will not be discussed. 


$3. First order boundary conditions. Since the actual surface is 
perfectly conducting, the boundary condition at z = ¢ is 


nm B= Oo: (S) 


where 7 is a unit vector normal, and from this we obtain 
(6) 
Ey ad Vides (7) 


The above equations specify relations which must be satisfied by 
the field components at z = ¢, and once these conditions have been 
imposed the surface can be removed without affecting the field in 
the region above. The next task is to express (6) and (7) as conditions 
upon the field components at a mean surface, and this is done by 
expanding the field components in Taylor series. Since the field is 
finite and continuous everywhere throughout the free space region 
except at the source, we have 


ae ae 
Ealx, y, 0) = Bale, y,0) + o> Ea(x,y, 0) + “a pga Held 


where the differentiation must be carried out before z is put equal 
to zero. But if the incident field possesses a non-zero component EF; 


IMPEDANCE OF ROUGH SURFACES 44] 


(as will be assumed), E; for the total field will be O(1), and since (6) 
then shows that EF, is of the first order in small quantities (denoted 
collectively by 6), 


E(x, y,¢) = Ez + C(@Ez/0z) + O(63). 

The field components on the right are evaluated at z = 0. Similarly 
Ey(x, y, 6) = Ey + C(dEy/éz) + O(6), 
E,(x, y,¢) = Ez + ¢(@Ez/@2) + 0(82). 

Substituting into (6) and (7), 


oE, CE 

Ege 68, ee tl, 088), (8) 
Oz Oz 
0E CE 

Bee pe re ae EO), (9) 


where ¢z; = 0¢/éx, etc. and these are the equivalent boundary 
conditions at the mean surface z = 0. 

A little simplification can be achieved by using the fact that the 
divergence relation 


= ee (10) 
Oz OX oy 


holds at all points including those on the mean surface. If the ex- 
pressions for E, and E, on z =O are inserted, it is seen that 
0E;/éz = O(6) and hence (12) and (13) can be written as 


E, = — CzEz — C(eEz/éz) + O(6"), (11) 
Ey = — CyEz — C(0Ey/éz) + O(69) (12) 
for z = O. In combination with (10) we now have 
dE, é ( = 0 ( oo) 
= — — — | CyEz O(63), (13 
a ag Cokz + C oe Wy CyEz + 6 ry + 0(6%), (13) 


which is identical to the equation obtained by Feinberg. 
The significance of the above results becomes apparent on using 
the field equation *) 
Vx E=tkZH 


*) M.k.s. units are employed with a time factor e—?#. 
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to eliminate the normal derivatives from (11) and (12), which then 
become 


E, = 1tkZCHy — — (CE;) + 0(63), (14) 


Dine 


° CE) + 0(83), (15) 
ey 


where Z = 1/Y is the intrinsic impedance of free space. In this 
form the equations differ from the Leontovich boundary condition 
only in the presence of the terms involving E; on the right hand 
sides, and these terms apart, the equations are the same as for an 
imperfectly conducting material having a surface impedance 
— tké. For a statistically rough surface, however, such an inter- 
pretation is dependent on the choice of the mean surface. To order 6 
the field components for a smooth surface can be inserted into the 
right hand sides of (14) and (15), and if the mean surface is chosen 
so that € = 0, where the bar denotes an average taken over the 
whole xy plane, the boundary conditions satisfied by the average 
fields are 
E, = Ey = 0+ O(6?). 


These are the conditions for a perfectly conducting smooth surface 
at z = O, showing that the terms of order 6 produce no conductivity 
effect. This conclusion, however, 1s a consequence of choosing a 
particular mean surface. If this docs not coincide with the “‘average”’ 
surface, the roughness will produce a first order effect, as is to be 
expected since the boundary cc aditions are then being applied on a 
surface which is displaced even in the limit of zero roughness. 

In the practical case of a surface having a statistical type of 
roughness, it is natural to choose a mean surface which coincides 
with the average, and if the resulting boundary conditions are to 
take this roughness into account, it is necessary to retain the second 
order terms in, for example, (11) and (12). This in turn requires us to 
obtain expressions for Ez, 0F,/0z and 0E,,/éz on the surface accurate 
to O(6), which expressions can be substituted into (11) and (12) to 
make explicit the terms of order 62. 


§ 4. Second order boundary conditions. At any point in space the 
electric and magnetic fields can be written as integrals involving the 
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field components on the surface. Thus, from Stratton 4) we have 
l A A‘ 7 “ 

E(x, y, 2) =1Eat o | [wkZ(n x H)d+nx EXVd+(n-E)V¢4]dS, (16) 
Js 


where the differentiation is with respect to the surface coordinate 


S 
(v1, ¥1, 21) and n is a unit vector normal to the mean surface S 
drawn inwards as regards free space. The symbol E,4 denotes a 
surface integral over an infinite hemisphere if the incident field is a 
plane wave, or over a small sphere surrounding the source if this is 
at a finite distance; Ey is therefore a function of the incident field 
alone and is independent of the characteristics of the surface S. 
¢@ is the free space Green’s function ¢ = p7let*, with 


poe Vv ig) (2 yn)? Ge ai): 


Taking the surface S to be the plane z = 0, we have n = (0, 0, 1) 
and hence 


l 
E(x, 9, 2) = Bate, y,2) +—] [| #Az(— My, He, Of + 


op op op og ) 
E,—, Ey —, —E E 

+( eee ener ” Ome Y Oyy 4 

og og og a 
Pee dxidy1. 17 
as ay zy X{GV1 (17) 

In particular, 
op op 


and by applying partial integration to the first two terms of the 
integrand, the equation becomes 


reonacitae ll e+ Fm 
“2 ff (tle 2, Hann 


If the observation point is now allowed to approach the surface S, 
the fact that 


lim [#3 diz 
20 


(a 


f andy = = 2nE;(x, y, 0) 
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leads to the result 


0E 
Ee hcny 0) = Ea Oe I] —$ dx,dy1. (18) 


The final step is to use the expression for 0Fz/0z at a point on the 
mean surface. From (13) 


pode S| ee. 
es TRS: | Ser H | =o E 
a ik Pog (C1 y) ay, (C1 a) Dee ay? (C1 z) 


ey: d P ae & 
= HL (Ca Hy — Eye) + (+ oy + Sy) Ee. 
which can be substituted into (18) to give 
l 
|p pe (I | 2 (Cody = Cy 2) = 
21 
02 2 
{- (x - — + ) (E. | @ dxidy; + O(63) (19) 
0x2 oy? 


at any point (x, y) on the surface z = 0. 
Turning now to the « component of (17) we have 


l Se: é é 
021 1 


is 
—1f wt SE 
= BE axl, 9,2) LCE oe rage t+ Es Ste ae ty ee 


and since the first two terms of the nae integrate to zero, 


“ee 
E,(%, y; z) = 4E,4 a(%, Ve ) + <a eee x od ) dxjidyj. 
024 C21 
Hence, 
7) 
om Egy, 2) = 
é 02h OE, 0d 
nit rag) 2 ff (ee 
Aa 4 021 021 ees 
and in the limit of an observation int on the mean art 
: Ex( 0 g E | hi | E; 
Bg te sO) eS Bae 3 lim (mes SF aay, 


0 ] O2E on, 
pea |: Wee 2 2% 
ay Baal, 9,0) + 5 | | , Ree te He) gan 
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If the expression for E, given by (14) is substituted into this integral, 
the boundary value of @F,/@z is found to be 


OE x OE ax l lI {(+ 02 ; 02 ) | Lo 
= . URL G q alles 
Oz Oz Qn I 0x12 I dy? tk (iy t 


s = ary |} diidy1 + 0(03), (20) 


which can be combined with (14) and (19) to give 


x o OES ] 
E;,=— CaF az G = Prddx dy, ol Olde); (21) 
Oz 27 
where 
| . a2 ge 
Pz = thZ (Cale, Hy — Coby, Hx) + ikZ (x eer 5 ) (cetty is 
Oxi = LCV a 
ee ee ee ra 
; 0x42 oy? ax Oxy ogres 


By an analysis similar in all respects to the above it can also be 
shown that on the mean surface 


OE 7) ae ae a 02 2 
Biggie OY | | {(xe : | )[ iezeutts ar 
Oz Oz Od Jt Oxy2 | dy? 


+ ta ]} 4 anays + 006%, (29) 
Vil 


and by using (15), (19) and (23) we have 


oE 1 
Ey = — CyBae — t=" + [| Pyarrdys + 009, (24) 
0z 21 
where 
f 2 2 
Ppenaee (City Hg Coby Hay 182 (2 rot <3) (CC1H2)+ 


( eae )( a Pipes ) (eae) (25) 
——— — —— (g 2 
en keys Noy bya Jan 

These equations express the tangential components of the electric 
field on the mean surface in a way which makes explicit the factors 
of order 62. To this order, it is sufficient to insert into the formulae 
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for Pz and Py the field components for a perfectly conducting 
(smooth) surface at z = 0, but before doing so we shall consider the 
averaging processes which must be applied to (21) and (25) if the 
actual surface is defined in a statistical manner. 


§ 5. Averaged boundary conditions. In order to discuss the effect 
of roughness with any degree of generality, it is necessary to assume 
tha the surface is known only as regards its statistical properties. 
Let us therefore consider a surface which is statistically uniform and 
isotropic, but which is otherwise defined by its statistical para- 
meters alone. The field behaviour near to the surface can now be 
determined only in some average sense, leading to the concept of 
averaged boundary conditions. Such conditions can be obtained 
from (21) and (24) by applying either of two averaging processes. 
In the first of these the points (x, y), (¥1, yi) are allowed to roam 
over a surface having the required statistical properties, the 
relative positions of the two points being kept constant. At every 
point the field is evaluated and the results are then averaged over 
all x and y. This is essentially a “space average’ applied to one 
particular surface. 

The second type of average is obtained by keeping the points 
(v, v), (%1, v1) fixed and introducing different samples of surface 
into the region between them. All the surfaces are, of course, 
members of the same statistical family and, in consequence, the 
averages are here “‘ensemble averages.” Although the two averaging 
processes are equivalent in most. practical cases, the second kind 
proves most convenient in the present work and will be used 
throughout the subsequent analysis. 

The surface parameters which appear in (22) and (25) are ¢, &¢1 
and their derivatives. In specifying their average values we first 
observe that ¢ involves the location of the mean surface, and by 
choosing this such that the departure of the actual surface is zero 
on the average, we have 


€ == Ca Cy = 0; (26) 
thereby justifying the description “‘mean’’. For ¢f1 the average 


value represents an effective correlation function, and since the 
surface is uniform and isotropic, this will be defined as 


C(x, y)o(x1, v1) = Co2F (p), (27) 
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where Co is the standard deviation (or root mean square departure 
from the mean), and F(p) is real and a function only of the distance 
p separating the two points (x, y) and (x1, y1). F(p) has a maximum 
value of unity at p=0 (at which point @F/ép = 0), and falls rapidly 
to zero for increasing p > /, where / is typical of the roughness 
scale. It is assumed that C92 and F(p) are known for the surface 
under consideration. 

If the averaging process is now applied to (21) and (24), the 
boundary conditions become 


E,= se {| Pddxidy1 + O(63), (28) 
1 
where 
e2F e2F 
Pe = 1kZ aa Hy 5 H ar 
OXOX1 Ox0Y1 
2 
RZ \ kh? 
Ge ( | 0x12 + 0 =) o) + 
2 2 ( é 0 ) 
2 , 7 FE3), (29 
+( Daye! a) Ox Oh ee 


and similarly for Ey. To the required order in 6, the field compo- 
nents H,, H, and E; can be replaced by the corresponding compo- 
nents for a smooth surface, and for this reason they have been ex- 
cluded from the averaging process. 

Since F(p) is a function only of the variable p, it follows that 


0 r) 
Ox Ox 


0 a OE, eA pee CH, ) 
eee a =e —— F = F ed ’ 
(= che Oxy ) (FE2) OX4 i k Oxy? 0x01 


and hence 


which enables Pz to be expressed as a function of the components 
H,, and H, in the form 


~ 02F ( ieee G ) 
=1 ye RS —— H,— 
Pa nz] OxOX * i kh? 0x1" ‘ 


oer 1 2 
| 2 | H i (30) 
Oxey1 Rk? 0x01 J 
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with 
F(t 02 02 ) o2F Fy 
T= y | 0x42 T By ax 12 dy 12 I 
OF @ Ge 6 
| 2 -2— rei oi) 
OX Ox Oy, O01 


Similarly, 


02F 3 Le 02 ] 
y 


ae 
Sua | OxOY1 ay OX10Y1 


[ o2F PN 
Ser es ee 
oyey, kh? dyy? 
and these results give rise to the following matrix equation 
a au a12\(— ZH, 
= 33 
Po ty) &: 2) ( in oo 
where 
oer Le ~@4 
<a wate eee 34 
nie oe 2 one 84) 
a12 = a21 
eb) re 
se Ae eee) (35) 
OxOY k2 OxX10Y1 
e2F 1 @ 
a2 = ik | r(. )] Z (36) 
yey R2 Oy, 


Although the elements aj; are differential operators, we note the 
interesting fact that as written above the matrix is symmetric. 


$6. The surface impedance matrix. In order to evaluate the 
matrix representing the effective surface impedance, it is necessary 
to integrate the elements aj; in the manner shown in (28). This in 
turn requires us to insert into (28) the dependence of the components 
H, and Hy on the surface coordinates x1, y; in a neighbourhood of 
the point (x, y). 

Since the surface can be regarded as smooth as far as these 
components are concerned, we can write 


Ay(x1, 1, 0) = Ag(x, y, O)exp a[Ra(x1 — x) + ky(yi — y)], 
Ay(x1, yi, 0) = Hy(x, y, O)exp t[Ra(x1 — x) + ky(vi — y)], 
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where ky and ky can be assumed constant throughout the integra- 
tion. If the incident field is produced by a point source at a finite 
distance from the surface, ky and ky, are the direction cosines of the 
source relative to the point (x, y) and are therefore functions of 
x and y. Equations (37) and (38) are then valid unless the source is 
within a wavelength or so of the surface, and even in this case 
the equations fail only for that portion of the surface which is in 
the immediate vicinity of the source. If, on the other hand, the 
incident field is a plane wave (corresponding to a source at infinity), 
ky, and ky are the tangential components of the propagation vector 
and are the same at all points of the surface. For a plane wave 
incident in a direction making angles « and f with the positive x 
and negative z axes respectively, 


kz = kcosasinf, (39) 
ky =ksinasin B, (40) 


and we note in passing that k2 — kz? — ky? #0 except for grazing 
incidence (6 = + a/2). 

Using the above expressions for H; and Hy, equations (34) 
through (36) become 


= tk | — ] aay 
oat ie OxOX] 1 ke 


o2F Rgky ] 
op eee SR ss Atte 
sec : | OxOVy 2 
o2F Ry? 
Serie Cone al 
ou J OvOy1 r k2 
with 
o2F 02F oF oF 
Bt heal Dip Ie DG 2i(k k ) ; 
Je (k ky hy?) E x2 Oy 2 + 20 fags + Ry ayy 


and to the second order in 6 the boundary condition on the mean 
surface can now be written as 


fA; Are ace) Al 
Ex By) = (4 Tek LH yz} ee 


2 
A = > | few exp a Ra(x1 = x) _ ky(y1 — y)] pdxjdyy. (42) 
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The matrix A, is, of course, symmetric, and (41) represents a 
generalized form of the usual impedance boundary condition. 

The integration in (42) is most easily carried out by introducing 
the polar coordinates (p, 9), where 


41 =x+ pcosé, yi=y+psiné. 
If, in addition, we place 


he == "7. COS 0,8 yi 7 Sil a 


with 7 = Vk,2 + ky2, then 
Ate =u IE aij exp tp[k + 7-cos(0 — «)] dOdp, 
2a Jo J0 


and since F is only a function of p, the # integration can be carried 
out immediately to give 


‘ ee Ry? 
Aus — inca? | i( Lae )p 


ee a. 2 meee 


Gp? pap 
CF 1 OF ' 
+ ${- ; ——} cos 2xJ2(rp) | et*P dp, (43) 
op p Op 
jPakySo ; ene 1 =) ] ; 
Ai, Aoi= B tkp 
2, Ani | “Tp (= 3 ~ 5 an Mater) Jetted, (44 


oy. hy? o2F 1 OF 
sar ako [(0 AE) aE 22) pn 
22 a) : pe 5) eae 7 Op J o(zp) 


) cos 2afalre) | etke dp, (45) 


oF 
+(e — +9) ] Jolre) — 2° Sp) = 


=(se + tw) ere. (4 
dp? p ‘Op ote 


These are the elements of the effective surface impedance matrix, 
and it is seen that they depend on the direction of the incident field 


as specified by the factors k,, ky and kz = Vh2 — 72, 
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§7. A study of equation (41). The properties of the boundary 
condition (41) are best described in terms of the impedance condition 
which obtains at the (smooth) surface of material of large but finite 
refractive index. This condition is usually attributed to Leontovich, 
and can be written as 


E — (n-E)n=yZn x H, (47) 


where (E, H) is the field in the region outside the material (which 
region is regarded as free space), and f1 is a unit vector normal in the 
outward direction. The parameter 7 is proportional to the reciprocal 
of the complex refractive index and is defined by the equation 


ee ie ( i 1 4 s he (48) 
uw \&0 WE 


where ¢, « and o are respectively the permittivity, permeability and 
conductivity of the material; the suffix ‘o’ denotes the same 
quantities for free space. Eq. (47) is valid for surfaces of varying 
curvature as well as materials whose refractive index differs from 
point to point providing the tangential variation of the field is 
relatively slow, and with this restriction the boundary condition is 
accurate to the first order in 7. A full discussion is given in 4). 

In recent years this type of boundary condition has been in- 
creasingly used in the analysis of propagation and scattering 
problems. Because of the restriction to small values of 7, it is 
natural to regard it as a means for obtaining a perturbation about 
the solution for perfect conductivity, but in addition solutions 
which are mathematically exact and subject only to the (physical) 
approximation implied by (47) have been obtained for certain 
simple shapes of body. Examples are the sphere, the circular 
cylinder, the half plane and the wedge of arbitrary angle. 

For the particular case in which the imperfectly conducting 
material occupies the half space z < 0, so that the interface is an 
infinite plane, (47) reduces to 


— (n. \(— ZH, ree 
emi HE). 
and this is the most elementary form of the impedance boundary 


condition. If (41) and (49) are now compared, it is seen that the 
boundary condition for the rough surface is only equivalent to a 
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Leontovich condition if. 41; = Agg and Ayg=A21=0, and 
although this is true for selected angles of incidence, it is not true in 
general. 

The fact that the elements A;; are functions of the angle of 
incidence is a direct consequence of the nature of the surface and 
represents a fundamental difference between imperfectly conducting 
and rough surfaces. This is in spite of the roughness being small and 
isotropic. As long as the mean scattering surface is a plane, the 
dependence is not a severe handicap, but it does mean that the 
tensor surface impedance is a variable function of position on the 
surface unless the incident field is a plane wave. For this reason the 
boundary condition will seldom permit an exact solution of the 
boundary value problem, and the usefulness of the condition 
then rests on the degree to which it facilitates a perturbation 
solution. 

For certain angles of incidence the boundary condition (41) takes 
on a simpler form, and to demonstrate this fact we shall consider 
the example of a plane wave incident in a direction specified by the 
angles a and f defined in § 6. If the incidence is normal to the 
mean surface (6 = 0), then ky = ky = tr = 0 and (43) through (45) 
give 


tklo2 [°° ( 2F Lp aes 
Ai, Asa 2 | ( 282F ) etke dp, 
20 Nee p* p Op 
Ais, Agi = 0. 
In this case (41) becomes 
0 — ZH 
Boban SH). 
where 
tkl2 Eee - 1 oF 21° ep 
= — - 7 tKp 
1 ol: \gar sca ae eee ee 


and this is now the boundary condition for the surface z = 0. The 
condition is of the standard Leontovich type and is accurate to the 
first order in the (small) parameter 7,, where 7 , 1s the effective 
surface impedance. 

If the incidence is not normal, the true situation becomes ap- 
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parent on writing the expressions for the Ajj as 


pears bee co 2 
An = iho ae | (1 : 8 


k2 ) k2 
ce 1 a Jew ae 
: Sik 
A aoe ep ob Jo(zp) |e Pr (52) 
en 
Aj, Aoi = ikto?-—* Q, (53) 


rn 
ee 
po 
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> 
uw 
o 
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—_—_— 
we 
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a 
nN 
> 
= 
OQ 
i= 
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aa 
ay) 
Ly) ~ 
> ee 
& 


e2 1 OF ey A 
(+) Folre) | em app, (64) 
where 


pee RN eR i aF , 
le ae Talrp) [ett dp, (55) 
0 7 Cp* p Op 


and from these it is seen that the Leontovich form of impedance 
condition is only obtained if kk, and kz? — k,? are both zero (as in 
the case of normal incidence) or 9 = 0. It isa trivial matter to show 
that Q is not identically zero nor, in general, is it small compared 
with the other terms common to Aj and Ago. 

Nevertheless, there is another situation in which the boundary 
condition simplifies. In many problems involving rough surfaces it 
is sufficient if the approximate magnitude of the roughness effect 
can be determined, and for the purposes of such analyses it is only 
necessary that the boundary condition employed reveal the main 
roughness effect. Under these circumstances it seems probable that 
the dependence on the angle of incidence will not be of prime 
importance, and can be suppressed without destroying the efficacy 
of the boundary condition. One way in which the suppression can 
be achieved is to average the condition over all angles of incidence. 

To this end we recall that in the right hand side of (41) the field 
components H, and H, can be replaced by the corresponding 
components for a perfectly conducting surface at z = 0, and ac- 
cordingly 


where the affix ‘i’ denotes the incident field. If 6 4 $a, H;' and H,/! 
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can be assigned values on z =O which are independent of one 
another, and which are independent of a and f providing the 
strength and polarization of the equivalent source are suitably 
adjusted. If (41) is now averaged over all « and 6 with Hz and Hy 
kept constant, then since 0 < a < 2x andO <f < 32, 


ay. an ky, Ryky — O, 
av. kz, ky? = $k, 


av. T2 = $hk2, 


This process has the effect of making zero *) the coefficients of the 
unwanted terms in (52) through (54) and produces a boundary 
condition at z = 0 of the type shown in (49). The surface impedance 
is 


fees. ! 2p2\| F ies o> 
4 4 0 | Op? p Op | Jo /2 


k OF kp \\_ 


and can be regarded as the average for a field incident at any angle. 
The evaluation of the integral is described in § 8. 

Before leaving this discussion of (41), a few words should be said 
about the exceptional case of grazing incidence, B = 4a. This is the 
case treated by Feinberg ?)3) and its relevance to the present 
work is that it leads to a “‘bastard’’ form of the Leontovich con- 
dition if the coordinate system is suitably chosen. When f = dz, 
Hf,’ and H,' cannot be assigned values on the surface independently 
of one another and, indeed, 


koHat = — kyHy' (57) 


which introduces an apparent ambiguity into (41) as long as Hz and 
H,, are given the values of the incident field components. 

The difficulty, however, can be overcome by considering separate- 
ly fields which propagate in the w and y directions. If the propagation 
is in the x direction, ky = 0 and (57) shows that H,! is then zero. 


*) Note that (52) through (54) only involve even powers of 7. 
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Since ke — 3 — A: 


s tklo2 [a ( o2F 4 l =) ; 
La wae sd 
l eaay oe Sage Jo(kp) 
(2 zs ' ] a 
= : a(k UEPEG 
ot ee Ja(kp) | ett dp, 
Asi. = 0, 
and (41) gives 
Ez = — nZHy, (58) 
Ey = ) 
with 
tkEo? ie ( e2F pe l = 7 
7) \| = _— 
Tl Fale pes as J o(kp) 
o2F eect? : 
— (5 -—-) att) Jor” ap. (60) 
Cp= sp Op 


Equations (58) and (59) are consistent with a Leontovich boundary 
condition for a field having Hz = 0. Similarly, if kz = 0 


Ey = Zz (62) 


on z = O, where 7) is again *) given by (60), and this value for the 
surface impedance is equivalent to the one obtained by Feinberg 
who likewise assumed propagation in the direction of a coordinate 
axis. But if neither ky nor ky, is zero, the impedance reverts to a 
tensor form and no reduction of (41) is then possible. 


§ 8. Values for the surface impedance. We shall now examine in 
rather more detail the integral expressions for 7, , 4’ and (briefly) 
ny. Although the precise form of F(p) is left unspecified to begin 
with, it should be noted that F(0) = 1 and (@F/ép),-0 = 0 by 
virtue of the type of rough surface under consideration. 

If integration by parts is applied to (51), it is found that 


no Mins [LM or 


*) The fact that the impedances are the same in both cases is a consequence of the 
isotropy of the surface. 
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For roughnesses whose scale is such that kl <1, these equations 
further reduce to 


and similarly 


j= Ae lee 


2h] 


)| ikp apt jo (63) 


eee Ans , 
pees thlo hor elke dp 
= 2p 0 p Op 
(64) 
URGG (ees | eee 
av ay he | Eine? 
4 0 p Cp 


which may be compared with the value 


ct ae 
nan tRCo' | Ie eee: ris 
| 2 0 p Op 


deduced from (60) under the same restriction. Hence, for small ki, 


nH, = 2n' = — n}- (65) 


To proceed further with the evaluation of these integrals it is 
necessary to insert an expression for the function F(p). In practice, 
this expression should be determined by a study of the actual 
surface, but for small scale roughness at least it is unlikely that the 
impedance will depend critically on the choice of F. One of the 
simplest cases to consider is a Gaussian function, and for con- 
venience this is assumed throughout the subsequent analysis. It is 
believed that the results obtained are typical. 

If F'(p) is defined as 


F(p) = e441? (66) 
where / is interpreted as the scale of roughness, then 
Or ss 8p 
Op | aS 12 
and (64) now gives 
Va Reo? 
Hn ~1 me is we (67) 
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The corresponding value for \ (see (65)) is in agreement with 
Feinberg’s result for small scale roughness. 

If desired, the surface impedance can be associated with an 
equivalent conductivity by using (48) and attributing the non-zero 
value of 7 to a conductivity o rather than to a permittivity e. 
Providing the conductivity term is dominant, 


o = — 1Yk/n2 mhos/m 


where, for simplicity, “ has been put equal to wo, and by inserting 
the above expression for 7’ we arrive at the equivalent conductivity 


o =i— Y mhos/m. (68) 


Taking, for example, ki = 1/5 and kf = 1/100, 
|a’| ~ (105/A) mhos/m 


and at X band frequencies this is similar to the conductivity of 
ordinary metals. 

For larger values of k/ (but still not large compared with unity), 
the approximations made in going from (63) to (64) are no longer 
valid, and it becomes necessary to employ the full expression for 7’ 
given in (63) and similarly for 7, and 7). As long as Ai is less than 
(about) 2.5, however, an analytic evaluation is still possible, and 
has been used to compute the formula for 7’. For this purpose, (63) 
is written as 


m’ = (3ho0)°(L + 1M), (69) 
where L and M are real and functions only of the parameter 
u = (4kl)?. The expressions for L and M are 


L=1 nae cc $1) Jo(x) + uJ a(x) —2xJa(x)Je-22*¥sin (x-/2) dx 


eee [(1 — 34s) Fo(x) + uJ a(x) — 2vJu(x)] e-22*/ 4008 (v4/2)dx 


and if the series expansions for the Bessel functions are inserted, 
each integral can be reduced to a sum of Fresnel integrals. These 
in turn can be replaced by their expansions for small argument, 
leading to the expression of L and M as series in ascending powers 


458 T. B.A. SENIOR 


of uw, which series are convergent for w less than (about) 1.5. Based 
on these formulae, numerical values of L and M have been com- 
puted for roughness scales up to 0.394, and are plotted in fig. 1. 
It is seen that the imaginary part of 7’ does not depart significantly 
from the value indicated by (67) until kl exceeds 0.8, by which time 
the real part of 7 is also becoming important. The real and imaginary 
parts are equal for kl = 2.06 (approx). 


2 


105 = S 


107 107 1 10 
k 2 


Fig. 1. Real part L and imaginary part M of the normalized surface im- 
pedance as a function of the scale of roughness Al. 


§ 9. General discussion. In the preceding sections it has been 
shown that for a perfectly conducting plane which is perturbed, or 
roughened, in a random sort of manner, the boundary condition can 
be expressed as a form of impedance condition at a neighbouring 
mean surface. This is valid for a wide variety of small and statis- 
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tically uniform perturbations, and if the higher order effects are 
ignored, the boundary condition is as shown in (41). The result will 
be regarded as exact for the purposes of the following remarks. 
If the boundary condition were only applicable to a flat. mean 
surface it would be of little practical value, and we shall now con- 
sider how it can be generalized to a mean surface which is curved. 
By means of a local analysis it is not difficult to see that under 
certain circumstances the boundary condition can be taken over as 
it stands. Although a rigourous proof of this fact is difficult, the 
extension can be justified in part by the semi-intuitive argument 
which appears in !), and this indicates that a sufficient restriction 
on the type of surface is for the radii of curvature (and, if the 
- surface is closed, dimensions of the body) to be large in comparison 
with the wavelength. The requirement is therefore taken to be 


RS>4, 


where /¢ is the smallest length parameter associated with the mean 
surface, and if this is satisfied the curvature enters into the boundary 
condition only in the higher order terms. We observe in passing that 
for the roughness scales considered here the restriction also ensures 
that RS 1. 

In (41) the elements of the impedance matrix (Ajj) are functions 
of the direction of the incident field relative to the surface, and 
although this is not a serious drawback to the use of this condition 
for analysing the scattering of a plane wave by an infinite perturbed 
plane, it does mean that when the same condition is applied to a 
mean surface which is curved, or to a flat surface under point 
source illumination, the effective surface impedance becomes a 
function of position on the surface. This complication is additional 
to the one posed by the tensor nature of the impedance. Few (if any) 
mathematical techniques are available for treating problems with 
boundary conditions of this type, and consequently there is little 
hope of using the condition (41) to obtain exact solutions for 
scattering by rough bodies. 

On the other hand, the boundary condition (41) is well suited to 
the method of successive approximations. Knowing the field of the 
smooth body at all points in space and, in particular, on the mean 
surface itself, the boundary values of the tangential magnetic field 
can be inserted into the right hand side of (41), thereby specifying 
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the components of the tangential electric field at the mean surface. 
These in turn can be fed into the radiation integral to give the field 
of the rough body at all points. 

In the above method the values of kz and ky, are obtained from 
the direction of the incident field, and consequently kz and ky will, 
in general, vary over the surface. A difficulty arises, however, if a 
portion of the body is in shadow, since it is then unlikely that the 
phase behaviour of the field over the dark portion of the body will 
be determined to a sufficient degree of approximation by the 
incident field alone. In this case it may be necessary to also calculate 
k, and ky from the smooth body solution and, in effect, regard (28), 
and the corresponding equation for E,, as the fundamental equations 
representing the boundary condition. 

In many instances, however, the accuracy provided by these 
boundary conditions may not be fully required, and a simpler form 
of condition may then prove sufficient. If, for example, the body 
and all its radu of curvature are very large in comparison with the 
wavelength, the field in the shadow region is unlikely to exert a 
profound effect on the return at angles less than (say) 60° from back 
scattering, which suggests that a precise statement of the phase 
dependence of the smooth body field on the unilluminated side may 
be unnecessary. The parameters k, and ky, can then be found from 
the incident field alone. 

A further, and more striking, simplification is possible if the bulk 
of the return is provided by either a surface at constant inclination 
to the incident field, or by a relatively small portion of the whole 
surface. The latter case is one in which the smooth body has a 
specular point, and here it may be sufficient to use (41) with the 
incident field direction appropriate to this point. The same condition 
would then be applied regardless of position on the body, and this 
is particularly valuable in back scattering since the surface im- 
pedance reduces to a scalar at normal incidence. 

With all these simplifications, however, approximations are 
introduced additional to those inherent in the boundary condition 
itself, and each body must therefore be considered on its merits to 
see which approximations (if any) are warranted. 

From the above remarks it will be appreciated that a rigorous 
discussion of scattering by even the simplest rough body remains a 
problem of considerable complexity in spite of the assistance 
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provided by the boundary condition (41). On the other hand, if the 
aim of the analysis is only to determine the approximate magnitude 
of the roughness effect, it may be sufficient to average (41) over. 
all directions of the incident field, and this produces a tremendous 
simplification. The boundary condition is now the one shown in 
(49), and is seen to be of the standard Leontovich type with a 
surface impedance 7’ given by (63). This condition has been used 
with some success to calculate the effects of minor surface rough- 
nesses on the back scattering cross-section of a large sphere. The 
results obtained are in reasonable agreement with experiment and 
are described in 5). 

A normalized form of the surface impedance 7’ is plotted as a 
function of k/ in fig. 1, and changes from being purely reactive for 
small &/ to part resistive and part reactive for values of k/ near to 
unity. Since this impedance can be interpreted in terms of the 
physical properties associated with the equivalent scattering sur- 
face, it may be of interest to examine in more detail the variation 
with kl. In the first place, a pure imaginary 7’ corresponds to a 
displacement of the surface parallel to itself, the displacement being 
in the outwards direction when the imaginary part is positive. The 
fact that the imaginary part is always positive in the present case 
is a direct consequence of the random nature of the irregularities 
and the chosen location of the mean surface, the ensemble averaging 
having removed the first order displacement (which may be either 
positive or negative) leaving a positive second order effect. In 
general, such a displacement can be expected to increase the 
scattered field, and this is clearly seen in the case of scattering by a 
large sphere. As distinct from this a portion of both the real and 
imaginary parts of 7’ can be attributed to a true surface resistivity, 
and if the conduction current is large compared with the displace- 
ment current the corresponding impedance has argument — 2/4. 
This portion of 7’ is associated with a dissipation (or storage) of 
energy by the surface, and may be expected to decrease the scattered 
field in the direction of observation. 

From fig. 1 it is now seen that for roughnesses of very small scale 
the dominant effect is a straightforward displacement of the surface 
which will usually lead to an increase in the scattering, but as the 
scale increases the resistivity increases and introduces an opposing 
trend. With any given value of #/, the question as to whether the 
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scattering cross-section is increased or decreased depends upon the 
associated amplitude of the roughness, and this is apparent from 
the formula for the back scattering cross-section of a rough sphere 
(see 5)). For this body at least the resistivity will often outweigh 
the effect of surface displacement as the roughness increases in 
scale, and the back scattered field will then be less than that of a 
smooth sphere of radius equal to the radius of the mean surface. 


§ 10. Conclusions. The method by which the features of surface 
roughness are incorporated in the boundary conditions would appear 
to have advantages not only where precise solutions are required 
for particular types of body, but also in those cases where the desire 
is merely to estimate the approximate magnitude of the surface 
roughness effects. 
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USE OF STOKES’ STREAM FUNCTION FOR 
DISCONTINUITIES OF POTENTIAL AT A 
SPHERICAL BOUNDARY 


by G. POWER 
The University, Nottingham, England 
and H. L. W. JACKSON 


College of Technology, Derby, England 


Summary 

A use of Stokes’ stream function is here presented which allows for dis- 
continuities of potential at a spherical surface of separation. It is of special 
importance in heat problems where the ‘radiation’ boundary condition 
applies. Results obtained previously depending upon the continuity of 
potential across the surface can also be deduced. The fact that ‘flow-sheets’ 
can be determined directly from the given formulae is often advantageous. 


§ 1. Introduction. Butler 1) discussed the Stokes’ stream function 
for the internal and external cases of axisymmetrical motion of 
homogeneous incompressible inviscid fluid in the presence of a 
rigid sphere. Power 2) extended these results to include problems 
in magnetism and electricity which depend on the continuity of 
potential distribution across the spherical boundary surface. It 
is possible that the use of Stokes’ stream function may be advan- 
tageous when surface discontinuities in potential arise, for example 
in heat problems involving the ‘radiation’ boundary condition, 
thus enabling ‘‘flow-sheets’”’ to be determined directly. It is there- 
fore of interest to derive the Stokes’ stream functions corresponding 
to the potential functions given by Power and Jackson 8) in 
their general sphere theorem. All flows, of course, are assumed to 
be axisymmetrical. 


§ 2. Theorem. Let wo(r) = pol7, 9) be the Stokes’ stream function 
for a distribution lying entirely outside the sphere 7 =a, and 
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pil”) = wilr, 0) be Stokes’ stream function for a distribution lying 
entirely within this sphere. The function (7) = (7, 8) given by 


il 


vo) = vel) = ol) — yo) —2 ira ctr 
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Py =— v2Q = 5 71P29=— 1202 = (2) 
(a2 —s o1) (ay — ao) 

—y, Ry, = v2S) = va(1 + 2y1) tty Pea ee va(1+-2ya) | 
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where «j, «g are the roots of the equation «2 + a(1 + k) — v3/v1 = 0 
v1, y2 are the roots of y? + y(1 — k) + v4/yg = 0, where 

kh = —(v4/v2 + v3/¥1), and all the integrals are uniformly convergent, 
has the following properties: 


V%(> = do) = 0 for 7 =@, 
V6 —¢1)=0 for r<a, | 
(3) 
seat: a ee ON | Pane | | 
1 Or 2 oy 3Pe APi = 4a, | 


1, ¥2, ¥3, v4 being constants. The ¢4’s are the harmonic potentials 
corresponding to the w’s. 

The above results can be obtained directly or by transformation 
of the results given by Power and Jackson 3) remembering that 
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Stokes’ stream function y(r, 9) satisfies the equation 


sme saya) nn 
y2 —_ 1 sin - (a 
are | 0 \sino 06/10” ® 


and is related to the potential 4 by 


x . . 
oy 2 2 OY we 

— = — 7 re a |) where “w= cos 0. 
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Thus to the solutions 7”Py(u) and 7-(”+) P,(u) of Laplace’s 
equation correspond respectively 
(L— mp?) 7 oP a(p) (1 — uw?) 1 dPr(u) 
ynrl and - - 
(n + 1) Ou n yr Ou 


with the usual notation. 
The normal uniqueness theorems hold. 


§3. Applications. The most obvious use of this theorem is in 
the case of steady heat flow when there is a spherical surface of 
separation of two media of different conductivities. In most cases, 
heat transfer between the two media takes place with the rate of 
transfer between the two surfaces in contact being proportional to 
their temperature difference. Thus the properties (3) are immedi- 
ately relevant to this type of problem where vg = v4 is the surface 
conductance. 

Other results for which one boundary condition is ¢p = ¢; on 
y =a can also be deduced. For cxample, consider the electrical 
problem in which there is a homogeneous sphere of dielectric 
constant &; set in a homogeneous medium of dielectric constant 
ko. Set v3 = va, v1/v2 = ko/ky and then let v; 0. There are finite 
roots ay = —h;/(ko + hey) aig —ko/(Ro + hj) and roots as, ye 
which become infinite in the limit. By proceeding as in 8), we obtain 


= volr) 4 (ki — Ro) 7 (2) hi(ki — Ro) 7 
pelt) = vol7) Ph Gy ak TRE AES 
1 
y 
0 
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(”) | (ko = ki) Y 4 ko(hi a ko) Y 
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Yi Y1 (ko ae hi) - Y1 y I (Ro ae ky)? a (4) 
sore vi ( a*s ) als 
if 
1 1 
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The formulae (4) have been given by Power 2), and Butler’s 1) 
results are special cases of these. 

Further, to obtain the exterior heat solution corresponding to the 
results given by Yeh, Martinek and Ludford 4) we simply set 
v4 = 0, v3 = vyah with yi = O in ye. The corresponding interior 
solution is found by setting vg = 0, v4 = veah with yo = O in yi. 
Similarly, solutions corresponding to all the special cases mentioned 
in 4) can be deduced. 
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Pon oni SePROBLEM LN 
MAGNETOHYDRODYNAMICS FOR A NON-PERFECT 
CONDUCTOR 


by D: G. DRAKE 


Department of Applied Mathematics, University of Liverpool, Liverpool, England. 


Summary 

The extension of Rayleigh’s problem to magnetohydrodynamics is con- 
sidered for a non-perfect conductor in the presence of a transversely applied 
magnetic field. The governing equations for the fluid velocity and the 
electromagnetic quantities are obtained, and the Laplace transform of their 
solution found. Results obtained for the particular cases ofa perfect conductor 
and an insulator are compared. The viscous boundary layer solution and 
the shearing stress are found, and their dependence on the conductivity of 
the conductor is discussed. 


§ 1. Introduction. In recent papers Ludford !) and Chang and 
Yen 2) have considered the impulsive motion of a perfectly con- 
ducting infinite plate through a conducting fluid in the presence 
of a transversely applied uniform magnetic field. The plate was 
taken to move with constant velocity in its own plane and the 
fluid as viscous and incompressible. This is an extension to mag- 
netohydrodynamics of the well known problem of Rayleigh 3) 
for a non-conducting fluid, and in the present paper the corresponding 
problem for a non-perfect conductor is considered. The treatment 
includes that for a perfect conductor and an insulator as particular 
cases, given by letting the conductivity of the solid tend to infinity 
and zero respectively. 

Taking a fixed in space rectangular Cartesian coordinate system, 
the conducting solid is assumed to occupy the region y < 0 and 
the conducting fluid the region y > 0. Starting at time ¢ = 0, the 
solid moves with uniform velocity uo in the positive x-direction. 
The solution of the governing equations for the fluid velocity and 
the induced magnetic and electric fields is found by means of the 
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Laplace transform. However, the inversion of the resulting -ex- 
pressions in transformed space is found to be possible in terms of 
known functions only in certain special cases. In particular, con- 
sideration of the insulator case when the viscosity is equal to the 
magnetic diffusivity shows that the electromagnetic body force may 
be a decelerating force, whereas for a perfect conductor it is always 
an accelerating force. Further, under certain conditions the results 
are shown to be applicable to an infinite plate of finite thickness. 

The boundary layer solution for small viscosity and a calculation 
of the inviscid flow outside the boundary layer gives a flow pattern 
in the insulator case which differs greatly from that for a solid with 
non-zero conductivity. 

Also, it is seen that the shearing stress for a non-perfect conductor 
can take a value which is less than that for a non-conducting fluid, 
unlike the shearing stress for a perfect conductor which is always 
greater. For a fluid with infinite conductivity the shearing stress 
is independent of the conductivity of the solid. 


§ 2. Formulation. In the fluid, ie. for y > 0, noting that all 
quantities must be functions of y and ¢ only, it may be shown 4) 
that the governing equations are *) 


OE oH get 
or ie ) | (1) 
-- beet = o(E + uHo0) (2) 
oy 
and 
Ou O2u oH 
Pe = vp af == ONO (3) 


where the velocity v, electric field E and magnetic field H are given 
by (w, 0, 0), (0,0, £) and (H, Ho, 0) respectively. Here, the usual 


assumption of magnetohydrodynamics, i.e. that the displacement 
current may be neglected, has been made, and Ho is the applied 


*) Here p is the density, » the viscosity and o the conductivity of the fluid; o’ is the 
conductivity and K’ the dielectric constant of the solid; Ko is the dielectric constant of 
vacuum; and the permeability of the fluid and the solid have been taken equal to the 
permeability of vacuum fo. 
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constant magnetic field. The current J = (0,0, J) is given by 
J=-—. (4) 


In the solid, i.e. for y < 0, retaining the displacement current, the 
Maxwell equations give 


7) ag 0H’ S 
Bye OT ag (5) 
and 
oH’ éD’ 
io et Me = J ’ (6) 
oy Ct 


where the electric field E’, the magnetic field H’, the displacement 
current D’ and the current J’ are given by (0, 0, £’), (H’, Hy, 0), 
(0, 0, D’) and (0,0, J’) respectively. Further, from continuity of 
normal induction and div B’ = 0, the magnetic induction B’ is 
seen to be (B’, woHo, 0). 

In addition the electromagnetic quantities in the solid, which is 
moving with constant velocity wo in the positive x-direction relative 
to the fixed in space coordinate system, satisfy the supplementary 
conditions 4) 


B= ae’, (7) 
D’ = K'E’ + (K'u0 — Koo) “oy, (8) 
uoHo = woHy + (K'uo — Kopo) uok’ (9) 
and 
J’ = o'(E" + uouoHo) (10) 


on neglecting terms O(u92/c?) where c is the speed of light. With these 
relations the magnetic induction B’ becomes (uoH’, “oHo, 0), and 
(6) may be written as 


0H’ dE’ 
— fo SX o' no(E’ + uotolto), (1 1) 
oy ot 
where 
“a= ok’ =< (K'no = Koyo) 2uo?. (12) 


To find the fluid velocity and the electromagnetic quantities at 
any instant (1)-(3) for #, E and H and (5) and (11) for £’ and H’ 
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are to be solved subject to the initial and boundary conditions. The 
initial conditions are 


b= 0) 4, EE Asa, 0 topealay (13) 


whilst along y = 0 the fluid velocity is equal to the velocity of the 
solid and the tangential components of the electric and magnetic 
fields are continuous, 1.e. 


U=to, b= By Aen wher (14) 


§ 3. Solution. To obtain the solution of the above system it is 
expedient to introduce a Laplace transform with respect to the 
time variable. Letting # be the transform variable and denoting 
the transform of a quantity by a bar, (1)—(3) and (13) give that 
H and ii satisfy 


( ie )H+H oer 15 
and 
d2 z dH 
Ho(»- — 2) saree Orsi (16) 


where Ao = (uoH?2o/p)! is the Alfvén velocity and 7 = 1/oyo is the 
magnetic diffusivity. Using Ludford’s notation 1) the solution of 
(15) and (16) which vanishes for large positive values of y is 


H=Ac™+ Be ™, (17) 
= nm? — p ) i ( nn2 — p 
oss | = Se my Be-w 
( mH g nH en Oe 


where A and B are arbitrary constants, and 
m = (a + bp) + (a+ cp)!, m = (a + bp)! — (a + ep)! 
with 
a = Ao*/4nv, b = (yt + v#)2/4nv, c = (nt — vt)2/4my. (19) 


From (2), # is then given by | 
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Similarly, (5), (11) and (12) lead to 


ele’ , Ty! 
aa — (In' + ap) pH’ = 0 (21) 
where 7’ = 1/o’uo, the solution which vanishes for large negative 
y being 
H' = C ev (22) 


where C is an arbitrary constant and s = (p/7’ + «p2)!. Then, from 
(11) it is seen that 


MouolTo 


jen ale ae (23) 
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y's 
The arbitrary constants A, B and C are determined by the 
boundary conditions (14) along y = 0. Thus, after some lengthy 
algebra, it is found that in the fluid 
H = Hof (my e~™ — nde-”), 
E = HouopB (y eo ™ — de-™), 
Pe Ped lyn — pd eo) (24) 


and in the solid 


H' == Hop (my —= no) es, 


= HovoHo — Homoph 
s 


| le (my — no) e*. (25) 


n'S® 
Here, f, y and 6 are functions of # given by 
0 
n'(m — n) sp[gnm + p + sy(n + m)) ° 
y = (qn? — p) + (ns + Ss?) 


f= 


and 


6 = (ym? — p) + 7'(ms + 5). 


The results for a perfect conducting solid can be found by letting 
the conductivity o’ tend to infinity in the above and are in agreement 
with those found by Ludford!). Also, putting the conductivity 
equal to zero gives the results for an insulator. 

The above for an arbitrary value of the conductivity o’ are 
complicated functions of the transform variable p and cannot be 
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inverted in terms of known functions .Ludford has shown for a 
perfect conductor that the inversion can be carried out for the 
special case when 7 = v, and this can also be done for an insulator, 
although the resulting expressions are complicated. For example, 
for the insulator (o’ = 0) in this case 


2s ioH A Ao2 
ia) Saeee eve sinh ( ”Y exp| (» : ed 


Perm eer ec =.) | 
" 2pfl Faby! (p+Aoz/4ny] 2n a = 4y / 7} ae 


and 


e im ugH oat et "PY 
mpl + acy + Ao®/4n)4] 
Thus, with the help of a set of tables 5) it is found that 
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For a perfect conductor (o’ = oo) when y = » 
Houo (eae Ae cine : . 
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In fig. 1 the above are plotted against y for a particular value of 
the time ¢ and various values of «, which depends essentially on 
the dielectric constant and velocity of the solid. 

Whereas there is no induced magnetic field within the solid in 
the case of a perfect conductor, it is seen from (29) and fig. 1 that 
for an insulator a magnetic field is induced in the x-direction to a 
depth ¢/o? from the surface at any instant. Further, from (9) and 


N\PERFECT CONDUCTOR 


1.0 


Fig. 1. HAo/uoHo and H’Ao/upHo against Aoy/4y when y = ». 


(25) it follows that the induced magnetic field in the y-direction 
and the induced electric field are confined to within this layer of 
thickness t/«! at the surface. Thus, the above results for an insulator 
hold for an infinite plate (insulator) for values of the time ¢ such 
that 2t/«! is less than the thickness of the plate. This conclusion 
is not restricted to the particular case when 7 = as is clear by the 
presence of the factor exp(pa!y) in (25) for H’ and E’. 

The electromagnetic body force, from (2), is proportional to 
éH/éy, and for a perfect conductor this is always positive #) so 
that the electromagnetic body force is always an accelerating force. 
On the other hand fig. 1 shows that for an insulator 0H/@y can be 
negative and the electromagnétic body force a decelerating force. 
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§ 4. Viscous boundary layer solution. The boundary layer solution 
will give a picture of the flow when » is small and is obtained by 
letting » > 0 with y/»! fixed. Then, for any 7 ¥ 0, it is found that 

uoHo 
B(1 + ny'ap)* [ptn’t + (1 + 'aep)* (Ao® + m)*] 
as ug o(A 02 + np)? 
D(1 + n’ap)* [pint + (1 + 'xp)*(Ao® + 0)? 


and 
As uo hte 
a= “Sexp| — (p+ 40th) | + 
ts UgpA 02 ’ 
P(1 + n’ap)* (Ao? + np)? [p*n’* + (1 + n’ocp)* (Ao? + nP)*] 
{1 — exp —( + Aotin)t 2] (32) 


Again, these cannot in general be inverted in terms of known 
functions, although for an insulator 


and for a perfect conductor 


H Aot! 
Hees ed ert ( : ), 
Ao nt 
yO a Ae — uoHo 
and 
Ug aoc = “oll — e~ 4°" erf (+y/2vtit)]. (34) 


For arbitrary values of the conductivity o’ of the solid the 
character of the flow can be determined for small and large values 
of the time 6). For example, when ¢ is small (y + 0). 


2uov'ts . 
a exp(—y2/4yt), (35) 


Uw 
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and when ¢ is large 


u~ uo exp(— vA o/v'n), o =0 


36 
~My, oa £~0. ee) 


Thus, within the boundary layer, for small values of the time the 
flow pattern is independent of the conductivity o’, the fluid velocity 
decreasing from wo on the boundary of the solid to zero at the edge 
of the layer. For large values of ¢ the fluid velocity is #9 at all points 
for all values of o’, except in the particular case of an insulator 
when the velocity decreases to zero at the edge of the layer. 

The inviscid flow outside the boundary layer, obtained by solving 
the problem with » = 0, is given by 


all ugA 9” exp[— py/(Ao? + np) (37) 
p(1+-n'ap)*(Ao®+np)? [p'y't-+(1+-n'ap)*(Ao®+np)!) 
For an insulator the fluid velocity is zero outside the boundary 
layer for all time, whereas for o’ ¥ 0 it increases from 0 to # with 
time. 


§ 5. Shearing stress. The shearing stress 7 is given by (3) as 
ou 
dime PP Oy — MoHoH, (38) 


and, from (24), its transform 7 on y = 0 is seen to be 


[p'y’t + 7 (1 + ’ap)*(b + a/0)*}~. 


p 
P(1 + n’xp)? 
{ Ao2uon} 
Lat +H 


In the particular case when the fluid has infinite conductivity, 
7 = 0 and (39) becomes 


# = — uoprt(b + Ao®)r)! 6-4, (40) 


which may be inverted to give 


+-uov? [py (1 + n’ap) + p'n'8(1 + n’ap)¥(p + /8)*] | - (39) 


uov® 
ett 


7 = — mpApg ert (Aott/r#) — 
p 


which is independent of the conductivity of the solid. 


exp (— Ao?¢/¥), (41) 
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For non-infinite values of the conductivity of the fluid the shear- 
ing stress can be found for small and large values of the time. For 


small ¢, 
a Uov? = ugAo? . 
iy ig 1 1 DIE (v? 2n') aie O(t), a 
Pp 702 t2 It? (7? — y?)2 
Ug? ugv?A 2 i 
—o 1 yt | 2 = 5 ; 1 O(é), oO aa CO 
0? t2 (4? —+ y?)2 Tt? 


and for large ¢ 


= = Apo HOU on toe 0 


p 
1 
uov?Ag 
~ + O(é-*), Ge ==) 0: 
Fe ae byt A 
TPE? Wat toe AG 
1.25 
-T 
PUp A, 
1.00 
0.75 PERFECT CONDUCTOR 
: x=0 
05 x=} INSULATOR 
Ao 
ox =06 
RAYLEIGH 


0 1.0 2.0 3.0 4.0 
tA? 
se a 


Fig. 2. —7z/puoAo against 1429/y for T= Op: 


(43) 


In the particular cases of a perfect conductor and an insulator (39) 


may be inverted to give 


To’ =00 A i ays 9 
= — AQ ert ( : nese ) Pails exp A A o?t 
p qt + 9! mil ( 


| «4 
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for a perfect conductor, and 


Ue ugvintatA o2 | ( i Apt ) f / 
Ss: : - | ex ~— — J erfc (22/n*o! 
p (ip o2—naAg@L Pina tt yee ie a 
+1 yt A of? uov3 Rhes 
Aonia? nt + yt rettt 


for an insulator. The expressions (44) and (45) are plotted in fig. 2 
against the time ¢ for the particular case when 7 = 9y and for 
various values of «. Fig. 2 and (42) show that the shearing can take 
values less than in the non-conducting fluid case, unlike the perfect 
conductor when the shearing stress is always greater than that for 
a non-conducting fluid. However, from (43) it is seen that for large 
values of the time the shearing stress is always least for the non- 
conducting fluid. 


The author is indebted to Dr. W. E. Williams for suggesting 
the problem and for his continued interest. 


Received 20th June, 1960. 
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